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Abstract

In this paper, we introduced some fact in 2-Banach space. Also, we define
asymptotically non-expansive mappings in the setting of 2-normed spaces analogous to
asymptotically non-expansive mappings in usual normed spaces. And then prove the
existence of fixed points for this type of mappings in 2-Banach spaces.
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Introduction and Preliminaries

The concept of linear 2-normed spaces (breviary, 2-normed space) was initiated by S-
Gahler in 1965 [1]. Other papers dealing with 2-normed spaces are [2], [3] and [4]. later on,
several researchers studied 2-normed spaces using contractive map-pings (see [5] and [6] ) .
Also, Mukti, Sahu and Baisnab [7] proved some fixed point theorems in 2-Banach spaces
where mappings involved are of caristis type. The study of 2-normed spaces using
asymptotically non-expansive mappings was not initiated by researcher. The purpose of this
paper is to continue studying 2-normed spaces using asymptotically non-expansive mappings.

Now, we recall the following definitions:

Definition [8]

Let X be a real linear space and ||.,.|| be a nonnegative real valued function
defined on X x X satisfying the following conditions:
|lx, v|| = 0 if and only if x and y are linearly dependent in X. 1)
o, vIl = lly, x|l , forall x ,yeX. 2)

3) llx, ayll = lalllx, yll ,aeR x,yeX
) lx,y + zll < llx, yll + llx, z|| , forall x,y,zeX.
Then (X ,I.,.1]) is called a 2-normed space.
Note that the 2-normed space is Hausdorff space and ||.,.|| is continuous function,  for
examples of 2-normed spaces see [1] .

The ball in 2-normed space X with center x, radius r > 0 and is defined by B/(X) ={y, U e
X, || X=y,u|l <r}, and the open subset M of X is defined as follows: for any x € M there is r
> 0 such that B,(x) € M. therefore M is called closed subset of X if its complement is open.

Definition [9]

A sequence (Xn) ina 2-normed space (X,||.,.]]) is called a convergent sequence if there is,
x € X, such that

lim, o llx, — x,ul||=0, forall u e X.

Definition [9]
A sequence (x,) ina 2-normed space (X,||.,.]|) is called a Cauchy sequence if
limyy, oo ll X — x5, ¥11 =0, forall y € X.

Definition [9]
A linear 2-normed space X is said to be complete if every Cauchy sequence is
convergent to an element of X. Then X is called a 2-Banach space.

Definition [9]
Let X be a 2-Banach space and T:X—X be a Mapping T is said to be continuous at X if

for every sequence (x, ) in X,( x, ) —x as n—oo implies that
{T(xn)}—T(x) as n—oo.

We need to give some concepts in the setting of 2-normed space X as the first dual
and the second dual of X are defined by
X'= {f1f:X —»R, bounded linear function}
X"= {glg: X — R, bounded linear function}.
respectively, then the mapping J: X— X, where J(x) = Fx(f) = f(x), f € X" is called a natural
embedding, so we say that X is reflexive if the natural embedding is an onto mapping.
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Definition [10]

Let X be a 2-normed space, (x,) be a sequence in X, Then (x,) is said to be
converges weakly to x denoted by x, —»x asn — oo, if f{xy) — f(x) as n — oo.
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Definition [11]
A 2-normed space (X,|.,.|][) is said to be uniformly convex if for every € € (0,2] and u #
0 in X, there exists a > 0 such that
[2,ul] < 1;]|y,ul] <1 and ||x—y,ul > €implies that I (

x+ty),ul|<1-o.

Definition

Let X be a 2-normed space, Then we say that X satisfies Opial condition if for every
bounded sequence (x,) € X converges weakly tox € X, Then lim,,_, inf||xn —
x,ul|< lim,_,, inf||x, —y,ul| for every x #y & y ,u € X.

Definition
Let X be a 2-normed space. With the mapping T : X — X
- T is said to be Lipschitzian if there exists constant o > 0 such
that
[T(X) - T(y), ul| <a|x-y, u|| forall x,y,ueX...(1.1)
li- Ifa =1 then T is said to be non-expansive mapping such that [T
—Ty,u| <llz-y,ul; z,y,ue X ...(1.2)

Definition

Let X be a 2-normed space, Then the mapping T :X—X is said to be Asymp-totically non-
expansive mapping if there exists a positive sequence (kn) € [1,00) with lim,,_,(k;) = 1,
such that

IT% - T"y,u||< kn||x-Yy,u]...(1.3)
forall x,y,ueXandn>1.

Definition
i. If S a nonempty subset of a 2-normed space X and (x,) a bounded sequence in X.
consider the functional ra (-, (X»)) : X X X — R" defined by

ra(x, (Xn)) = lim,,_,, sup||x, — x,u|| ; X, ueX.
ii. The infimum of ry(-, (X)) over S is said to be the asymptotic radius of (x,) with respect
to S and is denoted by ra(S, (Xn)). A point z € S is said to be an asymptotic center of the
sequence (Xn) with respect to S if

ra(z, (X)) = Inf {ra(x, (xn)) : X € S}
The set of all asymptotic centers of (x,) with respect to S is denoted by Zy(S,(Xn)).if (Xn)
converges strongly to X € S, then Z,(S, (x»)) = {x}.

Results in 2-Banach spaces
We begin with the following :
Theorem
Let S be a nonempty closed convex subset of a uniformly convex 2-Banach space
X and (X,) abounded sequence in S such that Z,(S, (xn)) = {z}. If (ym) IS asequence in S
such that lim,,_,, 75 (Ym, (Xn)) = ra(S, (Xn)), then lim,,,_,o. V=2 .
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Proof
Suppose that (ym) does not converge strongly to z.
Then there exists a subsequence (Ymi) of (Ym) such that
[Ymi - z,u)|>d >0 forallie N, ueS.
By the uniform convexity of X, there exists € > 0 such that
(ra(S, (Xn)) + €)[1 = 8x(d / 1a(S,(Xn)) + €)] <1a(S, (Xn)).
Since ra(z, (X)) =ra(S, (xn)), there exists n, € N such that
[[Xn =z ,ul] < ra(S, (Xn)) + € for all n>n,.
Since  ra(Ym, (Xn)) — ra(S, (X»)) as m — o and hence
ra(Ymi , (Xn)) — ra(S, (Xn)) as i—oo, then there exists an integer my€ N such that
[[Xn = Ymi ,ul| < ra(S, (Xn)) + e foralln>m;, .
Since X is uniformly convex,
X0 = (Z + ymi) / 2 ,ul] < [1-8x( d / (ra(S,(Xn)))] (ra(S,(Xn)) + €)
<14(S,(Xn))
for all n>max {no,Mo} This implies that
ra((Z +ymi/ 2)), (Xn)) <T1a(S, (Xn)),
which contradicts the uniqueness of the asymptotic center z. m

Theorem
Let S be anonempty closed convex subset of auniformly convex 2- Banach space.
Then every bounded sequence (X,) in X has a unique asymptotic center with respect to S,
i.e., Za(S, (xn)) = {z} and
7111_{1010 supllx, — z,ull< 7111_{1010 sup|lx, — x,ul| forx #z,ues.

Theorem

Let X be a uniformly convex 2-Banach space satisfying the Opial condition and S a
nonempty closed convex subset of X. If (x,) is a sequence in S such that x, — z, then z is the
asymptotic center of (x,) in S.

Proof
From Theorem 2-2, Z,(S, (X)) is singleton. Let Z,(S, (Xn)) = {X}, x # z Since X, — zZ,
by the Opial condition,
lim,,_,o sup ||x, — z, ul|[< lim, o, sup ||lx, — x,ull, ueS.
By theorem 2-2, we obtain
lim,_, supllx, — %, ul| < lim,_ supllx,, — z,ul|.
Therefore,z=x. m

Theorem
Let X be a uniformly convex 2-Banach space, let S be a nonempty closed convex

subset of X and T:S—S an asymptotically non-expansive mapping. If (x,) a bounded
sequence in S such that lim,_e|[x, — Tx,,ull =0;ueS and Z,(S,(xn)) ={Vv} thenv
is the fixed point in S.

Proof
Define a sequence (Ym) in S by ym = T™v, m e N. for integers n, m e N, we have
Il Y = X, ull < [T™ - T™q, ull + [[T™0 =T™ %0, ul| + ... + || TX0— X, Ul
<Km IV =Xn, Ull + (ITXn = Xn, Ul| + 27251 k; || 5 = T, u]] oo (2.1)
Then by condition (2.1) we have ry (Ym, (Xn)) =1lim,,_o sup||xn = Vi, ul|
Km ra(V , (Xn)) <
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Km ra (S, (Xn)). =
Hence
Fa (Ym, (X0)) =1 (S,(Xn))| < KmTa (S, (Xn)) - 1a (S, (Xn))
< (km—1) r4(S, (Xn)) — 0 as m—o.
it follows from 2-1 that T"v — v By the continuity of T we have
Ty =T(im, 0 T™y) = limy, 0 T™ 1y =1y.
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Theorem (Fixed Point Theorem)

Let X be a uniformly convex 2-Banach space, S a nonempty closed convex
bounded subset of X and T : S — S an asymptotically non-expansive mapping, Then T has a
fixed point in S.

Proof

For fixedyeSandr >0, set
Ry = {r : there exists k e N with S N (N2, B,[T*y]) # @} and d = diam (S).
Thend e Ry. Hence Ry # @.
Letro=inf{r:reRy}, fot each £ >0, we define

Se = Uiz1(Ni2g Brae[T VD).
Thus, for each ¢ > 0, theset S, N S is nonempty and convex . The reflexivity of X implies
that

Neso (S:NS)# O
Let x € Neso (S, N S) and n > 0 ,there exists an integer n, such that
2—T"y ,u]| <ro+nforalln>n,,ueS. I
Now let x € Neso (SN S) and suppose that the sequence (T"x) does not converge
strongly to x . Then there exists ¢ > 0 and a subse- quence (T"x) of (T"X). such
that
IT"x -z ,u|>¢, foralli=1,2,... .
Suppose ki is the Lipschitz constant of T" . Then for m > n, we have
T2 — T ul| < kn |l =T "2 ,u]| .
Suppose that r, > 0 and choose a > 0 such that
( 1 'eX( Toj-a)) (ro + 0{) <T
Select n such that
| 2= T zu|>¢ and ko= (ro+) <10+
If no>n, then m> n, implies
=Ty ull <o+ =
Since
[T~ Ty ul| < kn [l =Ty ul|

kn(r0+§g) o+ o< And e =Ty ul| < 1o+ o

It follows from the uniform convexity of X that for m > n,
12 (o4 T'2) =TTy, < (1= 0(—)) (ot @) <o,

This contradicts the definition of r,. Hence r,=0 or Tx = x. But r,=0 implies that (T"y) is

a Cauchy sequence and hence lim,,_,,, T"y =x =Tx.
Therefore, the set Ne-o(S; N S) is a singleton that is a fixed point of T. m
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Theorem
Let X be a uniformly convex 2-Banach space, S a nonempty closed convex subset of X
and T : S — S an asymptotically non-expansive mapping, u € S, Then the follo-wing
statements are equivalent:
1) T has a fixed point . 2)
There exists a point X, € S such that the sequence (T"X,) is bounded.
3) There exists a bounded sequence (yn) in S such that
limn—wo”yn - Tyn'u” =0.

Proof
(1) = (2) and (1) = (3) follows easily.
(3) = (1) Let (yn) be a bounded sequence in S such that
limn—>oo||yn - Tyn'u” =0
Let Z, (S,(yn)) = {v} ,therefore ,by theorem 2-4, implies that v is a fixed point of T. m

Corollary

Let S be a nonempty closed convex subset of a strictly convex 2-Banach space X and T :
S — X a non-expansive mapping. Then F(T) is closed and convex.

We have seen in a Corollary 2-7, that F(T) is closed and convex in strictly convex 2-
Banach space for non-expansive mappings. However, we think that Corollary 2-7, is not
true for asymptotically non-expansive mappings. In fact, we have:

Theorem

Let X be a uniformly convex 2-Banach space, S a nonempty closed convex
bounded subset of X and T : S — S an asymptotically non-expansive mapping. Then F(T) is
closed and convex.

Proof
The closedness of F(T) is obvious. To show convexity, it is sufficient to prove that z =

(x+y)/2eF(T) for x, y and u € F(T),for each n € N, we have

lle =Tz Ul = [T = Tz ,u|| < kn || = z ,u|| = Y2 kq || x— y,ul|

ly =Tz ull = [Ty = Tz ul <ka lly - z ,ull = Yo kn [lx — y ,ul|

By the uniform convexity of X , we have

Iz=T"zu|| <% [1 - A2/ kn)] Kn || = y,ul| < V2 [1 = Ak (2 / Ky )] Ko diam (S)
Hence T"z —» zasn — o
z is a fixed point of T, by the continuity of T. m
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