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Abstract

In this paper, we introduce new classes of sets called D, -sets D, .. -sets ,Dpre_s*g-

sets, D, .. -sets and D, _ -sets . Also, we study some of their properties and relations
b-s*g B-sxg

among them . Moreover, we use these sets to define and study some associative separation
axioms .

Keywords: s*g- D,-spaces , a.-s*g- D, -spaces, pre-s*g- D,-space , b-s*g- D,-spaces, 3 -s*g-
D,-spaces for i =0,1,2.
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Introduction

Tong, J . [1] , Calads,M. [2], Calads,M. and et.al. [3] , Jafari, S. [4] and Keskin,A. and
Noiri, T. [5] introduced the notion of D-sets, D -sets ,D,-sets ,D -sets and D, -sets
respectively by using open sets, semi-open sets, a-open sets, pre-open sets and b-open sets

respectively and used the notion to define some associative separation axioms . Khan,M. and
et.al.[6] introduced and investigated s*g-closed sets by using the concept of semi-open sets .

In this paper we introduce and investigate new notions called D, -sets ,D, . -sets,D,, . -
s*g

sets , Dy, o -setsand Dy, -sets. Moreover, we use these notions to define some associative

separation axioms . Recall that a subset A of a topological space (X, ) is called semi-open [7]
(resp. o.-open [8], pre-open [9] , b-open[10] and -open [11] ) set if A < cl(int(A)) (resp .
A cint(cl(int(A))), A cint(cl(A)), A cint(cl(A))Ucl(int(A)) and A c cl(int(cl(A)))) .
Also, a subset A of a topological space (X,t)is called s*g-closed if cl(A) < U whenever
A c Uand U is semi-open in X [6] . The complement of an s*g-closed set is defined to be
s*g-open . The family of all s*g-open subsets of (X,1)is denoted by S*GO(X, 1) [6], this
family from a topology on X which is finer than t[6] .

The s*g-closure of A, denoted by cl.,(A) is the intersection of all s*g-closed
subsets of X

which contains A and the s*g-interior of A, denoted by int.,(A) is the union of all s*g-
open sets

in X which are contained in A [6] . A function f:(X,7) > (Y,c) is called s*g-
continuous [12]

(resp. s*g-irresolute [12]) if the inverse image of every open ( resp. s*g-open) subset
of Y is

an s*g-open set inX. Throughout this paper (X,t)and (Y,oc) (or simply X and Y)
represent non-

empty topological spaces on which no separation axioms are assumed, unless otherwise
mentioned.

Preliminaries
First we recall the following definitions .
Definition(1.1)[1]: A subset A of a topological space (X, ) is called a D-set if there are two

open setsUand V in X suchthat U= Xand A=U\V .

Definition(1.2)[1]: A topological space (X,t)is called aD,-space if for any two distinct
points x and y of X, there exists a D-set of X containing one of the points but not the other .

Definition(1.3)[1]: A topological space (X,t)is called aD,-space if for any two distinct
points x and y of X, there exists a D-set of X containing x but not y and a D-set of X
containing y but not x .

Definition(1.4)[1]: A topological space(X,t)is called aD,-space if for any two distinct
points x and y of X, there are two D-sets U and V of X such that xeU, yeV and
UNVv=4¢.
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Definition(1.5)[13]: A topological space (X, 1) is called a door space if each subset of X is
either open or closed .

Theorem(1.6): Let (X, 1) be a topological space and A,B — X . Then:-

) int(A) cint,. (A) c A and A ccl., (A) ccl(A).

ii) int.., (A)Iis an s*g-open set in X and cl., (A) is an s*g-closed set in X .
ii) If A c B, then int,, (A) cint,,(B) and cl., (A) ccl.,(B).

iv) A is s*g-open iff int.. (A) = A and Ais s*g-closed iff cl. (A)=A.
v) int., (AN B) =int., (A)Nint.,(B)and cl.,(AUB) =cl.,(A)Ucl,(B).
vi) intg, (int. (A)) = int,, (A) and clg, (cl., (A)) = cl., (A).
vii) X —clg, (A) =int. (X-A)and X~int,, (A)=cl.,(X-A).
viii) x eintg, (A)iff thereis an s*g-openset Uin Xst xe UcC A.
ix) x eclg, (A)iff for every s*g-open set U containing x , U1 A # ¢.

x) | Jely, (U,) =l ((JU,) and | Jint,.,(U,) cint,, (JU,).

aen aen aen aen

Proof: It is a obvious .
In this paper we introduce and investigate new notions called o -s*g-open sets , pre -s*g-
open sets , b-s*g-open sets and 3 -s*g-open sets which are weaker than s*g-open . Moreover,

we use these notions to define some associative separation axioms .
2. Weak Forms Of s*g-Open Sets
In this section we introduce the following notions.

Definitions(2.1): A subset A of a topological space (X, 1) is said to be :
i) An a-s*g-open set if A cint,. (cl(int.., (A))) .

i) A pre-s*g-open set if A cint., (cl(A)) .

iii) A b-s*g-open set if A cint,, (cl(A)) Ucl(int., (A)) .

iv) A -s*g-open set if A c cl(int., (cl(A))) .

Lemma(2.2): Let (X, 1) be a topological space , then the following properties hold:
1) Every o -open (resp. pre-open, b-open, 3 -open) set is o.-S*g-open (resp. pre-s*g-open, b-
s*g-
gpen, B -s*g-open) set .
ii) Every s*g-open set is o -s*g-open .
iii) Every a-s*g-open set is pre-s*g-open .
iv) Every pre-s*g-open set is b-s*g-open .
V) Every b-s*g-open set is 3 -s*g-open .

Proof: It is obvious .
Since every open set is s*g-open, then we have the following diagram for some types of
open sets and s*g-open set .
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open ——» O.-open ———» pre-open —» b-open —» [F-open

L | | |

s*g-open — p O.-5¥g-open —* pre-s¥*g-open ——» b-s¥g-open — F-s¥g-open

Figure No. (1): Relations between some types of open sets and s*g-open sets
The converses need not be true in general as shown by the following examples .

Example(2.3): Let X ={a,b,c} with the indiscrete topology t=1={X,¢} . Then {a,b}is an
s*g-open (resp. o -s*g-open) set, but it is not open (resp. not o -open) set .

Example(2.4): Let X ={a,b,c,d} & t={X,¢,{a},{a,c}.{a,b,d}} . Then{a,c,d}is ana-s*g-
open set, but it is not s*g-open .

Example(2.5): Let X =R with the usual topology t. Let A =Q be the set of all rational
numbers. Then A is an pre-s*g-open set (since A is pre-open set ) which is not o -s*g-open .

Example(2.6): Let X =R with the usual topology t. Let A =(01]. Then A is an b-s*g-
open set (since A is b-open set ) which is not pre-s*g-open .

Example(2.7): Let X =R with the usual topology t. Let A=Q([0,1]. Then A'is ap-s*g
open set (since A isf3 -open set ) which is not b-s*g-open .

Theorem(2.8): If A is a pre-s*g-open subset of a topological space (X, ) such that
U < A c cl(U)for a subset U of X , then U is an pre-s*g-open set .

Proof: Since A c cl(U) = cl(A) c cl(cl(U)) = cl(U) = int., (cI(A)) < int., (cI(U)) . Since
Acint,, (cl(A))and Uc A = U cint, (cl(U)). Thus U is an pre-s*g-open set .

Theorem(2.9): A subset A of a topological space (X, t) is semi-open if and only if A is f -
s*g-open and int.., (cl(A)) c cl(int(A)).

Proof: Let A be semi-open, then A c cl(int(A)) < cl(int., (cl(A))) and hence A is B -s*g-
open. Also, since A c cl(int(A)) = cl(A) c cl(int(A)) = int., (cl(A)) < cl(int(A)).
Conversely, let A be -s*g-open and int., (cl(A)) < cl(int(A)). Then

A c cl(int, (cl(A))) < cl(cl(int(A))) = cl(int(A)) and hence A is semi-open .

Lemma(2.10)[13]: Let (X, t) be a topological space . If U is an open set in X, then
UNcl(A) ccl(UNA) for any subset A of X .

Propositions(2.11): Let (X, 1) be a topological space , then:

i) The intersection of a pre-s*g-open set and an open set is pre-s*g-open .
i) The intersection of a3 -s*g-open set and an open set is 3 -s*g-open .
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iii) The intersection of a b-s*g-open set and an open set is b-s*g-open .
iv) The intersection of an o -s*g-open set and an open set is o -s*g-open .

Proof: We prove only the first case since the other cases are similarly shown .

1) Let A be a pre-s*g-open set and U be an open set in X . Since every open set is s*g-open ,
then A cint., (cl(A))and U =int (U). By Lemma (2.10), we have

UNA cintg, (U)Nintg, (cl(A)) = int., (UNCcl(A)) cint., (cl(UNA)) .

Therefore AU is pre-s*g-open .

Remark(2.12): We note that the intersection of two pre-s*g-open (resp. b-s*g-open, 3 -s*g-
open, o-S*g-open) sets need not be pre-s*g-open (resp. b-s*g-open, 3 -s*g-open, o -S*g-
open) as can be seen from the following examples:

Example(2.13): Let X =R with the usual topology t. Let A=Q and B=Q° U{l}, then A
and B are pre-s*g-open, but A(NB={1} which is not B-s*g-open since

cl(int,., (cl({1})))

=cl(inty, ({1})) =cl({¢}) = ¢.

Example(2.14): Let X ={a,b,c} & t={X,¢,{b,c}} . Then {a,b} and{a,c} are o -s*g-open
sets, but {a,b}N{a,c}={a} is not a-s*g-open .

Theorem(2.15): If {A : a e A}is a collection of b-s*g-open (resp. pre-s*g-open, B -s*g-
open, o
-s*g-open) sets of a topological space (X, 1), then UAQ IS b-s*g-open (resp. pre-s*g-open, 3 -

aen

s*g-open, o.-S*g-open).

Proof: We prove only the first case since the other cases are similarly shown .
Since A, cint, (cl(A,))Ucl(int., (A,))for every o e A, we have:

UA. e [int, (cl(A,)) Ucl(int.., (A, )] = [ inty, (A NIUIcl(int,, (A,)]

aen aen aen aen

< [int (AN ULE(Uint, (A, )] < lint, AN ULelint,, (A, )]

OEAN OeEN OEAN OEAN
Therefore | JA, is b-s*g-open .

aen

Proposition(2.16): Let (X, t) be a topological space and A — X. If A'is a b-s*g-open set such
that int.., (A) = ¢ , then A is pre-s*g-open .

Proof: Since A is b-s*g-open, then A c int., (cl(A)) Ucl(int., (A)) . Since int. (A) = ¢,
then

cl(int,., (A)) = ¢, therefore A c int. (cI(A)). Thus Ais a pre-s*g-open set .

Propositions(2.17): If (X, 1) is a door space , then:

i) Every pre-s*g-open set is s*g-open .
i) Every -s*g-open set is b-s*g-open .
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Proof: i) Let A be an pre-s*g-open set. If A is open, then A is s*g-open. Otherwise, A is
closed and hence A cint., (cl(A)) =int. (A). Therefore, A =int, (A)and thus A is an

s*g-open set.

i) Let A be anp-s*g-open set . If A is open, then A is b-s*g-open . Otherwise , A is closed
and hence A c cl(int,, (cI(A))) = cl(int., (A)) < int, (cl(A)) Ucl(int,., (A)) .
Therefore A is an b-s*g-open set .

Definitions(2.18): A subset A of a topological space (X, 1) is called:
i) An s*g-t-set if int(A) = int., (cl(A)) .
i) An s*g-B-set if A=U[V, where U et and V is an s*g-t-set .

Proposition(2.19): Let A and B be subsets of a topological space (X, 1) . If A and B are s*g-
t-sets, then A B is an s*g-t-set .

Proof: Let A and B be s*g-t-sets . Then we have:

int.., (CI(ANB)) cint, (cl(A) Ncl(B)) = int., (cI(A)) Nint, (cI(B)) = int(A) N int(B)
=int(ANB) . Since int((AB) cint., (cI(ANB)), then int(AN B) = int,, (cI(ANB))
and hence A()B is an s*g-t-set .

From the following example one can deduce that a pre-s*g-open set and a s*g-B-set are
independent .

Example(2.20): Let X = R with the usual topology t. ThenR\Q is pre-s*g-open, but it is
not an s*g-B-set (sinceR\Q =R R\Q, where Ret ,but R\Q is not an s*g-t-set ) and
(0,1] is an s*g-B-set ( since (0,1]=R(1(01] , where R et and (0,1] is an s*g-t-set ) which
is not pre-s*g-open (since (0,1] « int.., (cl((0,1])) = (0,1)) .

Proposition(2.21): Let (X, 1) be a topological space and A < X . Then the following are

equivalent:
i) Alisopen.
i) A is pre-s*g-open and an s*g-B-set .

Proof: (i) = (ii) . Let A be open. Then A = int.., (A) cint., (cl(A)) and A is pre-s*g-open .
Also, A=A X, where A et and X is an s*g-t-set and hence A is an s*g-B-set .

(i) = (i) . Since A is an s*g-B-set, we have A=U(V, where U € t and V is an s*g-t-set .
By the hypothesis, A is also pre-s*g-open and we have:

A cintg, (cl(A)) =int,, (cl(UNV)) cint,, (cl(U)Ncl(V)) =intg, (cl(U)) Nintg, (cI(V))

= int,., (cl(U)) Nint(V)
Hence

A=UNV=(UNV)NU c (int, (cl(U)) Nint(V)) N U = (int,, (cl(U)) N U) Nint(V)
=UNint(V) =int(U)Nint(V) =int(UN V) =int(A). Therefore A =int(A)and A is open.
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Definitions(2.22): A subset A of a topological space (X, 1) is called :

i) Ans*g-t,-setif int(A) = int (cl(int,., (A))).

i) Ans*g-B_-setif A=U(V,where Uet and V isans*g-t_-set.

Proposition(2.23): Let A and B be subsets of a topological space (X, 1) . If A and B are s*g-
t, -sets, then A(B isans*g-t_-set.

Proof: Let Aand B be s*g-t_-sets . Then we have:

int., (cl(int., (AN B)) = int, (cl(int., (A) Nint., (B))) < int.., (cl(int.., (A) Ncl(int., (B)))
= int. (cl(int.., (A))) Nint, (cl(int., (B))) = int(A) Nint(B) = int(AB).

Since int(AB) c int., (cl(int,., (A B))), then int(AB) = int, (cl(int., (A B))and
hence

A(\B isans*g-t_-set.

From the following example one can deduce that an o -s*g-open set and an s*g- B, -set
are independent .

Example(2.24): Let X = R with the usual topology t. Then (0,1] is an s*g- B_ -set which is
not o-s*g-open . Also, in Example (2.3), A ={a,b}is an o -s*g-open set, but is not an s*g-
B, -set.

Proposition(2.25): Let (X, t) be a topological space and A < X . Then the following are

equivalent:
i) Alisopen.
i) Ais o.-s*g-open and an s*g-B_ -set .

Proof: (i) = (ii) . Let A be open. Then A = int.., (A) c cl(int., (A)) and

A cintg, (cl(int, (A))

Therefore Ais a.-s*g-open. Also, A=A X, where A et and X is an s*g- t-set and
hence A is an s*g-B_ -set .

(if) = (i) . Since A is an s*g- B_-set, we have A=U(1V, where U et and V is an s*g-t_-
set .

By the hypothesis, A is also o -s*g-open, and we have:

A cintg, (cl(intg., (A))) = intg, (cl(int,, (UNV))) =int, (cl(int,, (U) Nint., (V)))

c int., (cl(int., (U) Ncl(int,., (V))) = int,, (cl(int,, (U) Nintg, (cl(int,., (V)))

c int., (cl(U)) Nint(V)

Hence

A=UNV=(UNV)NU c (int, (cl(U)) Nint(V)) N U = (int,, (cl(U)) N U) Nint(V)
=UNint(V) =int(U)Nint(V) =int(UN V) =int(A). Therefore A =int(A)and A is open.
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Definition(2.26): A subset A of a topological space (X, 1) is called an s*g-set if A=UNV,
where U et and int(V) =int (V) .

From the following example one can deduce that an s*g-open set and an s*g-set are
independent .

Example(2.27): Let X = R with the usual topology t. Then A =(0,1)(1Q is an s*g-set which
IS not s*g-open . Also, in Example (2.3) , A ={a, b}is an s*g-open set, but is not an s*g-set .

Proposition(2.28): Let (X, t) be a topological space and A — X . Then the following are

equivalent:
1) Ais open.
i) A is s*g-open and an s*g-set .

Proof: (i) = (ii) . This is obvious .

(ii) = (i) . Since A is an s*g-set, we have A=U(1V, where U e t and int(V) = int. (V).
By the hypothesis, A is also s*g-open and we have:

A =int,, (A) =int, (UNV) =int, (U)Nint., (V) = UNint(V) = int(U) Nint(V)
=int(UNV) =int(A) . Therefore A is open .

Definitions(2.29): A topological space (X, 1) is said to satisfy:

1) The s*g-condition if every s*g-open set is s*g-t-set .

i) The s*g- B_ -condition if every o -s*g-open set is s*g-B_-set .
iii) The s*g-B-condition if every pre-s*g-open set is s*g-B-set .

Definition(2.30): A topological space (X, ) is called an s*g-T,-space [14] (resp. o-S*Q-T,-
space, pre-s*g-T,-space, b-s*g-T,-space, -s*g- T,-space) if for any two distinct points X
and y of X, there exists an s*g-open (resp. o -S*g-open, pre-s*g-open, b-s*g-open, 3 -s*g-
open) set of X containing one of the points but not the other .

Definition(2.31): A topological space (X, 1) is called an s*g- T, -space [14] (resp. a-s*g-T,-
space, pre-s*g- T, -space, b-s*g- T, -space,  -s*g- T, -space) if for any two distinct points x and
y of X, there exists an s*g-open (resp. o -s*g-open, pre-s*g-open, b-s*g-open, 3 -s*g-open)
set of X containing x but not y and an s*g-open (resp. o.-s*g-open, pre-s*g-open, b-s*g-open,
B -s*g-open) set of X containing y but not x .

Definition(2.32): A topological space (X, ) is called an s*g-T,-space [14] (resp. o-s*Q-T,-
space, pre-s*g-T,-space, b-s*g-T,-space, -s*g- T,-space) if for any two distinct points X
and y of X, there are two s*g-open (resp. o-s*g-open, pre-s*g-open, b-s*g-open, 3 -s*g-
open) sets U and V of X such that x e U,yeVandUNV =¢.

3. Weak D, -Sets And Associative Separation Axioms
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In this section we introduce and investigate new notions called D -sets , D, . -sets ,

o—8*
Doy S81S s Dy g -setsand Dy, -sets and we use these notions to define and study some

pre— g

associative separation axioms .

Definition(3.1): A subset A of a topological space (X, 1) is called an D, -set (resp. D
set,
D g-set, Dy -SEL, Dﬁ_s*g -set) if there are two s*g-open (resp. o -S*g-open, pre-s*g-

pre—gx

a—s*g -

open, b-s*g-open, B -s*g-open) sets U and V in X such that U = Xand A=U\V .

Remark(3.2): In definition (3.1), if U = Xand V = ¢ , then every proper s*g-open (resp. a-
s*g-open, pre-s*g-open, b-s*g-open, 3 -s*g-open) subset U of Xisan D, -set (resp. D
set,

D e g 586 Dy gg SEL Dy -set) .

pre— g

a—s*g

Proposition(3.3): In any topological space (X, 1) .
i) Any D-setis D, -set.

i) AnyD,.,-setis D
iii) Any D

o—s*

g -set .

oL—S§*

o -set is D -set .

pre—s*g

iv) Any Dpre_s*g -setis Dy ., -set.

v) Any Dy -Set IS DB_S*g -set .
Proof: Follows from Lemma (2.2) .

Proposition(3.4): In any door space (X, 1) .
1) Any Dpre_s*g -setis D, -set .

i) Any Dﬁ_s*g -setis D, -set.
Proof: Follows from Proposition (2.17) .

Proposition(3.5): In any topological space satisfies s*g-condition any D.. -set is D-set .

Proof: Suppose that A is an D..,-set, then there are two s*g-open sets U and V in X such
that U = Xand A=U\V. Hence U =int, (U) cint,(cl(U))and

V =int, (V) cint,, (cl(V)). Since X is satisfy the s*g-condition, then U and V are s*g-t-
sets . Therefore U cint(U) and V < int(V). Hence U and V are open-sets . Thus A is D-set .

Proposition(3.6): In any topological space satisfies s*g- B  -condition any D

o—s*

o -set is D-set

Proof: Follows from Proposition (2.25) .
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Proposition(3.7): In any topological space satisfies s*g-B-condition any Dpre_s*g -set is D-set .
Proof: Follows from Proposition (2.21) .

From above propositions we can get the following diagram .

(1
l |
D-set |* - Dy - set > T
3) (4)
4
Dﬂ_sxg - set b > Db-s*g - set ) ]:}pﬁ_i,gE - gat

(1) s*g-B,-Condition (2) s*g-Condition  (3) s*g-B-Condition (4) door space
Figure No. (2): Relations among the weak D, - sets

Definition(3.8): A function f : (X,1) — (Y,o) is said to be o -s*g-continuous (resp. pre-s*g-
continuous, b-s*g-continuous, B -s*g-continuous) if f(V)is o-s*g-open (resp. pre-s*g-
open, b-s*g-open,  -s*g-open) set in X for each openset VinY .

Definition(3.9): A function f:(X,t) = (Y,c) is said to be o-s*g-irresolute ( resp. pre-
s*g-

irresolute ,b-s*g-irresolute, B -s*g-irresolute) if f*(V)is a-s*g-open (resp. pre-s*g-open, b-
s*g-open, B -s*g-open) set in X for each o -s*g-open (resp. pre-s*g-open, b-s*g-open,  -s*g-
open) setVinY .

Theorem(3.10): If f:(X,1) > (Y,o) is an o-s*g-continuous (resp. s*g-continuous, pre-
s*g-continuous, b-s*g-continuous,  -s*g-continuous) surjective function and S is a D-set in
Y, then the inverse image of SisanD,_ .. -set (resp. D, -set, Dpre_s*g -set, Dy,_., -set, Dﬁ—s*g'

set) in X..

o—s*

Proof: Let S be a D-set in Y , then there are two open sets U, and U, in Y such that
S=U,\U, and U, # Y. Since fis a-s*g-continuous ,then f*(U,)and f*(U,)are a -s*g-
open sets in X. Since U, # Y and f is surjective , then f *(U,) = X. Hence
f7()=f*(U,)\f*(U,) is a D, ,,-setin X . By the same way we can prove that other
cases .

o—s*

Theorem(3.11): If f:(X,1) > (Y,0) is an a-s*g-irresolute (resp. s*g-irresolute , pre-
s*g-irresolute , b-s*g-irresolute , B -s*g-irresolute) surjective function and S is an D

a—s*g

set ( resp.
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D.,-set,D -set, Dy, ., -set, D

-set, D
g

o -set) inY, then the inverse image of SisanD

pre—gxg a—s*g -

p

set (resp. D.,-set, D -set, Dﬁ_s*g -set) in X .

pre—gx b—s*g

Proof: Let Sbean D,

such that S=U,\U, and U, #Y. Since f is a-s*g- irresolute , then f*(U,) and
f*(U,) are

a-s*g-open sets in X . Since U, =Y and f is surjective , then f™*(U,)=X
Hence

f(S)=f*(U)\f*(U,) isan D
cases.

,-setin Y, then there are two o-s*g-open sets U, and U, in'Y

,-set in X. By the same way we can prove that other

o—s*

Definitions(3.12): A topological space (X, 1) is called:

(1) An s*g- D,-space (resp. o.-s*g- D, -space, pre-s*g-D, -space, b-s*g- D,-space,  -s*g-D,
-space) if for any two distinct points x and y of X, there exists an D..,-set (resp.D,, ., -set,
D g-set ,D

pre— g

bgrg ~SEL, Dﬁ_s*g -set) of X containing one of the points but not the other .

(i) An s*g- D, -space (resp. o.-s*g- D, -space, pre-s*g- D, -space, b-s*g- D, -space, 3 -s*g-D, -
space) if for any two distinct points x and y of X, there exists an D, -set (resp. D,y -Set,
D g-set , D

pre— g

set,D

o -Set, Dﬁ_s*g -set) of X containing x but not y and an D, -set (resp. D

b—s*

-set, D
g

a—s*g

e bgrg ~SEL, DB_S*g -set) of X containing y but not x .
(i) An s*g-D,-space (resp. a.-s*g-D,- space, pre-s*g-D,-space, b-s*g- D,-space, 3 -s*g-
D, -space) if for any two distinct points x and y of X, there are two D, -sets (resp. D

a—s*g -

sets, D g-sets,D g-sets,Dﬁ_s*g-sets) U and V of X such that xeU, yeV and

pre—gx b—s*

UNv=4¢.

Theorem(3.13): (i) Every s*g- T, -space (resp. o.-s*g- T, -space , pre-s*g- T, -space , b-s*g-
T, -space, B -s*g- T, -space) is s*g- T, ,-space (resp. o.-s*g-T, ,-space, pre-s*g-T, ,-space, b-
s*g-T, ,-space,-s*g - T, ,-space) ,i =1,2.

(i) Every s*g- T, -space (resp. o -s*g-T,-space , pre-s*g- T, -space , b-s*g- T, -space , 3 -s*g-
T, -space) is s*g-D,-space (resp. o-s*g-D,-space, pre-s*g-D,-space, b-s*g-D,-space,f -
s*g-D,-space) ,i=0.1.2.

(i) Every s*g-D,-space (resp. a-s*g-D,-space , pre-s*g-D,-space , b-s*g-D,-space ,f -
s*g-D,-space) is s*g-D, ,-space (resp. o-s*g-D, ,-space, pre-s*g-D, ,-space, b-s*g-D, ;-
space, 3 -s*g -D, ,-space) ,i=1,2.

Proof: (i) It is obvious . (ii) Follows from Remark (3.2). (iii) It is obvious .
Remark(3.14): The converse of theorem (3.13), no. (i) may not be true . Consider the
following examples:
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Example(3.15): Let X be any infinte set and let t={ U < X: U°is finite} U{¢}. Then (X, 1) is
an s*g-

T,-space (resp. a.-s*g-T,-space , pre-s*g- T, -space , b-s*g- T, -space , §-s*g-T,-space) ,
but is not an
s*g-T,-space (resp. o.-s*g-T,-space , pre-s*g- T,-space , b-s*g- T,-space , 3 -s*g- T,-space) .

Example(3.16): Let X ={a,b}and ©={X,¢,{a}} . Then (X, 1) is s*g- T,-space (resp. o.-s*g-
T,-

space, pre-s*g- T,-space, b-s*g- T, -space, B -s*g- T, -space), but is not s*g- T, -space (resp. o -
s*g- T, -space, pre-s*g- T, -space, b-s*g- T, -space, 3 -s*g- T, -space) .

Remark(3.17): The converse of theorem (3.13), no.(ii) may not be true . Consider the
following examples:

Example(3.18): Let X ={a,b,c}and t={X, ¢,{a}.{a,b},{a,c}} . Then s*g-open setsin X =
open sets in X . Hence (X, 1) is s*g- D,-space , but is not s*g- T, -space ,i =1,2.

Example(3.19): Let X ={a,b,c}and t={X,¢,{a}} . Then a-s*g-open sets in X = pre-s*g-

open sets in X = b-s*g-open sets in X = -s*g-open sets in X ={X, ¢,{a},{a, b},{a,c}}. Hence
(X,1)is a.-s*g- D,-space (resp. pre-s*g- D, -space , b-s*g- D, -space , § -s*g- D, -space), but is
not o.-s*g- T, -space (resp. pre-s*g- T, -space , b-s*g- T, -space , f-s*g-T,-space) ,i =1,2.

Remark(3.20): The converse of theorem (3.13), no. (iii) may not be true . In example (3.16) ,
(X, 1) is s*g- D, -space (resp. a.-s*g- D, - space, pre-s*g- D, -space, b-s*g- D, -space,  -s*g-
D, -space) , but is not s*g- D, -space (resp. a.-s*g- D, -space, pre-s*g- D, -space, b-s*g-D, -
space, 3 -s*g- D, -space) .

Theorem(3.21): A topological space (X, 1) is an a.-s*g- D, -space (resp. s*g- D, -space,
pre-s*g- D, -space, b-s*g- D, -space, 3 -s*g- D, -space) if and only if it is an o -s*g- T, -space
(resp. s*g- T, - space, pre-s*g- T,-space, b-s*g- T, -space, 3 -s*g- T, -space) .

Proof: Sufficiency. Follows from Theorem (3.13), no. (ii) .

Necessity. Let x,y € X such that x = y. Since (X,1)is a-s*g- D,-space, then there exists an
D, o -setUsuchthat xe U, ye U.Let U=P \P, ,where P, # Xand P,,P, are a.-s*g-
opensetsin X.By y ¢ U we have two cases: (i) y¢ P, (ii) yeP, and yeP, .

Incase (i) ygP, and xeU=P,\P, => xeP,and ygP, .

Incase (i) yeP,and ye P, and xeP,\P, = x¢P, = yeP, and x¢P, .

Thus in both cases, we obtain that (X, t) is an o.-s*g- T,-space .

By the same way we can prove that other cases .

Theorem(3.22): A topological space (X, 1) is an o.-s*g- D, -space (resp. s*g- D, -space,
pre-s*g- D, -space, b-s*g- D, -space, § -s*g- D, -space) if and only if it is an o -s*g- D, -space
(resp. s*g-D, - space, pre-s*g- D, -space, b-s*g- D, -space, 3 -s*g- D, -space) .
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Proof: Sufficiency . Follows from Theorem (3.13) , no. (iii) .

Necessity . Let x,y € X suchthat x = y. Since (X, 1) is an a-s*g- D, -space, then there
exists D, . -setsUand Vin Xsuch xeU, yeU and yeV, x¢ V. Let U=P, \P, and
V=P, \P,

,where P,,P,,P,,P, are a.-s*g-open sets in X and P, # Xand P, = X. By x ¢ V we have
two cases: (i) x ¢ P, (ii) xeP, and xeP, .

Incase (i): x P, . By y ¢ U we have two subcases: (a) yeP, and yeP, (b) yeP, .
Subcase (a): ye P, and ye P, . We have xe P, \P, , yeP, and (P,\P,)NP, =¢ .
Observe that P, # X since U = ¢, thus by Remark (3.2) P, isanD,,_, -set.

Subcase (b): y ¢ P, . Since xe P, \P, and x ¢ P, , then x € P, \ (P, UP,)and since
yeP;\P,

and y ¢ P, ,then ye P, \ (P, UP,) . Observe also from theorem (2.15) that (P, UP,) and
(P, UP,)are a-s*g-open sets . Hence x e P, \(P, UP,) , ye P, \ (P, UP,) and

(Pl \(Pz U Pa)) N (Pa \(P4 U Pl)) =¢ .

In case (ii): xeP, and xeP, . Wehave yeP,\P, , xeP, and (P,\P,)NP, =¢.
Observe that P, # X since V = ¢, thus by Remark (3.2) P,isanD,_,, -set.

Hence (X, 1) is an a.-s*g- D, -space . By the same way we can prove that other cases .

Corollary(3.23): If (X,t)is ana-s*g- D, -space (resp. s*g- D, -space, pre-s*g- D, -space, b-
s*g- D, -space, B -s*g- D, -space) ,then it is ana-s*g- T,-space (resp. s*g- T,-space, pre-s*g-
T,-space

, b-s*g- T, -space, 3 -s*g- T, -space) .

Proof: Follows from Theorem (3.13) , no. (iii) and Theorem (3.21) .

Remark(3.24): The converse of Corollary (3.23) may not be true . In example (3.16), (X, 1)
IS a-s*g- T,-space (resp. s*g- T,-space, pre-s*g- T,-space, b-s*g- T,-space, 3 -s*g- T, -space),
but is not an o-s*g-D,-space (resp. s*g- D, -space, pre-s*g- D, -space, b-s*g-D, -space, 3 -
s*g- D, -space) .

Propositions(3.25):

(1) Every s*g- D,-space is o.-s*g-D,-space ,i =0,1,2.

(i) Every a-s*g- D,-space is pre-s*g- D, -space ,i =0,1,2.
(iit) Every pre-s*g- D, -space is b-s*g- D,-space ,i =01,2.
(iv) Every b-s*g- D, -space is 3 -s*g- D,-space ,i =0,1,2.

Remark(3.26): The converse of proposition (3.25), no.(i) may not be true . In example (3.19),
(X,1) is a-s*g-D,-space , but is not s*g-D,-space ,i=01,2.

Remark(3.27): The converse of proposition (3.25), no. (iii) may not be true . Consider the
following example:
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Example(3.28): Let X ={a,b,c} & t={X,¢,{a},{b}.{a,b}}. Then pre-s*g-open sets in X =
open sets in X and b-s*g-open sets in X={X, ¢,{a},{b}.{a,b}{a,c}.{b,c}}. Hence (X,1)is b-
s*g- D,-space , but is not pre-s*g-D,-space ,i =1,2.

From above we can get the following diagram .

s*g-D,-space  «4+——» s%g-D -space —» s%g-D -space

, l l

o-s*g-D,-space 4———— 5 -s¥g-D,-space — & w.-s¥g-D,-space

, , l

pre-s*g-D -space «4———» pre-s*g-D, -space — & pre-s®g-D -space

Y ¥
b-Sng-D:-SpECE - b'S*E'Dl -space — & b- s*g-D:_spaCE

, , l

f-s*g-D,-space 4—» [F-s%g-D,-space — » [-s5%g-D,-space

Figure No. (3): Relations among the types of separation axioms

Definition(3.29): A subset A of a topological space (X, ) is called an o -s*g-neighborhood
(resp.

s*g-neighborhood, pre-s*g-neighborhood, b-s*g-neighborhood, B -s*g-neighborhood) of a
point x in X if there exists an o -s*g-open (resp. s*g-open, pre-s*g-open, b-s*g-open, § -s*g-
open) set U in X suchthat xe U c A .

Definition(3.30): Let (X, t) be a topological space . A point x € X which has X as the only o -
s*g-neighborhood (resp. s*g-neighborhood , pre-s*g-neighborhood , b-s*g-neighborhood , 3 -
s*g-neighborhood) is called an o -s*g-neat (resp. s*g-neat, pre-s*g-neat, b-s*g-neat, 8 -s*g-
neat) point .

Theorem(3.31): For an a-s*g- T, -space (resp. s*g- T,-space , pre-s*g- T, -space , b-s*g-
T, -space , B -s*g- T, -space) (X, t) the following are equivalent .
(1) (X, 1) is ana -s*g- D, -space (resp. s*g- D, -space, pre-s*g- D, -space, b-s*g- D, -space, 3 -
s*g-

D, -space) .
(i) (X, 1) has no o -s*g-neat (resp. s*g-neat, pre-s*g-neat, b-s*g-neat, 3 -s*g-neat) point .

Proof: (i) = (ii) . Since (X, 1) is ana.-s*g- D, -space , then each point x of X is contained in a
D, -Set G=U\V, where U and V are o.-s*g-open sets and thus in U . By definition

U = X. This implies that x is not an o -s*g-neat point .

(if) = (i) . If (X,1)Is ana-s*g- T,-space , then for each distinct points x,y € X, at least one
of them, say x has an a-s*g-neighborhood U containing x , but not y . Thus U is different

a—S*
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from X and therefore by Remark (3.2), U isanD

then y is not
an a-s*g-neat point . Thus there exists an o -s*g-neighborhood V of y suchthat V = X .
Therefore , ye VAU, xgV\U and V\U is anD,_ ., -set . Hence (X,1)is ana-s*g-D, -

space.

,-Set . Since X has no o.-s*g-neat point,

o—s*

Theorem(3.32): Let f : (X,1) > (Y, o) be an a.-s*g-continuous (resp. s*g-continuous ,
pre-s*g-continuous, b-s*g-continuous,  -s*g-continuous) bijective function . If (Y,c)isaD;-
space , then

(X,1) is an a.-s*g- D, -space (resp. s*g- D,-space, pre-s*g- D,-space, b-s*g- D,-space, 3 -s*g-
D,-space),i =012.

Proof: Suppose that(Y,c)is aD,-space . Let x,y € X such that x = y. Since f is injective
and
Y isa D,-space , then there exists disjoint D-sets G, and G, of Y such that f(x) e G, and

f(y)eG, . By Theorem (3.10),f*(G,)and f™(G,)are D, , -sets in X such that
xef™(G,),
yef™(G,) and f*(G,)Nf(G,)=¢ . Hence (X,1)is ana.-s*g- D,-space .

o—s*

Theorem(3.33): Let f:(X,t) = (Y,0) be an o-s*g-irresolute (resp. s*g-irresolute , pre-
s*g-

irresolute, b-s*g-irresolute, B -s*g-irresolute) bijective function . If (Y,o)is ana-s*g-D;,-
space (resp. s*g- D, -space, pre-s*g- D, -space, b-s*g- D,-space,  -s*g- D, -space) , then (X, 1)
isan a-s*g-D,-space (resp. s*g- D,-space , pre-s*g- D,-space , b-s*g- D,-space , 3 -s*g- D, -
space ) ,

i=012.

Proof: Suppose that (Y,s) is an a-s*g-D,-space . Let x,y e X such that x = y. Since f
is injective and Y is ana.-s*g- D, -space , then there exists disjoint D,,__, -sets G, and G, of

Y such that f(x) e G, and f(y) € G,. By Theorem (3.11) ,f *(G,)and f™(G,)are D, -

sets in X such that x e f *(G,),yef*(G,) and f*(G,)Nf(G,)=¢ . Hence (X,t)is an
o -s*g-D,-space .
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