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Abstract

The purpose of this research is to present the new set that is named R;_ open set, where
the set was defined and the general properties And the basic concepts and properties of the set
were explained, such as the open set, the intersection, and the union. also In this paper the
separation axioms were defined and studied in ideal topological spaces in a new way. and
discuss some properties. Also discuss the relationship of our definition with other definitions
and prove some results in the context of separation axioms in ideal topological space on this
set, where the axioms of the type 7;- space, J;-space and T, — space were defined and the
basic concepts and generalizations of these axioms on the set were studied. In addition the
relationships between these concepts and their converses on this set under study were
discussed, and illustrative examples and proofs of those properties were provided for that.
Additionally, a diagram illustrating these concepts is presented.
Keywords: Ideal topological space, R —open set, R; —TO— space, R; —T1— pace,
R; —T2 - Space.

1.Introduction

The idea of the ideal is presented by(1). A topological space (X,T) in ideal I is a non-
empty collection subsets of X that satisfies the subsequent condition:

i. LetB< AandA €I, then B € I. (heredity property).

ii. Let AandB are bothin I therefor A U B € I. (additively property).
Several classes of ideals have been introduced (2-4).

I, : The ideal on X symbolized by {g} (trivial ideal) and the improper ideal | is called
P(X).

I : The ideal is comprised of every finite subset thereof.

I : The ideal comprising every countable subset of X.

I4: The principle ideal produced by any set M from the topological space (W, T).
Expressed as I, = P(M)={B < W : B € M}. Also Vaidyananthswamy in 1945 (5), A
study submitted about An operator assigned ()*: P(X) — P(X) explanation of a local
function of F via T describe which are as follows: § € W, S*(F,T)={£ e W S NM ¢

2

—G)
© 2025 The Author(s). Published by College of Education for Pure Science (Ibn Al-Haitham),

University of Baghdad. This is an open-access article distributed under the terms of the Creative Commons
Attribution 4.0 International License



https://orcid.org/0000-0002-4743-6034
mailto:asmaa.Raheem2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-4743-6034
mailto:Rana.b.i@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-2473-4872
mailto:Zezoradwan@yahoo.com
https://orcid.org/0000-0002-4743-6034
mailto:asmaa.Raheem2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-4743-6034
mailto:Rana.b.i@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-2473-4872
mailto:Zezoradwan@yahoo.com
https://orcid.org/0000-0002-4743-6034
mailto:asmaa.Raheem2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-4743-6034
mailto:Rana.b.i@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-2473-4872
mailto:Zezoradwan@yahoo.com
https://orcid.org/0000-0002-4743-6034
mailto:asmaa.Raheem2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-4743-6034
mailto:Rana.b.i@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-2473-4872
mailto:Zezoradwan@yahoo.com
https://orcid.org/0000-0002-4743-6034
mailto:asmaa.Raheem2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-4743-6034
mailto:Rana.b.i@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-2473-4872
mailto:Zezoradwan@yahoo.com
https://orcid.org/0000-0002-4743-6034
mailto:asmaa.Raheem2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-4743-6034
mailto:Rana.b.i@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-2473-4872
mailto:Zezoradwan@yahoo.com
https://orcid.org/0000-0002-4743-6034
mailto:asmaa.Raheem2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-4743-6034
mailto:Rana.b.i@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-2473-4872
mailto:Zezoradwan@yahoo.com
https://orcid.org/0000-0002-4743-6034
mailto:asmaa.Raheem2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-4743-6034
mailto:Rana.b.i@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-2473-4872
mailto:Zezoradwan@yahoo.com

IHJPAS. 2025,38(4)

F for each MeT (W) soT (W = {M€eT ;£ € M}, Operator Yp*( ) for a
topology 7*(F,T) of the Kuratowski closure (6), called the * topology, finer than T, was
presented as follows: ¥*(§ ) =S U S*(F,T) also T* (F,T7)=(S<SW Y'(W-=S5)
= (W —§)}also Bisthecollection (F,7)= {S -B); § €T and BeF} is a basis
for 7*(T,F) (7-9). The simple §* write for §* (T,F) ,T* (F,T). When there is no chance
for confusion, the concept (W, T, F) it will be Symbolize to the topological space (W ,T)
with an ideal F on W thats no assumption of Separation properties, it is named the ideal
topological space to as short. Each element in 77* named T *are an open set. If (W -§ ) is
T*an open set, So § called 7" Closed, therefore, it is closed in (W, T*). The subset D
of the space (W ,7,F)isa T*-Closedif §* c S.

In the ideal topological space (W ,7,F) asubsetS is called dense if CL*(S) =W. Note
thatin (W, T, F) if F ={g},s0 T =T*(F,T).LetS S W,

The int*(A) (respectively) the cl*(A) it denoted (interior, respectively, closure of A) in
(W, T77)(10-11).

Additionally, Jankovic and Hamlet presented a study on the topological properties using the
concept of the ideal (12-14). Using the concept of the ideal, some researchers studied a new
type of separation axioms (15-17). Furthermore, studies continued, and after nano soft
topology was defined, many types of open sets were known on the ideal topological space.
Moreover, the definition of soft ideal topological spaces was extended to include soft
topological properties. Also nano soft (18-22), although more, application on the ideal
topological spaces. And separation axioms were offered like connectedness (23), and many
properties of the nano ideal spaces were studied. Also a new classes Sets are defined, and
many of the properties of these sets were discussed, so other research was developed on these
sets and their topological properties based on the concept of the ideal. (24-27).
2.Methodology

2.1. R — Open Set

In this subsection, a new set will be defined and named R- open in the space (W, T, 1)

2.1.1. Definition

Let (W, T,1) be an ideal topological space, a subset Y of W is said to be R —open set if 3 H
€T \{W,g}suchthat, Y — CL(Y n H) € I, the complement of the R — open set is
called R —closed set. [The symbol R — O refes to R- open set, and the symbol R-C refers to
an R-closed set].

2.1.2. Proposition

In any ideal topological space (W, T, 1), every open proper subset of W is an R-open set.
proof:

Suppose K is open proper € W, If K = g, then for any nonempty open proper subset H Of
W,6— CL@NH) =¢g€ LIf X#g,thenaH €1\ {W,g}whenH =X such that
K—-—CLHnNH=KX-CLEKNK)=K-Cl(X)=0€l.

2.1.3. Remark

In any ideal topological space (W, T ,1), W does not be an R — open set.

Example

Suppose W = { &y, £y, 3}, T = {W,{£e1},{#,, %3},8} & I = {8,{%,}} Notice that W is
Not R — O Set, since the only nonempty open proper subsets of W are {£,}, {#,, %5} and
W — CLOW N{£}) = {#y £} & LAISOW — CL(W N {£,, £} ={#} & L

2.1.4. Remark

In the ideal topological space (W, T ,1), every R — O set cannot be an open set.
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Example

In the example of Remark 2.3, {#,} is an R — O set but not an open set .

2.1.5. Remark

For any two R — open sets, the intersection needs not to be R — O.

Example

Let W ={0,4,05¢,},T ={W,{¢,¢,},0},1=1{2,{¢,}} Notice that {¢¢5},{¢,¢3}
R — O sets, but { £, £33{N {¢, ¢35} = {#5} cannot R — open.

2.1.6. Remark

A union for any two R — open sets cannot R — open.

For example

Suppose that W = {£, €, €3}, T = {W,{£1},{£, 3}, 0}, 1 ={0,4,}.

Since {¢,},{¢;} are two R — open sets and {¢,} U {¢,} = {¢,¢,} cannot be R— open
sets.

2.1.7. Theorem

If the space (W, T',1) has no proper open subset whose union equals to W, then the union of
anytwo R — O setsisR - O.

proof:

Assume that A, ,A, are two R— O sets, since there is H,,H, € t\ {W, @} implies
Ay —CL(A; NH;) €1 and A, — CL(A, NH;) €1, it follows from conditions of ideal
that [A; — CL(A; NH)]U[A, —CL(A, NH,)] €1, hence. (A; UA, )— [CL (A N
Hy) UCL (Ay N Hy )S [(Ay — CL(Ay N Hy)U[A, — CL (A, NH,)], then (A, U
Ay )—[CL( Ay NH)UCL(A, NnHy)lel, but (A NH) U(A, NH)S (AL U
A, )N (Hy UH,), then, CLI (A N H) U(A, NH,)E CL[(A; UA ) N (H;
UFH;) ], s0 (A UAy) —

CL[(A; UA,)N(H; UH,)] S (A; UA, ) — CL[(A; NHy) U(A, N H,)]. That
Subsequently (A; UA, ) — CL [A; UA, )N (Hy UHy ] € Lthen A; UA, is

anR — 0.

2.1.8. Remark

In the context of the space (W, T,l), the set R - O is a union for every R-open set; we will
denote it R;O(W). such that R;0 (W) = {u € W: ube anR — O set} U {W}, respectively
RiC(W) = {A S W: A be an R — open set} U {d}.

2.1.9. Remark

Assume the space (W, T, 1), it is easy to achieve that T < R;0(W).

3. Separation axioms
In this section, using a set under study, R-open a new kind of separation axioms will be
defined and the relationship among these concepts will be studied.

3.1. Definition

Consider the space (W, T, 1), then (W, T,l) is named an R; — J, — space if and only if each
of the two different points Ri R, in w all contain to
an R; — open set while excluding the other.

Example

Consider the space (W, T, I); W ={R; , R, R} T={W,0,{R, }}
l={o {R, }}., ROW)={W, g, {R, }{R, }{ R R, }{ R, R3}}, Notice that
W, 7T.,1)is R; — T, space since R, . R, , I R-openset {R,; } € R,O(W) Such that R; €
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{R, }and R, € {R, }, AlsoR, + R;, I R- open set {R, } € R,0(W) such that R, €
{R, }and R; &{R, } hence W ,T,1)isR; — T — space.

3.2. Theorem

Suppose the space (W, T) is T, - space, so (W ,T, 1) Bean R, — T, — space If, for Every
two different elements R, . R, e (W,7).

Proof:

Consider (W, T ) to be the ,7" o —space, then for each two different elements R, . R, €
W 3 p €T suchthat R; €p but R, ¢ p, Since, T € R,OW)soR, €u but R, ¢
u, then (W, T, 1) is R; — T, — space. The converse does not hold true in general for instance.

Example

Suppose W = {R; , R, R} T ={W 0, (R}, {R2 R} 1={0,{Ry }} Then,
R,0(W) = P(W). Notice that (W, T, 1) is R; — T, — space but not 7, — space since R, #
R, and there is no open set p. That belongs to R, but does not contain R

3.3. Theorem

W,7, 1) is an R; — T, — space if and only if for each two different components B; #
B, there existsan R; — C set consisting of one and not containing the other.

Proof:

Suppose B; & B, are two distinct elements in W, and since W is an R; — T, — Space, then
there exists an R; —open set containing one of them, such that u¢ is an R, — closed set
includes the other. In contrast, suppose that B; & B, are distinct elements. In W and since it
contains an R; — closed set p containing one and not containing the other. Therefore, u¢ is
an R, — open set that comprises only one of them, hence W isan R, — T, — space.

3.4. Definition

Suppose (W, T, 1) is an ideal topological space, so (W, 7, 1) is named an R; — J; —space if
and only if for each pair of the point B; & B, ; B; # B, € W, there exist two sets U & V
that are R;0(W) sets Therefor B; € (U—-V) and B, € (V- U).

Example

Let W be a space; w = {Bl, BZ ,B3 }, T :{W, Q,{ Bl },{le B3 }} And I :{ﬂ,
{B, }{B; }{B,,B; }} so R,O(W) =P(W) such that ( W,7T,l) be an R, —T; —
space.

3.5. Proposition

Let (W ,T)bea J; — spacesuchthat(W ,7,1)isan R; —J; — space.

proof:

Assume (W ,T) isa J; — space so there exists U & V (two open sets) belong to 7" and
for any two distinct elements B, and B, € W implies B; € (U-V), also B, € (V-U) since
T<SROW) SoUVEeER,0W),3UVeEROW) andB; € (U-V) and B, € (V-U),
then (W ,T,1)is R, —J; — space. But the opposite does not hold in (3.8) in general.
Consider the instance (3.4).

3.6. Proposition

Consider (W ,T,)tobean R, —7; —spaceso (W ,T,1) isan R; — T, — space.

Proof:

Consider B, & B, to be two different components € W, since (W ,T,l)isan R, —T; —
space so U, V are two R, O(W) sets, hence B; € (U-V), B, € (V-U). Therefore, 3
R, O(W) set U which includes only one of them, so (W, T ,l)isan R; — T, — space

While the inverse of (3.9) does not hold for instance.
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Example

Assume that W = {Qy,Q; Qz}, T ={W, 6{ Q.} }, | = { 8 ,{Q:}}, R,O(W) ={W,
2,{ Q:}{Q,}.{Q,Q; }{ Q4,Q3}}, such that (W ,T, 1) is an R; — T, — space but not an
R; — T, — space since Q; # Q; €W andso a2 U ,\V € R, O0(W), then Q; € (U-V) and
Q3 € (V-L).

3.7. Theorem

Suppose (W, T, 1) is a space ; (W,T, I) is an R; — J; — space if and only if for each
element B; # B,, so there are two R; — C sets: F; and F, implying that B; belongs to (1 -
F,), also B, belongsto (F,- F1).

Proof

Consider B; & B, are two different constituents in W, also (W ,T, I) is an R; — J; — space.
Consequently, there are two R; —O sets: U and V, therefore B; € (U-V) & B, € (V-U)
and there exists R, —C sets(W -U)and (W -V). B, e (W -V)-(W -U),B, e (W -U)
-(W -V) then W -V) = F1 & (W -U) = F,, such that there are two R;C — sets: F1, F»
in order to satisfy B, € (FiN Fy5). Also B, € (F, N Ff) such that B; € (F1 — F)).
Conversely, let B;& B, be two different components € W so thus, two R;c — Sets F1 & F»
are achieved: B; belongs to (F1N F5 ). B, belongs to (F.NFy), then there exists R,0 —
sets (W —F1)and (W — F2), when B, € (W —F;) — (W — F31), B, belongsto (W —
F1)— (W —F2) suchthat( W — F2)=Uand (W —F;)=V.

3.8. Proposition

Assume { x }isan R; — C set, foreach Z € W. Hence (W ,T,1)isan R; — J; — space.
Proof:

Consider Z; & Z, are two different components belong to W, since { Z; },{Z, }are R, —C
sets, then (W -{ Z, }). Also, (W -{Z, })is R, — O sets such that there are R, — O
sets, U& V,since U= (W -{Z, }).Also, V=W -{ Z,}); therefore, Z, € (U-V),
Z, €e(V-U).So (W, 73, I)isan R; — TJ; space.

3.9. Definition

The ideal topological space(W, T, 1) is said to be an R; — T, —space if for each pair of
different point R, . R, € W, there are two disjoint R;0(W ) sets U and V, whenever R,
€Uand R, € Vand UNV = 0.

3.10. Proposition

Suppose (W ,T ) is T, —space, suchthat (W ,T, 1) will be an R; — T, — space.

Proof:

Suppose R; & R, are two different elements belong to W, and since (W ,T) isa T,—
space such that it is two open sets U and V , therefore R, € U and R, € V and UNV =0
since T € R;0(W ) such that U,V are R;0(W ) sets satisfying the condition R; € U and R,
€ V,and UNV = @ such that (W, 7, I) will be a R; — 7,— space.

3.11. Proposition

When the space (W, T, 1)isan R; — 7, — space implying an R, — J; — space.

Proof:

Consider R; & R, to be two different elements € W; R, . R, since W, T 1) is R, — T
»—space. Uand V are R,0(W ) sets, therefore R, e Uand R, eV & UNV =¢,so
there exists R;0(W ) sets U and V in order to satisfy R, € (U—-V)and R, € (V —U).
So (W, T, 1)isan R, —7J;, — space. In Proposition (3.15), the opposite meaning is not
achieved as explained by the below example.
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Example

Inthe W, T, 1), letW ={&, ,& EHT =W ,0,{& } {E&3}{& Es3}}

1={8}, ROW)={W,0,{& } {E&3}{& & }{&1,&L{& &1

Notice that (W , T, 1) is an R, — J; - space, while it isnotan R; — 7, — space.

3.12. Remark

Suppose (W, T) is a T; — space for each 7 = {0, 1, 2}, such that the ideal topological
space (W, T, 1)is an R;-T;—space, V 7 ={0, 1, 2}. Notice that the opposite in the remark
(3.17) is generally false as illustrated in the below example.

Example

Consider W ={R, , R, R:;}, T ={W,g,{R3}}, |=P(W) & R,O(W) =P(W). So it
is evident that the space (W ,T, 1) is an R; — 7,;— space for each 7 = {0, 1 ,2}. Hence, it is
not a 7,— space for each 47 = {0, 1 ,2}. The following diagram elucidates the
interrelationships between the preceding concepts:

(W ,T)is T, — space (W ,T,l)is R, — T, space
(W,T)is 7; — space (W.T.,1)is R; — T, space
W ,T)is Ty - space (W,T,1)is R; — T, space

0o~ SP

Diagram 1 .The Relationships among 7;—space & R; — T;— spaces.

4.Conclusion

In this article, we created and introduced a set [namely an R;-open] by using the ideal topological
space and also studied many properties of this set. The separation of axioms and relationships
between these axioms were also studied, and this has been reinforced with examples and the converse
of these properties has also been discussed. In addition, we will work on other different topological
properties of this set, such as convergence and compactness, using the set under study.
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