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Abstract

This study investigates new concepts in grill topological spaces by employing specified sets in
which the a-open sets are defined. Many scholars, such as Choquet, who is considered the first to
lay the foundation stone for the concept of a grill and formulate its definition, were interested in
studying it. After that, many attempts have been made to study the properties associated with this
concept and to understand the relationships among these properties. There are several types of grill
topological spaces, including discrete and cofinite topologies. Properties of this set and certain
relationships are studied, as well as examining a group of functions, like open, closed, and
continuous functions, determining their relation with each other and giving examples and
properties associated with this set. This shall serve as the beginning of examining numerous
topological properties with this set.
Keywords: Grill , a -0 sets , G, “-0 set, a-c sets , G, “-of , G, “-cf.

1. Introduction

Choquet first proposed the idea of a grill on a topological space in 1947(1-4). A grill is a
collection of non-empty subsets of (g, 7). Ifi. p € G and u € v implies v €G, ii. u, v S g and p U
v E G, then p € @ orv € G A grill topological space is denoted by (g, 1, &) (5-7). Scholars
investigated topological concepts and defined a unique topology via a grill. Let @:P(p) — P(p)
be a mapping, and it is referred to as ¢ (1) = { x € p: p N U € & for every U € 1,for every
€P(gp) and t,, which is all open set containg x. Suppose that ©: P(p) —P(g) is a mapping, and it
is referred to as © (n) = pUe(p) for every ueP(gp) (8-12). The map O satisfies the closure axioms
of Kuratowski (13-15)
I. ©(0)=0.
ii. when p € v, then © (n) € 0 (v).
iii. when p € g, then 0 (0 ()= 0 ().
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iv. when p, v € g, then @ (L U v)= 0 (n) U O (v). There are several types of grill topological
spaces, including discrete and cofinite topologies. We can locate tgin a grill & on a topological
space (g, 1) via the base given by the following B(‘rgg , go) = {v — w: ver, n¢C}.There exists a
unique topology with the formula tg ={uc ¢: ¥ (p- u)=( - u)}, for any p Se.Y(W)=p Ue(p) =
T -¢l (n) and T € 1¢ (4). Every set belongs to T is G-open sets, and its complement is G-closed
sets; the family of all &-closed is denoted by (16-19). For instance, suppose that (g, 1) is a
topological space, if @ = P(p)\{@}, then t¢ = 1.

Let (g, T) be a topological space; suppose that pS @, if p € Wnt(gl (lnt(u)), then p is a-open set.

Suppose v € g it isa-closed set if (g-v) is an a -openset. The collection of all a-open
(respectively, a-closed) sets in (¢, ) will be symbolized by t,(respectively, ac(g)). Many
academics have employed these combinations with the aim of producing novel generalizations
(20,21). In this study, Int (n) is employed to represent the interior(p), and the symbol cl(p)
represents a closure of the set p (22-25).

2. Materials and Methods On G, “-open sets
Definition 2.1: let (o, 7, @) is a G.T.S, ¢ € 1. The closure grill alpha of ¢ denoted by ¢lg ,(c) is
defined by;

Slga (=N{VE @; V is a closed set in g, whenever ¢ SV}
Definition 2.2: let A be a subset of (p , T, &), Ais a G, -open set if there exists ¢et; ¢ € AC

ntclg, (c). The complement of G, — open setis the G, -closed set, the set of all G, -open set
denoted by G, -o(g) and the complement denoted by G, -c(g).

Definition 2.3: A sub set A of a grill topological space (o, 1, &) is said to be a-open set via grill if
there exists ¢ €7 ; ¢ ~A€G and A—'ntclg,(c)¢ &. And denoted by G, * -open. o —A is

G, “-closed ,and the set of all G, “-open presently by G, “o(p). the set of all G, “—closed presently
by Gg “c(0) -

Example 2.4: Let (o, 7, G) is a G.T.S , 0={L4, L;, L3}, ={0 D , {L1 } {L£1, L;}}.G={¢
<o L; eulte={0.B.{ Ly, L3} { L1 { L3 L1, L2},

T, = {0 0, { Ly, L3} { L1}, { £33, { £, L0}

Fg, = {0,0,{£L;, L3}, { L1} { L3}, { L1, L33}

Gq 0(@) ={0,8,{ L}, { L1, L}, { L, L3}}

Proposition 2.5.

i. Each open set is also a G, “-open set.

ii. Each closed set is a G, “-closed set.

Proof. (i) Suppose A€r, let¢ €1, such that ¢ € ntclg, (), whenever ¢ =A€T S0, —A=¢&E
NA-ntclg A= eC .

(ii) Let A'is a closed set, thus A°et, A €G, “0(p), then A€ G, “c(o) .

Proposition 2.6. whenever A is a G, -open set, then Aisa G, - open set.

Proof. Suppose Aisa G, -open, then there exists ¢ is an open set such that ¢ CACIntclg,(g), thus
¢ —A=OAA-ntcl;,(c) =0 and ¢ —A€GAA—ntclg,(c) €G. then A is a G, “-open set.

Proposition 2.7. In G.T.S (o, 1,@), A is an G, -0 set if and only if A is a G, *-0 set whenever
@=P()\{2}.
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Proof. Suppose A isa G, -open set, then A is a G, “-open set by (theorem 2.5). Conversely, let
A is a G, “-open set so, there exists ¢ € such that ¢ ~A¢GAA—-ntclg,(c)¢G .Thus,

¢ —A=PAA—ntclgq(c)=0 then ¢ €A and ACntcl;o(c),s0 ¢ SACIntclgy(c). There fore Aisa G, -
open.

Note. G, “-o with a -0 set are independent.

Example 2.8: Suppose (o, 1, G) is any Grill topology and 0={L,, £,, L3}, 7={ 0,9, {L:}},

G ={uco; Ly €} 6={ B { Ly Ls}{ L1} { L2} { L1, £23}, Gy ™ 0(0)=P(0), and ao(@)={¢
C o; L€ ¢ }, hence it is clear that { £,}€ G, “o(o) but { £,}¢ T,.

Proposition 2.9: Suppose A is a G, “-open set and HEX such that ACHCIntclg, (c) for each ¢ €7,
then H is a G, “-open set.

Proof. Whenever A is a G, “-open set, then 3 ¢ €t such that c —A¢G AA—Intclg,(c)€G, and since
ACH,s0 ¢ —HCE ¢ —A&G,then there exist ¢ €t such that ¢ —H&G, and since HSntclg,(g) for each
¢ €1, then H-ntclg,(c)=0€G, there fore H is a G, “-open set.

Proposition 2.10: Suppose that (o, T ,&) is a grill topological space and A is a sub set of g. If
@=P(0)\{0}. Aiis a G, "-o set if and only if A is a-0 set .

Proof. Suppose A is a G, “—open set, there exists ¢ €7 ; 0 ~A¢G and A—ntclgo (<)€G , c —A=0¢G
and A—ntclgq(c)=0, ¢ €A and AClntclg,(g), ¢ SASIntclg,(c), and since clgq ()= clg (c),Then
cEACntclg(g). Therefore A is an o -open set. Conversely, let A be an o -open set it is clear that
¢ SACItclg(g), since ¢ €A and Acintclg(c), then ¢—A=@0 and A-ntcl;(c)=0€GE, since
clga(c)=clg (g), c CACintclg,(c) So Ais a G, “—open set .

Lemma 2.11: (U.er (ntclgq (Ap))) € (ntclgy (Uier Ar)

Proof. A(C U,er (Ap),

so lntclge(A)Entclgy (Uie(Ar)),

Use (Intclgy (Ar))S(ntclgy (Uier At -

Proposition 2.12: The union of the collectin of G, -0 set also G, *-o0.

Proof. Suppose that A; is a G, “-open set for each i to show Uier A; is G, -0, since A; is G, -0
set, then there exists ¢, €7, (g, —A;)€C, and(A; — ntclgq(c,))€E. Now, since (¢, —A;)SVUief(s; —Aj)
and (g, —A;)€C Vi, then by condition two of definition of the grill

Uigs (g —Aj) €CG but (Uies ¢ —Uier Aj) S Uigy (g —Aj)€CG. Therefore, ( Ujerg,—Uier Aj)€C and
Uies 6,€7. Now, to proof (Ujes Aj—ntclge (Vigs 6;)) €€, hence (Aj—tntUies (c,))€G for each i so, by
condition two of the definition of the grill. Uje; (Aj—(ntclga(Uies ¢;))€E and since

(Uigs Ai—Vijgs (ntclgy (;))<S Uigs (Aj—tntclgq (6,))€C, therefore (Uier Ai—(ntclgy Uiey () €C by
(lemma 2.11) Uies A; is a G, “-open set .

Note: A collection of every G, *-o0 sets is supra topology.

3. Some kinds of G, “-0 Functions

Definition 3.1: Suppose f:( o ,t,G)—( 9,7',G’) is a function then f'is :

(1) G, “-open function symbolizes "G, “-o f " if {(s)€ G, “0(9) since SEG,, “0(o).
(2) G, **- open function symbolizes "G, -0 f " if f(s)€ G, "~ 0(9) since s€t .

(3) G, - open function symbolizes "G, “*-o0 f " if f(s)€z’ since SEG, " 0(p).
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Proposition 3.2: Let f:( 0,7,G)—( 9,7",G’) be a function then
(Dfis an o-f since fisa G, " -o f.
(2) fis Gy *-o fsince fisaG, ™ -of.
(3)fis G, -0 fsince fis a Gy “-o f.
(4) fis Gg -0 f whenever fis an o-f.
Proof. (1) Suppose ¢€et by (proposition 2.5 (i)), ¢ €G, " (o). Since fis a G,
set (9,7"). Hence, f'is an o-f.
(2) Suppose UEG,, “0(p) since fis a G, **-o f then, f(u) is an open set in (9,7'). By

(proposition 2.5 (i)),f(u)€ G, * o(p). Hence, fisa G, “-o f.
(3) Let ¢et by (proposition 2.5 (i), ¢ € G, 0 (0). Since fisa G, “-o f, then f(¢)€ G, ™ 0 (9).s0 {
isa Gy "-of.
(4) Let ¢ €7 and since { is an o- f so that f(g)€7’. By (proposition 2.5 (i)), ¢ € G, * (0). So fis a
G, " -of.
The reverse direction of (proposition 3.2) is not true in genera as the examples.
Example 3.3: Let o ={Ly,£;, L3}, {0 ¢{L;}}.c=P(@\{F}, (o7, G)—(a7,
G),f(L)= L, L€ o. It is clear that is an open function, G, “0(e)={ ¢ S 0 ; £, € ¢ Ju{d}, there exist
{L, L,}€Gy "0(0) , {{L1, L,})¢t.Then fis not G, -0 f.
Example 3.4: Let ¢ ={£y, L;, L3} v={0, ¢ , { L1}, {£1, L2}}.C={uC 0 ; L3€U}, 16=P(0) ,
Gy "0(@)=P(0), f:( @1, G)=(a1, G), flL1)={ L2} f(L2)={ L1} ,{( L3)={ L3}.We observe that
the function is G, *-o f and G, **-o f but it is not open and not G, “**-o f since {(£,)={ £, }¢.
Example 3.5: Let f:(0,1,G)—(0,t,G), 0 ={ £; , L, , L3},

={ 0, { Ly, L3}}.G=P(Q\{{BYU{ L1}}, 1(L2)={ L3}, f(L1)={ L2} (L3)={ L1},

o ={ e, ¢ {Ls, L} {Ls, L3}, {£L2}},

Gy o(0)={o, ¢ {L, L} {L,, L3} {L}{L,}} TisaG, ™ of but fis not G, * o f since there
exists {£,, L3}€G, o( o), but {({L,, L3})={L,, L3}¢G, o( o), and its not G, * o f since there
exists {£,}€G, o( o) but f{L,}={L;}¢ 1.

( > G.. “-o function ﬂ

G, " -o function | ) G, "o function

\ > Open function g

Figure 1. Functions via G, *-o f

*kk

-o 1,f(c) is an open

Definition 3.6: Suppose f:( 0,7,G)—( 9,7",G’) is a function then :
(1) G, "-closed function, denoted by "G, “-c f " if {(g)€ G, " c(9) since ¢ EG, " c(0).
(2) G, "closed function, denoted by "G, **-c f " if f(u)€ G, "c(9) since ¢ is a closed set in (o,7) .
(3) G "-c f, denoted by "G, “-c f " if {(c) is a closed set in (9,7") since ¢ €G, “c(o).
Proposition 3.7: Suppose that f:( 0,7,G)—( 9,7’,G’) is a function
(1) fisac-fsincefisa G, " -cf.
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(2) fis Gy “-c fsince fisa G, " -cf.

(3) fis G, "-cfsincefisa Gy "-c f.

(4) Tis G, "-c fsince fis ac-f.

Proof by the some way of proposition 3.2 the proof has been completed.

The reverse direction of this proposition is not true. See (Example 3.3) (Example 3.4) and
(Example 3.5) .

Remark 3.8: If fis onto function then:

(1) G, "-c f, G, "-o f are equivalents.

(2) G, "-cf, G, -0 f are equivalents.

(3) G, *-c f, G, “*-o f are equivalents.

G::) 6o fumcton ﬂ

G, ***-c function => G, " -c function

b closed function J

Figure 2. functions via G, *-c function

4.Some kinds of G, *- Continuous Functions.

Definition 4.1: Suppose f:( 0,7,G)—( 9, 7/,G’) is a function then f is said to be

1. G4 - cont function, denoted by " G, *-cont f "if f~1(g)€ G, * o(p) for each ¢ € 7".

2. Strongly G, “-continuous function, denoted by “s G, “-cont £ > if {~1 (¢)€t, for each ¢ €G,
0(9).

3. G, “-irresolute function, denoted by "G, *-irr f " if = (¢)€ G, “0(o), for each ¢ €G, "o(Y).
Theorem 4.2: Suppose that f:( 0,7,G)—( 9,7,G’) is a function denoted that:

1.fis G, “-irr f whenever fis a S G, “-cont f

2. fis cont-f whenever fis as G, “-cont f.

3.fis G, “-cont-f whenever fis a cont-f.

4. {is a Gy "-cont-f whenever fis a G, *-irr f.

Proof.

1. let ¢ € G4 "0(9) since fis as G, “-cont f, then =1 (g)ET by (proposition 2.5(i))

£~ ()€ Gg “0(0). This implies fis a G, *-irr f.

2. Suppose that g is an open set in (9, t'). By (proposition 2.5(i)), ¢ ECao(9) since fis

s G, “-cont f, then =1 (¢) is an open set in (o,7), Implies that fis a cont- f.

3. Let ¢ €7’ since fis a cont- f then £~ (c) is an open set in (p,7). By (proposition 2.5(i))

=1 (g)€ G, “0(o) so fis G, “— cont f.

4. Let ¢ €1 by (proposition 2.5 (i)), ¢ €G, “o(o) since fis G, *-irr f. Then, ™1 ()€ G, * 0(0), so f
is Gy “-cont f.
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The inverse of this theorem is not true by the example.
Example 4.3: Suppose f:( 0,7,G )—( 9,7, G’) is a function such that f (£)= L for each £ € o where
e={ Ly, Ly, L3} i={0.B{ L2}}, € =P(\{9}, C"={ ¢ L€},

Ga "0(9)={ 6 L2€ ¢ YU{@}, G¢ “0(0)=P(0) .
So that, fis G, “-cont f and continuous function but it is not G, " o(p)-irr f and it is not G, "o() s
cont f since there exists{£,, L3}€€', "~ (o)but {1 { £,, L3} ={ L,, L3}&G, “0(0)

and {£,, L3} ¢ T.

F G, *-irresolute function ﬂ

strongly G, “-continuous I > G, "-continuous function

b Continuous function J

Figure 3. Continuity via G, *-open set

5. Conclusions

Through our research, unique characteristics was found that this group has. Also, investigated
the continuity of this group, identified the relationships between the groups associated with it, and
illustrated these relationships using diagrams. As described earlier. In the future, we can also study
the properties of the group we selected in other spaces, such as topological fuzzy space or
topological nano space, and we can also study the relationships between the properties of this
group. In the future, we can study some properties of coverage and correlation across open groups.
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