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Abstract

Complex systems in the real world have networks differ significantly from random graphs
and have non-trivial structures. In fact, they have a community structure that needs to be
recognized and recovered. The stochastic block models (SBMs) are popular models for
community detection in networks, where nodes are divided into groups based on their
connectivity patterns. Maximum likelihood estimation is a common method for estimating
the parameters of SBMs. In this paper, a model selection for stochastic block models is
presented based on the optimization of the log-likelihood function to find the best number of
communities K detected by the regularized convex modularity maximization method. This
work deals with many assumptions on K because it is necessary to study the behavior of the
network and the best optimum K is assumed to select the best partition over the AIC, BIC
metric. The proposed model selection method is presented in an algorithm that is
implemented for both real and synthetic networks. This method enables the detection of
networks with small communities that are more likely to provide a better fit to the observed
data.
Keywords: Community detection, likelihood function, model selection, Bayesian
Information Criterion, Stochastic Block Models.

1. Introduction

The stochastic block model (SBM) in its standard form is a popular tool for detecting
communities in networks. It is based on the assumption that the nodes in a network can be
divided into groups or blocks, so that the probability of an edge between two nodes depends
only on which block they belong to. This enables the estimation of block membership and the
detection of communities within a network (1). The SBM has been used to detect
communities in social networks, biological networks and other types of networks (2) and (3).
More specifically, it can be used to estimate the number of communities in a network as well
as their size and connectivity patterns. In addition, it can be used to identify outliers or
anomalous nodes that do not fit into any of the detected clusters (4).
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The SBM model works by randomly assigning nodes to different blocks and then connecting
nodes within each block with a certain probability, while connecting nodes between blocks
with a different probability. In this way, networks can be created with different communities
that are connected to different degrees (5, 6). Model selection is an important task in SBM
analysis as it helps to select the most accurate model from a set of candidates (7). This
includes selecting the number of groups or communities as well as the parameters that
determine the edge probabilities within and between groups. There are several approaches to
model selection for SBM, including likelihood-based methods (8, 9), information-theoretic
methods (10), spectral clustering (11), and cross-validation (12).

Likelihood-based methods are commonly used for model selection in SBM analysis. Here,
the maximum likelihood estimation (MLE) method is used to estimate the parameters of the
SBM to find the parameter values that maximize the likelihood function. MLE can also be
used to compare different SBMs by comparing their likelihood values using different
penalized likelihood information criteria, such as the Akaike’s Information Criterion (AIC),
the Consistent AIC, the Bayesian Information Criterion (BIC) and the Adjusted BIC (13).
Thus, AIC is an estimate of a constant plus the relative distance between the fitted likelihood
function of the model and the unknown true likelihood function of the data, while BIC is an
estimate of a function of the posterior probability of a model being true under a given
Bayesian setup, such that a low AIC and BIC mean that the model is considered closer to the
truth (14,15). However, optimization of the likelihood function can be practically performed
by optimizing the profile likelihood criteria over all possible partitions for each K.
Subsequently, the best model can be selected using AIC or BIC.

Overall, likelihood-based methods provide a rigorous framework for model selection in SBM
analysis and help researchers to select the best-fitting model based on statistical criteria.
Moreover, model selection for SBM can be challenging due to the high-dimensional
parameter space and non-convex optimization problem (16). Therefore, it is important to use
multiple approaches and carefully evaluate their results before drawing conclusions about the
underlying structure of the network.

The stochastic block models (SBMs) are popular probabilistic models for community
detection in networks. They provide a powerful and modern way to define and understand
network structure (17). There are many types of SBMs, including symmetric SBMs and
overlapping SBMs (18), but the focus is on SBMs in standard form and SBMs with corrected
degree. To represent the standard SBM, an undirected and unweighted random graph G with
n nodes is considered, where A = [a;]€R™" is the adjacency matrix of G that characterizes
the relation between each pair of vertices i and j. A is symmetric. To model A by SBM,
assume that a;; s are independent Bernoulli variables, that is

a;j~Ber(p;;), pij € (0,1),i < j,a; =0 (1)

and the vertices in G are partitioned into K groups (communities) such that the vertex i
belongs to the community C,,k = 1, ..., K, according to the map C : {1, ..., n} — {1, ...,
K} such that p;; = Byz;- Let Z € {1, ..., K}" be the vector of labels that members the
vertices i's to one of K communities, i.e., Z = {zy,2,,...,2,}, Where z; = C(i),i =
1, ..., n. The membership label Z that defines community assignment is drawn independently
from a  multinomial  distribution on K  communities with  probability
= (my,..,Tg) Yh_1m, = 1, thatis Z "X multinomial (1,m) (2)
In SBM, the probability that vertices i and j are connected (Pr(a;; = 1) = p;;) depends on
their community membership; therefor, p;; is identical for any i and j that belong to the same

326



IHIPAS. 2025, 38(3)

community. By this way, a symmetric K x K, matrix B is formed such that p;; = Byiz»

where B € R¥*K and K « n. This probability matrix is called a stochastic block matrix or
connectivity matrix, so there are K (K + 1)/2 connectivity parameters to estimate in this
model (19). In networks with community structures, the edge probabilities within a same
block exceed the probabilities that vertices of different blocks are connected, i.e., the vertices
within a same block are more likely to be connected, so in community detection, we seek for
By > Bgr, VK, 0, r=1,2, - - -, K, with g=r.

The degree-corrected stochastic block model is a probabilistic model for network data that
extends the traditional stochastic block model (SBM) by incorporating node-specific degree
information. In the degree corrected SBM, each node is assigned to one of K blocks, and the
probability of an edge between two nodes depends on their block assignments as well as their
individual degrees. So the probability matrix B, with size K x K, is formed as p;; =

0;9; Bzz; where 6;>0 is an additional parameter assigned to each node to control its

expected degree (1). Moreover, the value a; is a Poisson-distributed random variable with
mean A = py;, i.e.,

A;j; = Poisson(6;6; Bziz,-) (3)
In this paper, a model selection for stochastic block models is performed based on optimizing
the log likelihood function to find the best number K of communities. The main aim is to
select the model for communities that are detected using a convex optimization approach
under degree corrected SBM, which is regularized convex modularity maximization method
(RCMM) that is suggested in (20), and compare this result with others detected using various
algorithms, which are convex modularity maximization CMM (4, 21), modularity
maximization algorithm (22), Danon algorithm (23) and spectral clustering (11). The article
is organized as follows: Section 2 introduces stochastic block models. Section 3 presents the
objective, and some details on algorithmic settings are also given. Numerical results are
presented in Section 4 that show the performance of the model selection algorithm on the
RCMM method compared with other methods. Finally, concluding remarks are given in
Section 5.

2.0ptimizing Likelihood Function for Model Selection and Estimation

In community detection, the goal of optimization methods with stochastic block models is
to estimate the parameters of the model, such as the number of communities and the
probability of connections between nodes within and between communities, in order to get
the optimal membership label vector Z. This is done by maximizing a likelihood function that
measures how well the model fits the observed network data, therefore detecting the network
community.
In the stochastic block model SBM, the 4;;’s are independent Bernoulli variables with
probability pj;, which is the expectation of A;; That is
E(A;;) = pij which performs a K x K symmetric matrix (connectivity matrix) B,
Given the node labels (the vector Z), the likelihood of observing A with probability B under
SBMis:
L(AlB) = Hi<j Bziszij (1 - Bzizj)(l_Aij) (4)
whereas the DCSBM, which limits the applicability of the SBM, has an expected value of the
adjacency matrix element A;; equal to:
E(Aij) = 6,0;B;,,; )
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but a Poisson distribution with this mean is used to determine the actual number of edges

between any two vertices. The likelihood function is defined as

A;:
(eiejBZiZj) Y

Aij!

2 A;i/2
i le-zl-) Y

P 1
exp(_ BiejBZiZj) X Hi Z(ATeXp(_EHiZBZiZi) (6)

To find the optimal partition, the likelihood function is maximized over B, giving the profile
likelihood criteria to be optimized over all possible partitions. Actually, the Bernoulli
likelihood is replaced by the Poisson likelihood, to simplify derivations. So for these two
models, a profile likelihood was driven from the log-likelihood function of each of them to
give the following criteria (1):

L(A|9, B, Z) = Hi<j

Qsem = L mkllog_:l,: ()
kTt
Qpcspm = Xk Myilog _;nzl (8)
k&L

where my; =%, Ajj I{z; = k,z; = Lis the number of edges from community k to

community I, k # I. d;, = ¥X, my, be the node degrees in community k. In fact m,,, gives
twice the number of edgeswithin community k, and n;, is the number of nodes of community

k, also r:"—’z and my, give the maximum likelihood values B, of the SBM and DCSBM model
4]

parameters respectively.

3.Enhancement of CMM for Community Detection

There are many methods for detecting communities, distinguishing between traditional
methods and optimization- and model-based methods. The optimization algorithm tries to
identify communities within the network (graph) based on the optimization of some quality
functions. Depending on the representation of the network, the modularity function, denoted
by Q, can be defined as follows: It is a function that measures the strength of the partition of
a network into communities (subgraphs) considering the degree distribution, such that
networks with a high modularity value have dense connections between nodes within a
cluster but sparse connections between nodes of different clusters. The modularity function is
given by:

Q =$Zij (aij —il—j) 5(¢,¢) ©)
where ,a;;.=A the adjacency matrix and Kronecker delta (5§(C;,C;) is a function that yield 0 or
1 if vertices i of degree ,d;.and j of degree ,d;. are in the same community or not). So, the
possible existing communities are gained by balancing between the actual density of edges
and the expected density that would appear in the communities if the vertices were connected
regardless of community structure. Many methods for community detection are used in this
work for in comparison, these methods are summarized as follows:

Newman Modularity Maximization: this is an agglomerative hierarchical clustering technique
in which smaller communities of vertices are gradually merged into larger ones, leading to an
increase in modularity (22). The algorithm works as follows:

- Step 1: Assign each of the n vertices to a single cluster.

- Step 2: Reduce the number of clusters by adding an edge to the set of unconnected
vertices such that the resulting partition has a modularity Equation (9) greater than the
value of the previous configuration.

- Step 3: Choose the optimal fusion by calculating the variation AQ

- Step 4: Repeat steps 2 and 3 until you have added all edges and obtained one cluster.
Save the modularity score for each partition.

- Step 5: Select the partition with the highest modularity score.
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3.1. Danon Method
In this method, (23) proposed to normalize the modularity variation Q resulting from the
union of two communities by the proportion of edges belonging to one of the two
communities, since the Newman technique tends to form large communities at the expense of
small ones. Thus, this approach leads to larger modularity optima, especially when the
communities have very different sizes.
3.2.Convex Modularity Maximization
The CMM algorithm makes use of convex optimization, where it is based on a convex
programming relaxation of the modularity optimization and works under block models (21).
Thus, so this algorithm tends to maximize modularity by solving the following optimization
problem:
maxy(X,A — AddT)
subjecttoX >0, 0<X <], diag(X) =1
where X is the partitioning matrix for the network nodes. The CMM approach combines
convex optimization techniques with modularity maximization and a weighted ¢1-norm k-
medoids as follows. After obtaining the optimal solution to Equation (10), X, by the
alternating direction method of multipliers (ADMM), the communities is extracted from
weighted X by weighted £1-norm k-medoids, i.e by solving the optimization:
ming, ., Disr=k ZiECk d;|lw; — Cr||1
s.t ¢ €rows(W) vref{l, .. K}
where W = DX, D = diag(d) and ¢, are the centers, so the clustering is performed on the
rows of W instead of X, thus, this procedure is summarized as follows:
- Step 1: Solve the optimization problem (10) for X using the alternate direction method of
multipliers (22).
- Step 2: Find the k-partition of n nodes by the k-medoids approach, weighted by node
degrees.
3.3. Regularized Convex Modularity Maximization
The RCMM algorithm is considered a regularization of the CMM algorithm. Where the
common neighbor’s similarity measurement iS used to weight the £1-norm of k-mediod
clustering (20) instead by node degrees. Where the weight was given twice, once to the rows
of the partition matrix X and secondly to the terms of the £1-norm of k-medoides. The
number o;; of common neighbors between two vertices i and j is defined as
0ij = Xk=14ix Akj (12)
So the weighted £1-norm k-medoids clustering will be done for the matrix § = ¢X and the
partition yields by solving the optimization problem:
ming, o, Disr<k Ziecy, 9ijl1Si — ¢l
s.t ¢ €rows(S),refl, .., K}
3.4. Spectral Clustering
In general it is a method uses of information which is taken from the eigenvalues of special
matrices like Affinity Matrix, Degree Matrix and Laplacian Matrix derived from the data set
(graph). It takes the matrix of eigenvectors associated with the K largest eigenvalues of one
of these special matrices and performs one of the distance-based clustering methods on it
(25). So mathematically, it is summarized in the following steps:
- Step 1: Take the leading eigenvectors [V, V5, ..., V] € R™K of the adjacency A or its
graph normalized Laplacian L(A) = D *?AD Y2, where D = diag(d;) is the diagonal

(10)

(11)

(13)
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matrix of degrees and the eigenvectors are associated with the K largest eigenvalues of
the chosen matrix.

- Step 2: Normalize each rows of the matrix V = [V;, V,, ..., Vi] to find V* with elements
Vii = Vii/ (X VY2

- Step 3: Run any distance clustering method (e.g., K-means) on the rows of the resulted
vectors V* to partition them into desired number of clusters (K), where the output
Cy, ..., Cx and the node i is assigned to cluster r if the i*’th row of V*is assigned to cluster
Cr.

4. Model Selection

Model selection for SBMs involves choosing not only the marginal probabilities but also the
number of communities K in order to determine the best fitting model from a set of
candidate models (26). This is done in two stages: In the first, the parameters for the
likelihood function are estimated for many chosen K, while in the second, the model that best
fits the observed data is selected, i.e.,. the model that has the minimum AIC or BIC value
(27-29).

In likelihood-based methods, the likelihood of the observed network is maximized among
different SBM models with different numbers of communities and parameter values. The
Akaike information criterion (AIC) and Bayesian information criterion (BIC) are commonly
used to compare models with different numbers of parameters and select an appropriate
model. Let r be the number of estimated parameters in the model

AIC = 2r — 21In(L) (14)
and
BIC = rin(n) — 2In(L) (15)

The model that has the lowest AIC and BIC values from a group of possible models for the
data is the one that should be selected. In other words, the AIC or BIC can be used to
compare different models with different numbers of parameters and select the one that best
fits the data, where the lower the AIC or BIC value, the better the model fits the data (30).
Therefore, two stages are needed to estimate the parameters , .and choose the optimum
model. The first is to choose the best membership label Zpest, Which represents the partition of
the network, using any community detection algorithm for many values K<<n such that,
Zyvest = argmaxy £(A|Z). and find the likelihood for every partition using Equation (7) or
(8). This probability indicates how likely it is that the observed data A matches the model
specified by the optimized parameters B for the best label Z. In the second phase, the
corresponding AIC or BIC values are determined, Equations (6) and (7) respectively. As a
result, the model that best fits the data and has a lower AIC or BIC value is selected. This
procedure can be summarized using the flowchart in Figure (1) with its Algorithm (1).
Algorithm (1) can be used with any community detection algorithm of a network with n
nodes for any chosen number of communities K to identify the model that is more likely to fit
the observed network or discover K for a model that is more likely to do so.
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/ InputN. adjacency matrix /

Find Label Vector Z Using
Community Detection

Done l

Find Likelihood L of Z Using
Equation 7 or 8

!

v

Find BIC for each L Using
Equation 14 or 15

|

Output Model Associated with
Min BIC

Figurel: Flowchart for Model Selection.

Algorithm 1. Model selection algorithm for SBMs

Stepl: Input: Network adjacency matrix A of n by n elements.

Step 2: For K=2to N, where N<<n

Find the label vector Z by using any community detection algorithm.

Find its likelihood using Equation (7) or (8).

Step3: Put the likelihood values in statistical model selection criteria AIC or BIC Equation
(14) or (15).

Step4: Pick up the model with smallest AIC or BIC.

Step5:Output:The selected model with communities K and its associated likelihood for
given Z.

5.Empirical Example and Results

Algorithm (1) was implemented on various real and synthetic networks using a dataset from
the Stanford Network Analysis Platform (SNAP) network analysis library. Table (1) shows
the total number of nodes and edges in each network analyzed.

Table 1. Datasets for various networks from Stanford large network dataset collection

No. Network Vertices No. Edges No.
1 Dolphin 62 159
2 Karate 34 78
3 American Football College (AFC) 115 613
6 Chesapeake Synthetic 39 170
7 Delaunay Synthetic 1024 3056

As an example, the experiment is performed with a dolphin network (62 nodes and 159
edges), as shown in Table (1). First, the detection is performed at K=4 with many algorithms
including RCMM, CMM, Danon method, Newman modularity maximization, and spectral
clustering with the corresponding likelihood values shown in Figure (2). Then, as mentioned
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earlier, the best label vector corresponding to the minimum likelihood value is chosen. All
calculations are performed with a degree-corrected model, as it is more suitable for modeling
networks.

RCMM algorithm community detection . CMM algorithm community detection .,

e ® 14 ® (]

[ ] (\z,..\ [ ‘\::0'
e {3 '.:k}(’ 13

% . . /"/'.
o/ &® ¢
.
/ .
Y
e
° o o *» 2 2
%o
¥ ¢ ° ®
[

! 1

Log-likelihood=-1.6117e+03 Log-likelihood=-1.6118e+03
Danon algorithm community detection . Newmans greedy agglomaerative modularity maximization algoriLhr?

o ® ° o ® °

g L]
¢ %eee 2 e LN Y )
\.,». { s 8
S l, R .
./ '/,,
[ .

o 2 b
: 1

Log-likelihood=-1.6218e+03 Log-likelihood=-1.6386e+03

Figure 2. Dolphin network partition for K=4, using different community detection algorithms under degree
corrected model with each log-likelihood values.

For model selection, the above experiment is applied for many K and on each network with
the same community detection algorithm (see Algorithm 1), selecting the model that has the
lower likelihood criteria for model selection, and here BIC is chosen. The applied community
detection algorithm is RCMM to test whether it is sufficient to detect the correct model
(Figure 3). These results are compared with the results of other community detection
methods, namely: Danon algorithm, CMM algorithm, modularity maximization algorithm
and spectral clustering for many networks (see Table 2).

In Table (2), the comparison is done for model selection between the suggested method
RCMM and the other methods, including: Newman modularity maximization method, Danon
method, CMM algorithm, and spectral clustering.
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Figure 3. Model selection for RCMM community detection method: a) Dolphin network, b) Karate c)AFC

d) Delaunay Synthetic

Table 2. Model selection for various networks with theirs minimum BIC and associated log-likelihood value
using various community detection algorithms.

Network RCMM Danon method
K BIC Log-likelihood K BIC Log-likelihood
Dolphin 4  33555x10°  -1.6117x10° 4 3.3757x10°  -1.6218x10°
Karate 2 15177x10°  -7.3943x10? 4 15464x10°  -7.1679x10°
American ;’Etcb)a" College 15 15450x10°  -7.3286ex10° 7  15662x10°  -7.6268x10°
Delaunay Synthetic 19  8.1922x10*  -3.8976x10* 9  8.6799x10*  -4.2925x10*
Chesapeake Synthetic 2 3.9148x10°  -1.9373x10° 4 4.0696x10°  -1.9762x10°
Network CMM Newman Modularity Maximization
K BIC Log-likelihood K BIC Log-likelihood
Dolphin 4  33557x10°  -1.6118x10° 4 3.4093x10°  -1.6386x10°
Karate 2 15177x10°  -7.3943x10? 4 15735x10°  -7.30324x107
American (F:Etcb;” College 15 15450x10°  -7.3286x10° 7  15662x10°  -7.6268x10°
Delaunay Synthetic 19  8.1885x10*  -3.8942x10* 7 8.9932x10"  -4.4668x10"
Chesapeake Synthetic 3 3.9262x10°  -1.9265x10° 3 3.9294x10®°  -1.9281x10°
Spectral clustering
Network K BIC Log-likelihood
Dolphin 4 3.3940x10° -1.6310 x10°
Karate 3 1.5119x10° -7.2069x10°
American Football College (AFC) 8 1.5686x10* -7.5821x10°
Delaunay Synthetic 19 8.268x10* -3.9358x10*
Chesapeake Synthetic 4 3.9553x10° -1.9190%10°
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6. Conclusion

A model selection for stochastic block models based on the optimization of the
log_likelihood function is given for the communities detected by the RCMM method under
degree-corrected SBM to find the best number K of communities that have the minimum
BIC. The results are compared with the results of other different methods, including CMM
under degree-corrected SBM, Danon method, Newman modularity maximization, and
spectral clustering, and applied to both real and synthetic networks. The results show that
model selection for many networks partitioned with RCMM using degree- corrected SBM is
identical to many results obtained with other community detection methods, and that in most
cases it is better because it has a lower BIC value, so it fits the observed data better.
Moreover, RCMM is able to detect small communities as it analyzes the networks with a
larger value of K. However, the goal of model selection is to find a model that provides both
a good fit to the existing observations and reasonable predictions for future observations.
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