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Abstract

A time series is a sequence of observations recorded at regular intervals. Time series
analysis has applications in diverse fields such as finance, stock prices, economics,
environmental science, and social network data analysis. The recorded series is used to
represent a measurable quantity or attribute, such as temperature readings, economic
indicators, or other variables, depending on the context of the analysis. The idea of time
series analysis is to identify patterns, trends, or underlying structures within the data, as well
as to make predictions or forecasts about future values based on previous observations.
Autoregressive (AR) models are widely used in modeling and forecasting data from time
series. This work focuses on AR model parameter estimation, emphasizing the significance
of the likelihood function by defining the marginal distribution of the AR process, which is
getting by representing the AR process with random shocks and assuming the error terms in
a time series have a normal distribution with a zero mean and variance o2. Some of the
simulated experiments are designed to fit the model for different model orders and sample
size to find model parameter estimation by likelihood function with marginal distribution.
The results of Mean Squares Errors (MSE) and Mean Percentage Errors (MPE) indicate the
significance and robust estimation of the AR —models parameters estimators that are
computed theoretically.
Keywords: Autoregressive Time series Models, Marginal distribution of AR time series,
Maximum likelihood Estimation.

1. Introduction

A time series is a collection of data points produced successively over time. If the set is
continuous, the time series is considered continuous and discrete if the set it belongs to is also
discrete (1). In the early 20" century, time series analysis heavily relied on an autoregressive
model, as researched by Yule in 1927 (1). The autoregressive model utilized regression
analysis to estimate the values of the series at a particular time by applying a linear function
of past values (2). Time series analysis employs this model to illustrate the relationship
among time series data; refer to (2) for further details.
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Generalized autoregressive (GAS) models are a type of observational time series model that
is proposed in (3). This novel method offers a unified and consistent framework for adding
time-varying parameters to a wide range of nonlinear models. Using multivariate point
processes with time-varying parameters and novel model requirements, this method can result
in a new formulation of observational models. We present detailed studies of the models
along with experimental and simulation evidence. In (4), an optimal power spectrum
estimator using the mixed ARMA (1,1) model for time series data that adheres to a normal
distribution was conducted.

An extensively used model for analyzing time series data is the autoregressive (AR) model.
The innovation noise in AR was traditionally described as a Gaussian in (5). But since many
time series applications, like financial time series data, for example, are not Gaussian, the AR
model with more broadly applicable substantial improvements is recommended. For the first
time, an effective framework based on stochastic approximation expectation maximization
(SAEM) combined with a Markov chain Monte Carlo (MCMC) approach is proposed to
handle the problem of missing values in incomplete time series.

Authors in (6) constructed an autoregressive model incorporating an exogenous variable.
They use two methods: the first method employed was the threshold approach, utilizing two
proposed approaches to identify the optimal cut-off point for future forecasting and
predictability in the time series; their goal was achieved through the threshold point indicator;
and the second method involved using seasonal B-J models, which relied on the principles of
the two approaches above to determine the most suitable seasonal model.

The enhancement of the estimate of a third-order autoregressive model by employing the
LDR and WLSE estimation techniques was studied by researchers in (7). By creating a time
series for the AR(3) model with normally and non-normally distributed error terms, the
researcher in (7) found that enhancing the estimation of the autoregressive model using the
LDR and WLSE methods is contingent upon the sample size for all considered error
distributions. In (8), the best and most efficient artificial neural network models for solving
linear and nonlinear time series behavior were considered. The researchers concluded that the
ideal neural networks are the backpropagation network (BP) and the recurrent neural network
(RNN) for solving time series, whether linear, quasi-linear, or nonlinear. The results showed
an improvement over the modern methods of time series forecasting. Furthermore, the author
in (9) combined ARMA models with EGARCH models to create a hybrid model:
ARMA(R, M)-EGARCH(Q, P). This hybrid model was used to analyze time series data on
average temperatures. He determined that the optimal model is ARMA (4,4)-EGARCH(3,3);
see (9). In (10), researchers presented the fundamental genetic algorithm (CGA) to estimate
the log-likelihood parameter function of a first-order moving average model. After comparing
it based on mean squared error (MSE) with the intraday technique, they determined that CGA
could yield more dependable outcomes. In (11), researchers presented a new ARIMA model
and applied it to a monthly chemical sales dataset in the United States. After comparing it
with other models, they found that the updated ARIMA model is more accurate. In (12) they
conducted the first study with a small sample size that focused on predicting errors based on
the concept of the Gaussian noise process. In (13), researchers studied monthly rainfall data
from the Baghdad Meteorological Station to study the temporal behavior of the data series for
many ARIMA models that have been tested. They verified the adequacy of the best one.
They concluded that the seasonal ARIMA model for orders SARIMA(2,1,3)x(0,1,1) is the
best.
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The idea of this work is finding theoretically the estimation of the autoregressive model by
likelihood function by defining the marginal distribution of the AR process when the error
terms of the series are normal distribution with zero mean and constant variance. The rest of
the paper is section 2 gives the theatrical properties of the AR model; section 3 presents the
details of the maximum likelihood function for the AR model, at least the simulation and
results given in section 4.

2. Autoregressive Time Series Model

The autoregressive time series model of order p may be written as (14-19):
Zt =121+ GrZi o+ GpZi_p+a; 1)
Where p is called the order of the AR model. ¢, of the linear combination are the model
parameters and a, ~ N(0,c2). By using the backward shift operator, B, which is (B/Z, =
Z:_1),- Then the AR(p) in Equation 1 can be written as the following:
Zy = $p1BZy + ¢p,B*Zy + -+ ¢, BP Z, + a,. Which is simplified as below:

(1—¢4B — ¢,B* — - — ¢,BP)Z, = a,. Hence,
¢(B)Z; = a; (2)
where ¢(B) =1—¢;B — ¢p,B> — - —¢,BP. By dividing both sides of Equation 2 on

¢ (B),we get: Z, = ﬁat = ¢(B)la, = Z, = ¥(B)a,, where $(B)"! = W(B).
The parameters ¢4, ¢, ..., ¢, of an AR (p) process must satisfy certain conditions for the

process to be stationary.

3. Likelihood Function of AR(p) Model
As in (19-23), we suppose that the p*"* order stationary autoregressive model is considered
as follows:

Zy = p1Z g — PaZy 3 — = PpZip = ag. Thatis
Zy =121+ GoZi oy + o+ PpZi_p +a; (3)
The formula for the exact likelihood function is:
s
L= (2n02) 2 exp 20f 4)
where 5(¢) = Zf 12 (p) zizj + Z?=p+1(zt —$1Ziq — Pl g — ¢pZt—p)2-
Also,
.0) Yo V1 oo Yp-1
0 _
Mpp = {ml]}(p) = {Y|l—]|} 10'5 = Y1 Yo - yp—Z 0'3 (5)
Yp-1 VYp-2 = Yo
Where yo, 1, ....., ¥p—1 are the theoretical covariance of the process and | Mép'°)| = |M,(f"°)|

In our work, we have three cases for the likelihood functions. Therefore, for Equation 4, we
have three cases as follows:
Maximum Likelihood for AR (1)

1 _s@p
The general likelihood function is L = (2mc? ) M; ‘exp 29 . where M(l) =My,
_ 1 02
>mfy =y5lof =2of =t andyo = (1—¢DoZ M = (1-¢D) = |MV| =
0 1
[(1—¢2)| = (1 — ¢p2). As aresult, the exact likelihood function is
_n 1 -1
L(¢1) = 2naf) 21 —¢fIZeXp{E[(1 ¢7)zf + Xi=2(2e — $12:-1)%]} (6)

The log likelihood of Equation 6 is :
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InL(¢,) = _% In( 2rag) + %ln(l —¢7) - % [(1— D)z + Xin(ze — 12e-1)?]  (7)
Differentiate both sides of Equation 7 with respect to ¢;:

dLnL(¢py) _ -1 |, Yi0(Ze=1Ze-1)Zt—1 dLlnL(¢y) _ —¢p1 2 n

70 197 + p . Therefore, 06, 129700 + 310z 21 +

tez b1 2.

0 Ln L(¢1)
Set —————==0.
01
-¢
1_(;% 0+ 212221+ Xia P12, =0 (8)
2
Since 1‘22 62 =7y, ,where y; = ¢,y and 7y, 1”3)2. Then, Equation 8 become
—¥1 —¥1

V1 + X2 Ze Zeq + Db 128, =0 )
substitute y; = % in Equation 9

n
Nt=2 ZtZt—1
n-1

n-2
(E) Pt2ZeZe = P1 Xis Zt2—1-HenCE, ¢ =

2 _ 1 _ 2
+ Y22t Zeog + X P12, = 0= (1 - E) Pt2ZeZeg = Py N0 Zf 1 =

n-—2
(n—l) Z?ﬁzztzt—l 45 _ (TD—Z) E?ﬁZtht—l
n-—1” — 7 1= ()=

?=2Zt2—1 n-1 ?:225—1 '
Maximum Likelihood for AR(2)
For = 2, the exact likelihood function is
1
n 2 S(¢p2)
L(¢,) = 2ma2) 2 Méz) 2exp{—2+f§ (10)

Then, Equation 5 be S(¢p,) = mYz2 + mPz2 + Y7 (2, — p1ze—1 — P22ze_,)% Where
mﬁ) =1-¢?% and mgzz) = {y|i_j|}_1a§ = y, 102 = (l_éﬁ = 1-—¢3.

Hence, S(¢2) = (1 —¢7)zf + (1 — ¢3) 25 + Xiea(2e — P12e—1 — P22¢—2)° (11)
Then M = {(m} = 1 - ¢% = M| = 11— 93] = 1 - ¢3 (12)
Substitute Equations 11 and 12 in Equation 10

L(@2) = (2m0) (1 — g3 exp-U DAt tD B M Crdutios-burica)y (13)

The log likelihood of Equation 13 is
LnL($,) = ZIn(2no?) — 1In(1 — ¢3) - Hmsritindorn). (14)

2
204

Differentiate both sides of Equation 14 with respect to ¢;:
OLnL(¢a) _ NP3 ZtZt-1—$1 Xie3 i1~ P2 Xies Ze—1%t—2 Set oLnL(¢s) _ 0

0 ¢, o3 ¢
TR ZeZt—1— 1 ez Zo_ 1 — P2 Yies Ze—1Zt—2 — 0. Therefore
H ’ !
b, = Yi=3 tht—§;¢22§?=3 Zt-1Zt—2 (15)
t=3 “t—-1
Differentiate both sides of Equation 14 with respect to ¢,:
d Ln L(¢;) _ 1 Y32z — G1 DiesZe—1Z2 — $2 D=3 Z{
_ = - — 4 >
a ¢2 ¢2 O3
_ —0§ + &2 Xte3 ZeZe—z — P1P2 X3 Ze1Ze—p — CIJ% D=3 Zt2—2
d,03
dLnL(¢z) _
Set BT 0.
—03 + Gy X3 ZiZiy — Py Doz Ze—1Ze—p — P35 Xie3zE , =0 (16)

Substitute Equation 15 in Equation 16.
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n n n
Yt=3 ZtZe—1 — P Di=3 Ze—1Z¢—2
—05 + ¢, Z ZiZi—p — ( n 2 )P Z Zy—1Zt—2 — ¢% Z th—z = 0.
t=3 t=3%t-1 t=3 t=3
After simplification ,
b T an

SR o ZeZp—p Xpe 3z YR g 21 Z¢ 2 Die 3 ZeZ—1
n 2
04 Yi=3%i—1

2
Nhe3ZtZt—2 D3 Zf—1—Dp=3 Zt—12t—2 Dtz ZtZt—1

Hence, ¢, = . Substitute Equation 17 in Equation

15. Then:

Ytes ZeZe—1—( i L SZ% 1 ) Xtz Zt—1Zt—
t=3 1 n n 2 n n t=3 1 2

Yt=3 ZtZt—2 Np—3 Z Yt Zt—1Zt—2 Nt—n ZtZt— . . .
tl t=3 “4t4t—2 Lt=3 4t—1 " Lt=3 4t—14t—2 Lt=3 “t4t—-1 ) Qﬂer5|m|C||f|:5t|:n,

n_ .2
t=3Zt-1

— 2,2 2 \'n
b1 = Xit=3ZtZt—1 D=3 ZtZt—2 — D=3 Zt-1Zt—2 Nt=3 Zt Zi—1 — Oa D=3 Zt—1Zt—2 -
T _ 2,2 2
Hence. ¢1 = X{i3ZeZe—1 Die3 ZeZez — Dim3 Ze—1Zt—2 Ht=3 Zi Zi—1 — Oa Dt=3 Zt—1Z¢—2 -
Maximum Likelihood for AR (3)
For p = 3, the exact likelihood function will be:

1
_n 2 S(3)
L(ps) = (2mod) 72 M| exp {~ 2] (18)
The Equation 5 will be
S(¢3) = m§11)z12 + mgzz)zz2 + m§33)z32 + Xtea(ze — P12eq — P22y — P32,_3)?. So we have
-1 g
mgzill) = - d)% ' mgzz) = 1 - d)%’ and mg? = {yh_]l} O-C% = (1_¢o§)—10-é = 1 - d)% *
Hence,
5(¢3) =
1 —¢Dzf + (1 —9z5 + (1 — ¢3)z5 + X1-u(Ze — 1201 — Pazp—p — P32;_3)? (19)
Then [M{] = I1 - @31 = 1 - 3 (20)

By substitute Equations 19 and 20 in Equation 18, the exact likelihood function will be
L(¢3) =
(2no2) 2|1 —

2 |§ exp {_ (1—¢%)z%+(1—¢%)z%+(1—¢§)z§+Zza§=4(zt—¢1zt_1—¢zzt_z—¢3zt_3)2} 21)
The log likelihood of Equation 21 is

— n — _ _ 2
LnL(¢s) = Tnln(Znag) _ %ln(l _ ¢§) _ Zr=a(Zt ¢1Zt—12:%22t—2 $3Z¢-3) (22)

Differentiate both sides of Equation 22 with respect to ¢;:
OLnL(¢s) _ YreaZtZt—1—P1 Yiea Zt—1—P2 Dbea Zt—1Zt—2—P3 Dpma Zt—1%t—3 We make 0 Ln L(¢3)

2 6s o2 90, 0050
we have
Yrea ZeZt—1—P1 Db Zi1— P2 Dbea Zt—1Zt—2—P3 Dles Zt—1%t—3 = 0. After simplification
o2 ' ’
b, = s zZeZi1— P2 Z?:ggf;;;i:2—¢3 SieaZt—1Zt—3 (23)
Differentiate both sides of Equation 22 with respect to ¢,:
dLnL(¢s) _ XicaZeZe—2—h1 Nima Ze-17t-2—P2 N4 Zf_ 5= P3 ViesZe—2%t—3 We make oLnL(¢s) _ 0 so
0 2 o4 ' 0 ¢2 '
we get NteaZtZt——P1 Niea Zt-12t-2~ P2 Diea Zi-2~P3 Niea Zt—2Zt-3 = 0. After simplification
o2 ' '
b, = Z?=4ZtZt—2—¢1Z?=4Tth—:ZZt—2—¢3 Y4 Zt—2Zt—3 (24)
t=4“t-2

Differentiate both sides of Equation 22 with respect to ¢5. Then
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OlnL(¢s) _ 1 23t a(=Ze2t-3—P12t—12t-3~P2Zt—22t-3— P32 3) Also OLnL(¢s) _
0 ¢3 b3 203 ' ' 0 ¢3
—0%+ B3 Nies ZtZt—3—P1P3 Lies Zt—1Zt—3— P23 Yies Zt—2Zt—3—P3 Dpea Zi—3 Set
$303 '
OLnL(¢s) _ 0. Then —0%+ B3 Niea ZtZe—3—P1P3 Yiea Ze—1Zt—3—P2P3 Dima Zt—22t—3—P3 Dia Zi—3 -0
0 ¢3 ' $303 .

—0f + ¢ Nit=aZtZe3 — Q1P3 NiaZt 173 — P23 Xi-aZt_2Zt-3 — ¢?2, Di=4 25—3 =0 (25)
Substitute Equation 23 in Equation 24 to get that

n n n
[2t=4 ZtZt—1— P2 Xt=aZt—12t—2-P3 Xt=y Zt—1Zt—3]

SieaZeZe—a— ST 2 StesZt—12t—2—P3 Ny Zt—22¢—3
P, = t=47t-1 . Thus,

n_ 2
t=4%t-2

b = NP4 ZtZt1 Ntea Zt—12t—2—Ntea ZtZt—2 (26)
3 =
St Zt-1Zt-3 LisZt-1Zt—2 —Li=qZt—2Zt-3

n NP4 ZtZe—1 Dea Zt—1Zt—2—Dp—a ZtZt—2 . . . .
Hence,, = . Substitute Equation 26 in Equation 24
s N4 Zt-1Zt-3 Xpy Zt-12t—2 —Dps Zt—2Zt—3 9 q
then
(0B

Dt ZeZe 1 D=4 Ze—1Zt—3 — Dt=1ZtZt—2
Z?=4Zt—1zt—3 2?:4215—1215—2 —Z?=4Zt—2zt—3

n Z2
t=4“t-2
. Yiea ZtZt—2—Ni=4 ZtZt—1 Ni=a Zt—2%t—3
That is = == =g =t 27
¢2 Y aze-2Ze-3 NiiaZi ( )
R n _n n . . ; .
Hence, ¢, = Zt=tZtit-z-NemeZtf-1di=aZt-27t3 g netityte Equations 26 and 27 in Equation

Y aze2ze-3 Niiazi,
23 to consider the following:

PtaZeZey — P Dt=a Ze—1Zp—3 — | 1 XteaZe2Z¢ 3

4)1:2?:4 ZeZe—1 —Npmg ZtZt—2 Np=q Zt-17Zt-2 *Hp=g ZtZt—1 Dp=aZt-27t-3
Yiazt,
 XioaZeZe—1 Lr=aZe-1Zt—2 Ni=aZt-12t-3+ 1= ZtZt—2 Nr=4 Zt-1Zt-3
Yazi
3.1. Marginal distribution of AR time series in case known error distribution
In (23-26), the general form for the random shock form is
Z, = ¥(B)a, (28)
where a, is a random error,
Y(B)=1+W¥,B+¥Y,B% + -,
and B is a back shift operator that is (B/Z, = Zi_jj=123,-)
Then Zt = (1 + llulB + lluz BZ + "’)at.
Using back shift operator, giveus Z; = a; + ¥; a1 + W, ai_y + .
Then Z;=Y72,¥; a; ,where ¥, = 1. Since
9(B)Z; = a (29)
Substituting Equation 28 in Equation 29, we get
p(B)¥(B)a; = a;

(1—-¢4B—¢,B2—-—¢,BP)A+W¥,;B+¥,B*+--) =1
Z, of AR(1)

1-¢:B)A+¥,B+W¥,B2+--)=1

Yy =¢1

¥, = ¢12

¥ = 1.

Hence,
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IS Zﬁ1 ¢1] g (30)
Z: of AR(2)

(1-¢B—¢,BHY1+W¥,B+W¥,B?>+-)=1

Y, = ¢1

W, = ¢ + ¢,

W = ¢1] + ¢1]_2¢2

Then, Z. = X2,(¢7 + ] “¢2)ar;  where W) = ¢, (31)
Z, of AR(3)

(1—¢yB— B2 — p3B> 1+ WV, B+W¥,B%+-) =1

Y= ¢

W, =2 + sy

W; = 4313 + 2¢1¢, + 3

W = ¢f + 20/ ot b
Then,

—vyo (4] J-2 J-3 — — $.2
i = Z]=3(¢1 +2¢; "¢+ P )at—] where ¥; = ¢ and ¥, = ¢;° + ¢, (32)
Assuming that {a,} represents random errors that are uniformly distributed. It received a
mean of zero and a variance of o2 that is a; ~ i.i.d N(0, 62).
It finds the marginal distribution for {Z:} by using the characteristic function if the data
follow the autoregressive model AR(p).
The AR(p) model can be written in terms of random errors according to Equations 30, 31,

32,and W,, (s) = E(e"%). For ¥, (s), we have the following cases:
W, (s) of AR(1)

, - |00 J
W, (s) = E[e’%] = W, (s) = E [elSEFo% at—l] >, (s) =
E[eisat+is b1 ap_q+is ¢? at_2+---]. So
Wy, (s) = [Tz Wa, (91)
When {a,} ~ N(0,02), the character function for errors will be

1 1

W, () = [1200 2755 (61, where W, (s) = ¢ 38"

1.2k 2.2 1 2.2 2, 14
—= - 1+p5+PpT+--
q/Zt (S) — “lio=Oe 24’1 %aS" = p73%aS [1+@i+dT+]

_Ly2g2r L
W, (s)=e 2 et (33)
Then, Z, ~ N (0, 1"—‘3)2)

—%Y1

W, (s) of AR(2)
Since Zy = X52,(p] + ¢ ;) ar
e, s) = E[eb%] = E[esDRaetrol 000
lPz,; (5) =
E [eis((¢12+¢2)at_2+(¢13+q)1¢2)at_3+.4.))]: E [eis(¢12+¢2)at_2]. E [ei5(¢1(¢12+¢2))at_3]....
W, (s) = [Tio Yo, (#:°72(6:" + ¢2)) (34)

When {a,} ~ N(0,52), since the character function for errors is
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1 2.2

Y, (s) = e2%°

—%(¢1k_2(¢1k+¢2))0552 =y, (S) — e ;aész q)i :)TZ]

Hence,¥,, (s) = [Ir-; €

- (p1%+d2)02
Then,Z, ~ N (0, e, )
W¥,, (s) of AR(3)

Since Z, = %525(p7 + 27 2, + ¢ >3 )ar; .Then
1{]2 (S) — E[eiSZt] — E [eis2ﬁ3(¢{+2¢{_2¢2+¢{_3¢3 )at_]]
t

(35)

Then, ¥, (s) = E [eis((¢13+2¢1¢2+¢3)at—3+(¢14+2¢12¢2+¢1¢3)at—2+-~)]
1 Tz

Hence Wy, (s) = [T7zo Wa, (01 (01" + 2192 + d3) (36)

where {a;} ~ N(0,02), The character function for errors is
2q2

1

W, (s) = ¢S
_1((¢13+2¢1¢2+¢3))0352

Hence , ¥,, (s) = [Tjzze ° =41

loas [¢1 +2¢1¢2+¢3]

Y, (s)=e 2 1-01 (37)
- (b13+2d1 2 +d3)0d
Then, Z, ~ N ( =y )

3.2 Maximum likelihood function with marginal distribution
The Normal distribution function is

1 _(z-w?
f(z,p0%) =
/211'022

e 292 where z~N(u, c2)
By using marginal distribution ¥, (s) for z, when p = 1,2,and 3 , where z, is normal
distribution by mean zero and variance ¢2(27-30).

od

The maximum likelihood function when p = 1 and 62 = o7
—@1

L(z, 1) = r e
L(z,d1) = f(z1, d1). (22, &1). f (23, 1) = [ (2n, d)=T1i1 f (20, 1)

n .2
_Zl=1 i
2

_(z-w)?

207 where z~N(u, 02)

-n 204

L(z 1) = (212 ¢2) 2o 1-ef (38)
The log likelihood of Equation 38 is:

—n o2 n,z?
InL(z, &,) =7ln<2n.1_a > L

oY 207
1—¢f
- _ = (1_4)%) 2?:1 Ziz

InL(z,¢;) = —In(2m) - 2In (1 ¢1) o (39)
Differentiate both sides of Equatlon 39 with respect to ¢;.
dInL(z,p1) _ ngq P1 2

70 197 T og iz
dInL(z¢1) _ npi0i+d1(1-¢H XL, 2}

= =1t 40
3¢, oZ(1-¢?) (40)

Make Equation 40 equals to zero.
ng 02 + ¢ (1— ¢p2) ¥ 22 = 0= noZ + X1, 22 = ¢?
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no2+y% . z? noi+ ~ noZ+
Then| ¢% = anZl;; = ¢1 = anZL 21 l = ¢1 = anlezl l
1=1“ 1=1“1 1=1“1
+ o,
The maximum likelihood function when p = 2 and 2 = %
1

_@-p?

1 2
L(z, ¢y, ) =——=e 292 where z~N(u, 07)
' ? 271'0’22

L(z, &1, §2) = f(21, &1, D2)- f (22, D1, D2). -+ (2, D1, P2) =121 f (21, 1, D2)

i,z
_ (o (@it ren)aty (el
LGz, ) = (2 01025 * ¢ 7
The log likelihood of Equation 41 is
—n (b,* + ¢2)0§> n 52
InL(z, dq1, ) = —1In <2n. -
$1, b2 2 1-¢, 2(01% + )02
1-¢,

ink (7 2) = SnC2m) = Fn ((2%) - (2(4,;;:2‘)03)

1-¢1

InL(z,§1,02) = = n(2m) = 2In ((¢2* + )07 ) = = In(1 = ¢y) -

Differentiate both sides of Equation 42 with respectto ¢;.
olnL(z$p1,$2) _ _npy 7 (7 +¢2)+(2¢1+2¢1 )T 7t
9 ¢1 d1%+d2  2(1-¢1) 20¢ (17 +¢2)?
By simplification,
olnL(z,$1,02) — 2n¢1a§(1—¢1)—n0621(¢12—¢2)—((1—2¢1+2¢12))Z?zlzz
¢, 202(1-¢1)(P1°+d2)
Make Equation 43 equals to zero.
2n¢10Z + nd, 02 +n¢zaa (A =3¢y + 4" —3¢:7)) T 1z
nd,02 = 2np,02 — nd, %02 + ((1 — 3¢, +4d,° — 3¢, )) Y, zf
b, = 2n¢108-ng,’03+((1-3p1+4¢:°-3¢:1°)) LI, 27
, =

2

nog
Differentiate both sides of Equation 42 with respect to ¢,.
dlnL(z, &y, d2) _ —n " (1- b)Y, 2}
0 ¢ 201" +d2)  203(d1” + )2
InL(z,01,02) _ —2n0&(d1 "+ +(1-¢p1) TiL, 27
9 ¢; 204 (1% +¢2)?

Make Equation 45 equals to zero,

—2n02(P1° + ) + (1 — ) T 1Z
= —2nd,’ 02 — 2n02d, + NI, z} ¢1 izl =0

_an)l O'a+2?1 L d)lzl =1 L
2no?

Hence, ¢, =

Substitute Equation 44 in Equation 46;

2nog <2n¢1a§ — 0% + (1= 3¢, + 4,2 = 3¢,9) ). z?)
i=1

n n
= no? <2n¢12 a2 + Z zt — ¢, Z le>
i=1 i=1
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n n
an2p,(02)? + n ok Z z} — 5nd,0? Z zE =0
i=1 i=1
After simplification,
_ - X, 12 iny ~Xiz1 2
d)l 4noi-5%%, L d)l 4naa—52:[ 1 L (47)

Substitute Equation 47 in Equation 46

42 2 ) s 42 )
— =171 n =171 n
=2n a(T) +Xi=1Zi — (T) i=1%i

i=1%i 4—naa i=1%i

q)z = ZnJa =
q) — O'a(ZL 1 1)2+20a21 1 L 5(21 1 1)2
2~ oi(4nci-5yN , z?
oy a(zl 1 L) +20’a21 1 l 5(21 1 l
HenCe ] (I)z - o_a(4no_a_szl . 1_
— (4’13+ 2¢1¢2+¢3)03

The maximum likelihood function when p = 3 and ¢ o
—P1

_(z-p)?

207 where z~N(u, 02)

1

L(Z' (I)lr d)Z! ¢3) = e
/211'0;

L(Z' ¢1! ¢2! ¢3) =
f(z1, 1, P2, 3). [ (22, P1, B2, P3). -+ [ (20, 1, P2, P3)=I1i1 [ (21, P1, P2, D3)

n 2
z:l=1 i

) = 2(¢13+2¢1¢2+¢3)0§

L(z 1, o ) = (2, Bt 2aards)ed =T (48)

1-¢y
The log likelihood of Equation 41 is

_n (¢13 + 2¢1¢2+¢3)0£ _ nzf
InL(z, 1, bz, b3) = —-In <2n. Y ) O T 2000100
1-¢,

_-n n (b13+ 201 hp+¢3)od izt
lnL(ZI q)l,q)zl ¢3) - TIH(ZE) - Eln( 1-¢q ) o <2(¢13+ 24)11¢'2+4)3)0'a>

1-¢1

IL(z, 1, b2 b3) = = 1n(2m) =210 ((62° + 201¢2+3)0?)

n ZZ

n _ _ i=1%i
3 (1= ¢1) 2(61°+20192+03)03 (49)
1-¢1
Differentiate both sides of Equation 49 with respectto ¢, .
AnL(z,p1,2,93) _ —n(Bdii+2,) n ((¢13+ 212 +b3)+(1-d) (P13 + 2¢1¢2+¢3)) razf
0 ¢1 2(p1°+ 201 2+d3)  2(1-¢1) 202(13+ 201 byt ds)’

By simplification,

6lnL(z,¢1,¢2,¢3) -no3 (3¢, +2¢,)+oL, 2P +(1— -$1)(3¢,2 +2¢2) NI, 2 Z+no(d13+ 2010, +d3) (50)
0 ¢1 202 (p13+ 2142 +d3)

Make Equation 50 equals to zero ,

_nUa(3¢1 +2¢,) + X, 2 + (1= P)(Bd > +2d) Tk, 2 +n0a(¢1 + 2¢1d2+d3) =0
n¢30a = —(nUa -3 12)431 + (3n0a +3X 12)(])1 - (Z"Ua - 2% 12) b1, —

2 ¢,
q)3 _(naa 321 1 l)(bl +(3n0¢1+321 1% 1)4)1 —(2naa—221 1 l)¢1¢2 24)221 1 l (51)

no?

Differentiate both sides of Equation 49 with respect to ¢,. Then
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0lnL(z, 1, ds, d3) —nd, n d1(1— b)) XL, 2}
- 2
9 ¢, (b1 + 2012+ d3)  62(dy% + 2¢1y+s)
OInL(z.p1.d2.¢3) _ —np1"04—2n¢1°do04 -1 6308~ P1 (1-¢1) BiL, 27 (52)
9 ¢z 05(1=91)(d1°+ 291¢2+¢3)

Make Equation 52 equals to zero,
—n1 07 — 21 P20 — np130 — 1 (1~ p1) Tty 2
ng,¢30; = —nq,')140§ - 2n¢12¢20a ¢1(1 1) Xz}

_ 3 _2_ 2_(1_ n

Hence , q)3 — n(bl Oq 2n q)lzq)‘rf:; (1 ¢1)Zl=1 i (53)
Differentiate both sides of Equation (49) with respect to ¢5. Then

0InL(z, &1, b2, G3) _ n N (1-d) Xk, 2}

- 2
d ¢3 2(d1° + 21 +d3) 202(d1° + 2d1dy+d3)
AlnL(z,p1,$2,93) _ -nd1362-2n g1dr08-nd30¢+(1-d) T, 2] (54)
0 ¢s3 20%(d1°+ 2012 +ds3)

Make Equation 54 equals to zero,

n
1y 0% = 21 by b0f — nbso + (1= by) ) 7 =

i=1
n
02 = b0 + (1= 1) Z 72 =21 §1b03

_ —nd)1 U'a n¢3°'a+(1 q)l)zl 1 l
q)2 - 2n¢1‘7a (55)

Substitute Equation 55 in Equation 54,
n¢30a (1 - ¢1) Zl 1Zl - (1 - ¢1) Zl 1 l

s = 2no?
After simplification,
no,2_,yn 2
¢)3 — 2¢1 zL=1ZL 221:121 (56)

2
nog

Substitute Equation 56 in Equation 55;
—n¢130a ¢1 l lzl +221 1Zl +Zl 1 l ¢1 l 1 l

¢2 = 2n¢>1aa
— _n¢136¢21_3¢121 1 l+32‘{l 1 l
¢, = o= (57)
Substitute Equation 57 in Equation 55;
n n n n
—6ng, 202 Z z} + 6np,02 Z zF + 2% ¢3(02)? — 2ng 0l Z z? + 2n¢, %02 Z z?
i=1 i=1 i=1 i=1
=0

By simplification,
2"431203 ?:121‘2"'4“4)103 ?:121'2 = 2n°d1¢3(05)° = 3 =

_ n¢30'£—22?=1zi2
Hence, ¢, = — %> ST 27 (58)
Substitute Equation 58 in Equation 56;
_2n¢30a 111_4(2111 _22111
3 nog

¢3 no; — 2ngs0f 1 Ziz = _4(2?=1Zi2)2 - 22?:1212

20131, zi+2 37, 7}
no?
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2 n 2
_4(ZL 1%4i _ZZL 14

¢3 noZ(1- 23, l (59)
~ _ -a(3r, 2)2—22
Therefore, ¢; = noR(1-25T. 27
Substitute Equation 59 in Equation 58;
_ 2\“_ 22
naa< 4(5; 21122 21212)1 L>—227i1=1zi2
a i=1%i -2
1= 257 =0 =g (60)
Hence , ¢, = ————
0=y

Substitute Equation 60 in Equation 57;

3
2
— 2\ =« - -
no-a<1_22111> BZL L% < 22111>+3Zl 1Z

-2
2nol | ——=——
¢ <1 —2 Zl 14 >
By simplification,

8naa +9yr,z2(1— Zl 1 z}F
—4ncZ(1—-2%7, z?

o, =

2

Hence,

- 8naa +9yr,z2(1— Zl 1 z}F
—4ncZ(1—-2%7, z?

©
N

4. Simulation and Results.

This study presents AR model estimation via maximum likelihood methods by defining

marginal distribution of the given time series, for this some of simulated experiments
designed (r = 100,500, and 1000). Different initial values for the parameters ¢,were
assumed for each experiment. The results of these experiments are given in Tables 1-9 for
some statistical criteria, mean square error (MSE), and the absolute mean percentage error
(MPE).
The first experiment was designed to calculate MLE and MAR for time series values for
AR (1), with (¢, = 0.1, 0.3,0.5, and —0.7), sample size (n = 30, 50, and 100), and
number of replicate (r = 100, 500, and 1000), the results of this experiment are given by
Tables 1, 2, and 3. Regarding the MSE and MPE criteria, we can see from the given tables ,
the values of MSE and MPE decrease with increasing sample size n for each value of ¢,, for
MLE and MAR. The values of MPE of both methods become closer as the sample size
increases for different values of ¢,. The MSE and MPE values decrease with decreasing
replication for each value of ¢,,. The values of MPE indicate MAR is better than MLE
where most of the different model parameters and sample size n. Moreover, Figures 1, 2,
and 3 represent the estimated model for the time series AR(1) when r =
100,500, and 1000, respectively, the red graph refers to the generated simulated AR(1)
model, the blue graph refers to the model estimated via exact likelihood, and the green graph
refers to the estimated model by using the likelihood function via the marginal distribution of
the time series. In Figures 1, 2, and 3, we notice that all-time series are stable at different
values of the sample size n and each number of replication r.
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Table 1. AR(1) Model for MLE and MAR with r = 100.

. & MLE MAR
P MSE MPE MSE MPE
¢, =0.1 1.5065e-32 46.9825 9.4843e-30 26.2206
20 ¢, =03 1.1237e-32 50.6085 9.6416e-31 30.6140
¢, = 0.5 1.9921e-33 48.6619 3.1081e-30 30.4533
¢, = — 4.9416e-31 40.1620 4.1241e-30 31.8221
¢, =0.1 1.9921e-33 22.2352 1.6181e-30 11.9847
- ¢, =03 0 21.6314 3.9045e-31 15.3154
¢, = 0.5 1.1205e-31 18.3909 1.0085e-30 14.0371
¢, = — 2.1041e-32 16.3906 8.3717e-31 13.4952
¢, =0.1 1.2450e-34 7.3882 1.3466e-30 4.3022
100 ¢, =03 5.4907e-32 7.5252 7.9683e-33 4.6729
¢, =0.5 2.8014e-32 7.7938 8.4165e-32 5.0796
¢, = — 7.1715e-32 5.7299 1.9921e-31 4.8566

The results of Table 1; as shown in Figure 1.
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q;1 _03n_100r—100

&, = 0.5,n = 100,r =100

¢, = —0.7,n = 100,r =100

Figure 1. AR(1) Model for MLE and MAR with r =100.

For number of replication r = 500, the results are given in Table 2 and Figure 2.
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Table 2. AR(1) Model for MLE and MAR with r = 500.

n by MLE MAR
MSE MPE MSE MPE

¢, =01 1.9921e-33 249.0715 6.3367e-28 156.3922

30 ¢, =03 2.5817e-30 240.5369 1.3884e-28 142.6665
¢, =05 3.3487e-30 249.4303 5.0201e-28 159.3458
¢, =—0.7 8.6808e-31 189.4300 1.9144e-30 154.6298
¢, =01 7.1715e-32 105.8937 2.9528e-28 62.9162

50 ¢, =03 8.4165e-30 109.3878 6.6348e-29 62.0760
b, =05 1.1506e-29 104.1844 6.2410e-29 64.2770
¢, =—-0.7 2.9407e-29 79.9037 5.6593e-28 59.7555
¢, =01 2.4359e-30 39.9870 2.6394e-28 21.2546

100 ¢, =03 1.9328e-29 38.2339 2.4543e-28 21.6598
¢, =05 1.9574e-29 34.3012 4.8790e-29 22.1899
¢, =—0.7 6.7627e-29 28.4785 1.0327e-29 20.5642

The plot of the results in Table 2, as show in Figure 2.

$, =0.1,n = 30,r =500 ¢, = 0.3,n = 30,r =500 ¢, =0.5,n = 30,r =500

002 002
001 Q 001
° | I o
Il
001 | 001 A
o002 -0.02
-0.03
003
0.04

¢, =0.3,n = 50,r =500

o4

,,,,,,

$, =0.5,n = 50,r =500 ¢, = —0.7,n = 50,r =500 ¢, =0.1,n =100,r =500
g Wbt
¢, =0.3,n =100,r =500 ¢, = 0.5,n =100,r =500 ¢, =—0.7,n =100,r =500

Figure 2. AR(1) Model for MLE and MAR with r = 500.

For the number of replication, r = 1000, see the following Table 3 and Figure 3:
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Table 3. AR(1) Model for MLE and MAR with r =1000.

N b, MLE MAR
MSE MPE MSE MPE
¢, =01 2.8766e-30 478.8193 2.3028e-28 290.8784
30 ¢, =0.3 3.1873e-30 494.8485 2.9650e-29 291.8135
¢, =05 3.3537e-29 457.6450 2.3573e-28 290.2070
¢, =-0.7 7.6527e-29 386.0229 2.2490e-28 317.8166
¢, =01 8.9955e-31 233.6525 5.7334e-27 124.4451
50 ¢, =03 7.5749e-31 226.1102 1.3022e-27 124.1611
¢, =05 2.2024e-30 210.4893 2.6904e-28 139.5043
¢, = —0.7 8.5978e-29 171.0632 5.4177e-28 127.1026
¢, =01 1.3466e-30 79.4712 1.3466e-30 42.9843
100 ¢, =0.3 1.5779e-29 76.0834 9.3883e-28 42.8568
¢, =05 1.9623e-29 69.6642 2.3150e-27 43.1488
¢, =-0.7 1.1461e-27 59.9664 3.1794e-28 43.9696

Draw the results in Table 3, as shown in Figure 3.
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Figure 3. AR(1) Model for MLE and MAR with r = 1000.

The second experiment was designed to calculate MLE and MAR for time series values for
AR(2) with (¢, = 0.2, —0.3, 0.4, and 0.1), and (¢, = 0.4, 0.5, —0.5, and 0.3), sample
size (n = 30, 50, and 100), and number of replicate (r = 100,500, and 1000). The results
of this experiment are given by Tables 4, 5, and 6. Regarding the MSE and MPE criteria, we
can see from the given tables that the values of MSE and MPE decrease with increasing
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sample size n for each value of ¢, for MLE and MAR. The values of MPE of both methods
become closer as the sample size increases for different values of ¢,. The MSE and MPE
values decrease with decreasing replication for each value of ¢,. The values of MPE
indicate MAR is better than MLE where most of the different model parameters and sample
size n. Moreover, Figures 4, 5, and 6 represent the estimated model for the time series
AR(2) when r = 100,500, and 1000, respectively, the red graph refers to the generated
simulated AR(2) model, the blue graph refers to the model estimated via exact likelihood,
and the green graph refers to the estimated model by using the likelihood function via the
marginal distribution of the time series. In Figures 4, 5, and 6, we notice that all-time series
are stable at different values of the sample size n and each number of replication r.

The following table, as well as the figure that is related to it, represents the information for
the second experiment in this paper.

For the number of replication r = 100, the results are given in Table 4 and Figure 4.
Table 4. AR(2) Model for MLE and MAR with r = 100.

MLE MAR
: p MSE MPE MSE MPE
¢, =0.2 7.4211e-40 0.0030 1.2450e-34 1.4253
¢, = 0.4 6.6789%-41 0.0016 1.9921e-33 4.8494
¢, =—03 4.2745¢-39 0.0111 0 1.4116
30 ¢, = 0.5 4.7495e-40 0.0096 0 27.5439
¢, = 0.4 0 0.0024 0 1.4233
¢, = —0.5 2.9684e-41 0.0017 4.9802e-34 6.4939
¢, = 0.1 1.8553e-42 4.4416e-04 3.1126e-35 1.4428
¢, = 0.3 2.8988e-42 1.9749¢-04 3.1126e-35 1.3447
¢, = 0.2 2.6716e-40 0.0023 1.2450e-34 0.8658
¢, = 0.4 7.4211e-42 0.0013 1.2450e-34 1.4350
¢, =—03 1.8998e-37 0.0250 7.0034e-35 0.8381
50 ¢, = 0.5 1.2159¢-37 0.0228 2.0399e-30 107.9930
¢, = 0.4 1.1874e-40 0.0017 7.0034e-35 0.8637
¢, = —0.5 4.7495e-40 0.0015 3.1126e-35 0.4945
¢, = 0.1 2.9684e-41 6.1100e-04 7.0034e-35 0.8769
¢, = 0.3 1.8553e-42 2.4482¢-04 3.1126e-33 3.6684
¢, =02 1.8998e-39 0.0015 7.0034e-35 0.4533
¢, = 0.4 2.9684e-41 8.5164e-04 7.9683e-3 7.7977
¢, = —0.3 3.0397e-38 0.0115 3.1126e-35 0.4305
100 ¢, = 0.5 7.5992e-39 0.0103 7.9683e-31 30.1493
¢, = 0.4 4.7495e-40 8.6626e-04 0 0.4541
¢, = —0.5 7.4211e-42 6.1362e-04 1.7929¢-32 7.8653
¢, = 0.1 0 3.2966e-04 3.1126e-35 0.4669
¢, = 0.3 2.6090e-43 2.3317e-05 3.1873e-32 7.6017

The plot of the results in Table 4, as shown in Figure 4.
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Figure 4. AR(2) for MLE and MAR Model with r = 100.

For the number of replication r = 500; the results are given in Table 5 and Figure 5.

Table 5. AR(2) Model for MLE and MAR with » = 500.

0 o MLE MAR
P MSE MPE MSE MPE
¢, = 0.2 9.6177e-39 0.0042 4.9802e-34 1.4365
¢, = 0.4 8.5787e-39 0.0034 4.9802e-34 5.1715
¢, =—0.3 1.5388e-37 0.0254 4.4822¢-33 1.4125
30 ¢, =0.5 4.7495¢-38 0.0221 1.4056e-29 99.4448
¢, = 0.4 7.5992¢-39 0.0038 1.3151e-33 1.4287
¢, =—0.5 5.8181e-39 0.0032 4.0339¢-32 14.2587
¢, = 0.1 2.4536e-40 5.1827e-04 1.5252e-33 1.4517
¢, =0.3 4.1743e-42 1.2615e-04 1.7508e-33 0.9196
¢, =0.2 2.6716e-40 8.8243e-04 3.7663e-33 0.8814
¢, = 0.4 2.4536e-40 3.2758e-04 6.1007e-33 3.4285
¢, =—0.3 4.8635e-37 0.0083 2.8091e-33 0.8582
50 ¢, =0.5 2.0945e-37 0.0072 5.0997e-31 14.0768
¢, = 0.4 1.0716e-38 0.0020 1.1205e-33 0.8675
¢, =—0.5 2.4044e-39 0.0014 6.1007e-33 1.3755
¢; = 0.1 7.4211e-42 8.6381e-04 1.7508e-33 0.8805
¢, =0.3 4.8991e-42 4.9186e-05 1.2450e-32 3.3063
¢, =0.2 2.6716e-38 0.0014 1.9454e-34 0.4573
¢, = 0.4 5.0166e-39 7.5191e-04 1.4522e-30 7.8931
¢, =—0.3 7.5992e-39 0.0099 7.7815e-36 0.4349
100 ¢, =05 0 0.0085 1.5618e-30 24.5102
¢, = 0.4 2.9684e-41 9.4607e-04 0 0.4552
¢, =—0.5 1.0686e-39 4.3304e-04 5.7571e-31 7.6444
¢, = 0.1 1.8553e-40 1.8933e-04 7.7815e-34 0.4687
¢, =0.3 1.0436e-42 4.1176e-05 2.8686e-31 7.7983
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The plot of the results in Table 5, as shown in Figure 5.
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Figure 5. AR(2) Model with r = 500.

For the number of replication r = 1000; the results are given in Table 6 and Figure 6.

Table 6. AR(2) Model for MLE and MAR with r = 1000.

! o MLE MAR
P MSE MPE MSE MPE
¢, =0.2 7.4211e-38 0.0046 4.4822e-33 1.4337
¢, = 0.4 1.0686e-39 0.0025 7.0034e-31 9.1800
¢, =03 4.0200e-36 0.0275 7.0034e-33 1.4137
30 ¢, = 0.5 8.3781e-37 0.0250 2.4989¢-29 102.4699
¢, =04 7.5992e-39 0.0028 4.4822¢-33 1.4317
¢, = —0.5 9.0908e-39 0.0013 2.6345e-31 11.8544
¢, =0.1 3.7569e-41 4.9649e-04 9.5324e-33 1.4550
¢, = 0.3 1.2627e-40 2.3499¢-04 1.0653e-32 1.2305
¢, =0.2 8.6559¢-38 0.0040 4.4822e-33 0.8680
¢, = 0.4 6.8392e-38 0.0029 5.2323e-32 1.6382
¢, =03 8.3781e-37 0.0196 1.9921e-33 0.8484
50 ¢, = 0.5 2.7357e-37 0.0176 6.1706e-29 72.0161
¢, =04 2.1640e-38 0.0021 1.7508e-33 0.8681
¢, = —0.5 2.0846e-38 0.0013 8.9955e-33 1.5923
¢, =0.1 1.6697e-39 7.1442e-04 2.8091e-33 0.8864
¢, = 0.3 8.9795e-40 3.6851e-04 1.2749¢-31 3.8168
¢, = 0.2 1.8998e-37 0.0015 1.1237e-32 0.4588
¢, = 0.4 2.0067e-38 0.0011 1.4522¢-30 7.9779
¢, =—03 2.7357e-37 0.0110 7.9683e-33 0.4351
100 ¢, =05 1.0050e-36 0.0098 3.2638e-29 25.8946
¢, = 0.4 2.6716e-40 8.8139%¢-04 3.4317e-33 0.4591
¢, = —0.5 1.0716e-38 6.4366e-04 3.5140e-30 7.9920
¢, =0.1 8.1817e-40 2.1775e-04 3.8130e-34 0.4734
¢, = 0.3 2.4536e-40 6.3309e-05 0 7.5106
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The following Figure helps us show the results in Table 6.
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Figure 6. AR(2) Model for MLE and MAR with r = 1000.

The third experiment is designed to calculate MLE and MAR for time series values for
AR (3), with (¢, = 0.1, 0.2, —0.3,and 0.4), (¢, = 0.3, —0.4, 0.4,and 0.5), and (¢3 = 0.4,
0.6, 0.5, and —0.6), sample size (n = 30, 50, and 100), and the number replicate (r =
100, 500, and 1000). The results of this experiment are given by Tables 7, 8, and 9.
Regarding the MSE and MPE criteria, we can see from the given tables, the values of MSE
and MPE decrease with increasing sample size n for each value of ¢, for MLE and MAR.
The values of MPE of both methods become closer as the sample size increases for different
values of ¢,. The MSE and MPE values decrease with decreasing replication for each value
of ¢,,. The values of MPE indicate MAR is better than MLE where most of the different
model parameters and sample size n. Moreover, Figures 7, 8, and 9 represent the estimated
model for the time series AR(3) when r = 100,500, and 1000, respectively, the red graph
refers to the generated simulated AR(3) model, the blue graph refers to the model estimated
via exact likelihood, and the green graph refers to the estimated model by using the likelihood
function via the marginal distribution of the time series. In Figures 7, 8, and 9, we notice that
all-time series are stable at different values of the sample size n and each number of

replication r.
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Table 7. AR(3) Model for MLE and MAR with r = 100.

& MLE MAR
4 p MSE MPE MSE MPE
¢, = 0.1 1.7508e-35 0.6308 1.7929e-32 17.1093
¢, =03 3.1873e-32 56.2287 0 6.3666
¢; = 0.4 4.9802e-34 6.0444 2.0399¢-30 575.9633
¢, =0.2 0 0.0214 4.9802e-34 16.2997
¢, = —0.4 3.1873e-32 38.5691 1.2450e-34 5.1487
30 ¢s = 0.6 4.9802e-34 3.0948 4.5897e-30 440.9363
¢, =—0.3 4.8635e-37 0.2512 7.9683e-33 16.6317
¢, = 0.4 2.8686e-31 103.1897 0 5.6625
¢; =05 1.9921e-33 9.6427 0 496.3091
¢, = 0.4 7.7815e-36 0.3762 4.9802e-34 16.6013
¢, = 0.5 3.1873e-32 35.2640 1.9921e-33 5.6163
$; = —0.6 4.9802e-34 3.2239 4.5897e-30 491.2326
¢, = 0.1 3.1126e-35 0.5560 1.9921e-33 10.6481
¢, =03 0 26.8586 4.4822¢-33 4.5445
¢ = 0.4 1.9921e-33 3.5300 1.8359%¢-29 256.8860
¢, =0.2 0 0.0089 7.9683e-33 9.6300
¢, = —0.4 5.0997e-31 61.2589 4.9802e-34 3.0853
50 b; = 0.6 1.2450e-34 4.8212 5.0997e-31 154.9406
¢, = —0.3 1.9454e-36 0.1122 4.4822¢-33 9.8909
¢, = 0.4 1.1474e-30 70.7262 1.2450e-34 3.4879
$; = 0.5 4.4822e-33 6.7510 4.5897e-30 181.0627
¢, =04 4.3771e-36 0.2402 1.2450e-32 9.9961
b, =05 3.1873e-32 20.5466 4.9802¢-34 3.6442
b3 =—-06 3.1126e-35 2.0373 5.0997e-31 191.5910
¢, =0.1 3.1126e-35 0.3113 1.9921e-33 5.5194
¢, =0.3 3.1873e-32 12.1245 4.9802e-34 2.6377
b; = 0.4 1.9921e-33 1.8428 2.0399¢-30 76.1240
¢; =02 3.0397e-38 0.0094 4.4822¢-33 5.0358
¢, =—-04 3.1873e-32 19.0202 4.4822e-33 2.0113
100 b3 =06 0 1.9054 0 51.8760
¢, = —0.3 1.2159e-37 0.0500 0 4.9543
¢, = 0.4 5.0997e-31 35.1164 1.2450e-34 1.8936
¢3 =05 4.4822e-33 3.5198 1.2749e-31 47.7893
¢, = 0.4 1.2159e-35 0.1258 4.4822¢-33 5.1427
d, = 0.5 1.2749e-31 13.6534 4.9802e-34 2.1598
$; =—0.6 4.9802e-34 1.5854 1.1474e-30 57.2322
The following Figure shows the information in the table above.
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Figure 7. AR(3) Model for MLE and MAR with r = 100.
For the number of replication r = 500, the results are given in Table 8 and Figure 8.

Table 8. AR(3) Model for MLE and MAR with » = 500.

. & MLE MAR
P MSE MPE MSE MPE
¢, =0.1 7.7815¢-36 1.1129 2.4104e-31 18.8798
¢, =03 1.1474e-30 41.6021 4.4946e-32 8.5553
¢s = 0.4 5.4907e-32 6.2432 2.4683e-28 852.8920
¢, = 0.2 1.1874e-38 0.0151 1.6136e-31 16.2684
¢, = —0.4 5.0997e-31 71.6615 4.9802e-34 4.9303
30 ¢s = 0.6 1.2450e-34 5.4075 9.9954e-29 417.3141
¢, =—0.3 7.7815e-36 0.1940 1.9921e-31 16.5396
¢, = 0.4 3.1873e-30 115.0466 1.0085e-32 5.3600
¢3 = 0.5 1.1205e-31 10.0319 1.3055e-28 462.5379
¢, = 0.4 7.0034e-35 0.3779 0 16.5729
¢, = 0.5 1.2749¢-31 35.6797 6.1007e-33 5.4118
$s = —0.6 7.0034e-33 3.0645 9.9954e-29 468.0983
¢, = 0.1 2.8014e-34 0.3748 3.1873e-32 10.1978
¢, =03 1.5618e-30 33.2431 2.8014e-32 3.8494
s = 0.4 1.7929e-32 3.5554 9.9954e-29 205.2482
¢, = 0.2 0 0.0131 2.1963e-31 9.8868
¢, = —0.4 8.1595e-30 78.4409 2.4403e-32 3.3887
50 3 = 0.6 4.0339¢-32 6.7044 1.2749¢-29 174.1100
¢, =—0.3 2.8014e-34 0.2287 4.4822¢-31 10.0690
¢, = 0.4 0 46.7047 3.1873e-32 3.6620
¢3 =05 1.2450e-32 4.6974 5.0997e-29 192.3506
¢, =04 8.2192e-35 0.2531 1.7929¢-32 10.0014
¢, = 0.5 1.2749¢-31 19.8713 1.7929¢-32 3.5618
db- =—0.6 1.1237e-32 1.8715 1.3055e-28 185.5815
¢, =0.1 5.6222e-34 0.2117 2.4403e-32 5.1762
¢, =03 1.3466€-30 14.8984 4.9802e-32 2.1664
s = 0.4 1.0085e-32 1.7558 2.4989-29 57.2946
¢, =0.2 1.8998e-39 0.0047 1.9921e-33 4.9021
¢, = —0.4 1.2749e-31 27.1229 1.2450e-32 1.7712
100 b3 = 0.6 4.9802e-34 2.3497 1.0327e-29 43.5548
¢, =—0.3 3.9394e-35 0.0650 1.4393¢-31 4.9854
¢, = 0.4 8.1595e-30 32.7943 1.2450e-32 1.8957
¢3 =05 1.2749e-31 3.2813 6.2471e-30 47.7256
¢, =04 7.7815e-36 0.1105 1.7978e-31 5.0245
¢, = 0.5 9.7612e-32 9.6529 6.1007e-33 1.9529
$3 = —0.6 8.9955e-33 0.9837 1.8359¢-29 49.6866
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The values in Table 8 via the Figure are shown as follows:

|

=020, = —04ds = 0.6,1n =30

lormr e AnAl

r = —03,¢, = 0445 = 0.5

A
Ty

$1=0.1,¢, = 03,d3 = 04,n =

RVANCNZRYSIFEVABUIVINA

1 =02,¢, = —04,ps = 0.6,n =

"/VVY/&N“\‘A/\’\]WbWWWfVVLW

&= —03,4, = 04,p; = 05

&, =04,d, = 0.5,¢; = —0.6,1 = 50

¢1=0.1,¢, =0.3,¢5 = 04

kit

1 =02,¢, = —04¢; =06

$, = —03,¢, = 0.4,¢; = 00.50.5,1 =

;= 04, ¢, = 0.5,0; = —0.6

Figure 8. AR(3) Model for MLE and MAR with r = 500.

For the number of replication r = 1000, the results are given in Table 9 and Figure 9:

Table 9. AR(3) Model for MLE and MAR with r = 1000.

MLE MAR
: o MPE MSE MPE
b =01 7.7815¢-34 0.6687 5.42346-31 172401
b, = 03 8.1595¢-30 55.1572 1.7045¢-31 6.3891
by = 0.4 6.0260e-32 5.8641 1.2749¢-29 577.0794
b, = 0.2 3.0397¢-38 0.0045 1.1957¢-30 16.9682
b, = —0.4 1.4738¢-28 240.8549 6.58636-32 5.9919
%0 bs = 0.6 1.6136e-31 21.6782 7.34366-29 531.7196
b, = —03 2.3831e-35 0.1511 0 16.7239
b, = 0.4 6.74446-29 116.0243 3.1873¢-32 5.6242
by = 0.5 6.4543¢-31 105361 1.65230-28 490.9766
b, = 0.4 3.5455¢-34 0.4434 1.50656-30 17.0314
b, = 0.5 3.8567¢-30 30.9070 1.1205-31 6.0854
bs = —0.6 4.9802¢-32 3.0517 9.9954¢-29 542.2655
b, = 0.1 4.8635¢-35 0.5620 1.4522¢-30 10.7926
b, = 03 2.87666-30 27.3096 1.4393-31 4.6473
by = 0.4 1.4393¢-31 3.6123 7.7567e-28 263.9899
b, = 0.2 2.0689¢-36 0.0092 3.11266-31 9.7663
50 ¢, =—04 1.2749¢-29 84.1834 0 3.1902
bs = 0.6 1.1957e-30 6.7660 1.74540-28 161.2271
b, = —0.3 4.3771e-36 0.1259 8.3717e-31 10.0636
b, = 0.4 1.1474¢-28 64.8504 4.98026-32 3.6429
bs = 0.5 7.5749¢-31 6.3882 1.47380-28 100.9959
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. o MLE MAR
P MPE MSE MPE
¢, =04 2.1448e-34 0.2248 1.6136e-31 10.0493
¢, =0.5 2.0399¢-30 21.1864 0 3.6217
$; = —0.6 3.1126e-35 2.0627 2.4989¢-29 189.5649
100 ¢, =0.1 5.4646€-33 0.3224 7.1914e-31 5.5823
, =023 8.1595e-30 12.4381 9.7612e-32 2.6766
¢s = 0.4 7.7815e-32 1.8716 1.2252¢e-28 77.4493
¢, =02 2.8896e-36 0.0064 3.36666-31 4.8274
¢, = —0.4 6.4543e-29 30.6033 1.7929¢-32 1.6496
$s = 0.6 3.5982e-32 2.4344 1.1474e-30 39.6038
¢, =—03 9.5324e-35 0.0737 4.9802¢-32 4.9277
, =04 5.3579¢-29 26.3076 6.0260e-32 1.8042
s =05 1.0471e-31 2.4699 5.0997e-29 44.6310
¢, = 0.4 4.9802¢-34 0.1460 3.6306e-31 5.2147
¢, =05 2.3028e-30 7.9169 5.4907e-32 2.2136
$; = —0.6 3.1873e-32 0.9263 2.4683¢-28 59.0183

The results in the Table above are shown in the figures below.
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Figure 9. AR(3) Model for MLE and MAR with r = 1000.

5. Conclusion

Recently, time series analysis is necessary for many fields and applications with huge and
complex data. This paper presents the problem of autoregressive model parameter estimation
with maximum likelihood function and model selection. The model parameter estimators are
derived theoretically by defining the marginal distribution of the AR time series, where the
distribution is got by random shocks representing the AR process with the assumption of a
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normal distribution of the white noise errors term. Here, AR model order is adopted for
p =1, 2, and 3. Exact maximum likelihood function and maximum likelihood with time
series marginal distribution are derived. To show the ability of the theoretical computing of
the AR parameters, some of the experiments are implemented with simulation for the AR
parameter estimation and model selection.

The experiments are designed for different values of model order (p) , sample size (n), and
number of replications. The results show the efficiency of the model parameter estimation by
computing mean squares errors, and mean percentage errors.

For different settings of ¢, and sample size n, the results show the stationarity of the
predicted model with estimated parameters for different values of ¢,,, sample size n, and
replications. The values of MPE and MSE show the ability of MAR for model parameter
estimation, where at most (MPE and MSE)-based MAR are better than MLE.
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