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Abstract

Let (X, W,T) be a fuzzy b- metric space, where X is a non-empty set, W is a fuzzy set on
X X X x (0,) to [0,1], and T is a continuous t-norm, and let a function ¢:[0,1] - [0,1]
satisfies the following conditions: The function ¢ is strictly decreasing and continuous,
@(c) =0 Ifand only if cequals1and ¢(T(c,a)) = T(p(c), ¢(a)), where c and ain X.
Which is called ¢- function and use it to define ¢- Contraction mappings of type I and II. In
this research, we will complete the study of many authors about fixed point theory on fuzzy
b-metric spaces as and generalize some results on fixed points theory on fuzzy metric spaces
to fuzzy b- metric spaces with simplify different proofs. It was established many results on
compact fuzzy metric spaces and complete fuzzy metric spaces. we generalize results of other
results to fuzzy b-metric spaces by using ¢— Contraction mappings of type I and II in both
complete and compact fuzzy b-metric spaces to show existence of fixed points for this type
of self-mapping.
Keywords : Complete fuzzy b- metric space, Compact fuzzy b- metric space, Fixed point.

1.Introduction

The definition of a fuzzy metric space was defined by (1) to (5) defined the completeness of
the fuzzy metric space, Bakhtin in 1989 present the concept of b- metric spaces (6). After
that, (7) generalized a b- metric spaces and a fuzzy metric spaces to fuzzy b- metric spaces
in 2016. (8) used the continuous t- norm to modify the idea of fuzzy metric spaces, and
showed in the completeness definition of Grabiec fails to make R complete, then they
introduced another definition completeness for which R, with the standard fuzzy metric
induced by the Euclidean metric.

In 1922, (9) presented the Banach fixed point theorem, which is known an essential concept
in fixed point theory. From that time , many results fixed points on different spaces and types
of Contraction mappings have been proved, for more detail see (10-28). One of them, (3)
established many results on the compact or complete fuzzy metric spaces.

In our work, we prove the existence a uniqueness of fixed point of a mapping on complete or
compact fuzzy b- metric space (X,W,T) where X is a non-empty set, W is a fuzzy set on
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X X X % (0,00) to [0,1], and T is a continuous t-norm under ¢- Contraction mapping of types
[and II.

2. Preliminaries
In this section we will cover some basic definitions and results.
Definition 2.1 (29): A t- norm is a binary operation T:[0,1]x[0,1]—[0,1] for all
a, c, z € [0,1], which satisfies the conditions:
1- Commutatively : T(a,c) = T(c,a);
2- Associativity:T(T(a,c),z) =T(a,T(c, 2)) ;
3-T(a,1) =a for each 0 < a <1,
4-T(a,c) <T(ze) forall a,c,z,e € [0,1]suchthata < zandc < e,
5- T is continuous .
The commutatively of (1), and conditions (2) , for all t-norm, T,and 0 < c <1:
T(c,0) =T(0,c) =0.(29)
e.g ofat-normare T, =a.c , Tpy, = min{a,c} (29).
Definition 2.2 (30): Let T be a t-norm, and let T;,: [0,1] — [0,1]; n € N, be defined as
Ti(a) =T(a,a), Tpsi(a) =T(Ty(a),a);a € [0,1].
Remark 2.3 (29): Each t-norm T can be extended through associativity to an n-ary operation
that takes the values of a (a4, ...., a,) €[0,1]" as
T, = ay, Tia; =TT a, an) = T(ay, ., an).
We say that a t-norm T is of H-type if the family {7}, (a) }»ey IS €quicontinuous at a = 1.
Remark 2.4 (29): In t-norm T can take any sequence (c,)neny form [0,1] can extend to
countable infinite operation
T21c; = limy,o0 {24 Cy.
lim,, ., T;2,c; exists since the sequence (T;L,c;)nen IS NON-increasing and bounded from
below.
The concept a fuzzy b-metric space is obtainable in (7).
Definition 2.5 (7): A 3-tuple (X,W,T) is called a fuzzy b- metric space (Fb-MS) if X is
an arbitrary (nonempty) set, and T is a continues t- norm, W is a fuzzy seton X x Xx [0, o)
satisfying the following conditions for all a,c,z € X, s, t >0 :
- W(c,a,t) >0,
W(c,a,t) =1ifandonlyifc = a,
W(c,a,t) =W(a,c,t),

S t
W(a,c,s+t) =T <W(a, Z, ;),W(Z, c, ;)) ,

W(c,a,.):[0,00) — [0,1] is continuous .
Another definition of Fb-MS is introduced in (1).
Definition 2.6 (1): A 3-tuple (X, W, T) is called a (Fb-MS) if X is an arbitrary (nonempty)
set, and T is a continues t- norm, W is a fuzzy set on X x Xx [0,00) satisfying the
following conditions for all a,c,z € X, s,t >0:
W(a,c,t) >0,
-2-W(cat)y=1lifandonlyifa = c,
W(a,c,t) = G(c a,t),
W(a,c,b(t+s)) =2T(W(a,zt),W(zc,s)),
- W(c,a,.):[0,00) = [0, 1] is continuous.
Let us give a simple application of a Fb-MS.
Example 2.7 [1, P.31]: Suppose X = R, a function W:X X X x [0, o) define by
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W(c,a,0)=exp(~=2-). Then (X, W, T,) is a Fb-MS.

We now start with certain fundamental concepts.
Definition 2.8 (1): A sequence (c,,) in X isaconvergesto c if W(c,, c,t)—1
as n — oo for each t > 0. We can write lim ¢, =c.

n—-oo

Definition 2.9 (1): If, foreach t > 0and 0 < € < 1, there are no € N such that

W(cp, ¢ ,t) >1—€ forall n, m>n,, then (c,) is called a Cauchy sequence in X.
Proposition 2.10(1):A sequence (c,) in X said to be a Cauchy sequence if
AilgoW(cn,cm,t) =1 foreach t > 0.

Definition 2.11 (1): If every Cauchy sequence in a Fb-MS (X, W, T) is convergent ,then Fb-
MS is said to be complete.

In [3], give a concept of a compact fuzzy metric space. We will generalized to Fb-MS.
Definition 2.12: If there exists a convergent subsequence for each sequence in X, then a Fb-
MS (X,W,T) is called compact.

In [2] proved the following propositions, which are main to in our results.

Proposition 2.13 (2): Suppose (c,) be a sequence in a Fb-MS (X, W, T), and let T be of H-

type. If there is A € (O, %) such that

W(cn, Cpa1it) =W (cn_l,cn,i) ; neN,t>0

and there are cy,c; € X and v € (0,1) such that
limTio:n W (Co, Cl’%) :1 ; t> O

n—-oo

Then the sequence (c,) is a Cauchy.
Proposition 2.14 (2): Let (X,W,T) be a Fb-MS. If for some A € (0,1) and a,c € X,

Wi(a,c,t) = W(a,c,%);t> 0, thena = c.

3. Results
In this section. We establish several fixed point theorems for a class of self -mappings in
complete fuzzy b-metric spaces and compact fuzzy b- metric spaces by using the
¢ —function. First we need the following Definitions.
Definition 3.1: Suppose (X, W, T ) be a Fb-MS, a function ¢: [0,1] — [0,1] satisfies:
@ is strictly decreasing ,
@ Is continuous,
p(c)=0ifandonlyif ¢ =1,
¢ (T (a,0)) = T(¢ (@), ¢ (c)).
Is called ¢-function.
We use ¢-function to define two types of Contraction mappings
Definition 3.2: Let (X, W, T) be a Fb-MS, g be a self -mapping on X, and
¢:[0,1] - [0,1] be ¢ — function and k: (0, o) — (0,1) be a mapping then

1- g is called ¢ — contraction of type (I) if there IS0 <A< % such that, for all a,c €
X, t>0,oW(ga,gc,t) <k(t)e (W (a, c ,%)) (1)
2- g is called ¢ — contraction of type (II) if

p(W(ga, gc, 1)) < k(®p(W(a,c,t)) @

Forall a,c € Xand t > 0.
Theorem 3.3: Let (X, W, T) be a complete Fb-MS and let T be of H-type and gbe a ¢ —
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contraction mapping of type (I). If for n € N, there is ¢, € X and 0 < v < 1 such that
1lli_)r£loTi°="n w (co,gco,ﬁ) =1;t>0.

Then there is a unique fixed point for g.

Proof : Let ¢, € X. Define c,,, = gc, for each ne Nu{0}and t > 0.To prove g has a
fixed point we have two cases

Case 1 if [W(cp, cpy1,t) = 1]: Thus there is ny € Nthen ¢, = ¢, 41 1.8,

Cn, = gCn,then cy is a fixed point of g.

Case 2 if [ W(cp, cpar, t) # 1]: hence ¢, # c,4q forall n. From Equation (1) we get

P(W(cn cne1, 1)) = 9(W(gcn-1, gcn, t)
< k(t)(p (W (Cn—lr Cn %)) (3)

<@ (W (cn_l, Cn» %))

Claim: W(c,, chy1,t) =W (cn_l, Cro i) for all n € N and t > 0. Assume W (c,, cre1,t) <
w (cn_l,cn, %) since ¢ is strictly decreasing, hence ¢ (W (cn_l, Cn» %)) <
@(W(cp, cny1,t)) which is contradiction with Equation (3), so  W(cp, cpyp,t) =
w (cn_l,cn, %) through Proposition (2.13) we hence (c,) is a Cauchy sequence. As X is a
complete Fb-MS, thus ¢, — c . Let g, € (1b,1) and o,=1- 01. By the Definition ((2.5), part
4)).

t t
W(gc,c,t) > T (W (gc, gcn,%) W (gcn, c, %))
Since ¢ is strictly decreasing and by Definition ((3.1) , part (4)) implies that

0<pW(gcct) <¢ (T (W (gc,gcn,%) w (gcn, c t;g)))

=T <<p (W (gc. gcn, %)) 1 (W (9enc, %»)

By Equation (1) we get

0= oW(gect) < T( (k (t%) @ (W(c, Cn, %)),go (W (gcn, c%)))
As — oo , thanks to the continuity of T,W,¢ and by definition ((3.1) , part (3)) 0 <

p(W(ge,c,t)) < T( <k (%) <p(1)>,q) (1)> =0

We have o (W (gc, ¢, t)) = 0 implies that W (gc,c,t) = 1, hence g(c) = ¢
Assume that g has another fixed point say z

Assume W(c,z,t) < W (c, Z, %) since ¢ is strictly decreasing, then

qo(W(c,Z,t))<<p(W(c,Z,/£1)) , Which is contradiction with equation (1), we get

W(c,zt)=W (c, Z, %) There for by Proposition (2.14) c =z m

In the following finding, we established the presence of a fixed point in a compact

Fb-MS.

Theorem 3.4: Suppose (X, W, T) be a compact Fb-MS and g be continuous ¢- contraction of
type (II). Then there is a fixed point that is unique to g in X.

Proof : Assume ¢, € X. Define ¢,,,1 = gc, withn € N U {0}
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Now, There are two cases:

Case 1: [If g"cy = g"t1c, forsome ], so c, be a fixed pointof g .

Case 2: [If g"cy # g™t1c, for every n]: Since X be a compact Fb-MS, then there is a
subsequence {g*™c,} of {g™c,} such that g*(™c, convergent to ¢ as n — o. According to
continuity of g , we have

limy 00 Ck(n)+1 = g(C) and lim,_,e Ck(n)+2 = gz(c)

p(W(c,gc,t)) = lim ¢ (W(ck(n)’ C(n)+1s t)) = lim ¢ (W(ck(n)+1' Ck(n)+z,t)) 4
= p(W(gc, g%c,t)

As ¢ is continuous, we get

But Equation (4) contradiction with equation (2), as

(p(W(gc,gzc, t)) < k(t)(p(W(c,gc, t)) < <p(W(c,gc, t))

Furthermore, Assume that g has two fixed point say z and p

PpW(z,c, 1)) =W (gz gc,t) < k(OpW(z,c,t) <pW(zc,t)

This lead to a contradiction. Therefore z = c m

Remark :The above theorem needs only condition(2) in the Definition (3.1).

4. Conclusion

Based on the results, we will complete the study of many authors about fixed point theory
on fuzzy b- metric spaces, by using ¢ — Contraction mappings of type I and II to show
existence of fixed points for this type of self-mapping.
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