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Abstract

In the last decades, functional differential equations have attracted the attention of many
researchers; they were interested in the theory and its applications. The most common
differential equations of functional type are advanced, neutral, and delay DEs. The theory of
oscillatory DEs with retarded arguments has a paramount effect on the qualitative properties
of DEs. It is essential to deduce conditions for oscillatory and non-oscillatory solutions. The
objective of this paper is to obtain oscillatory conditions for differential equations with
retarded arguments. So, the oscillatory behavior has been considered in the nonlinear
differential equations (DEs) of neutral type with three delays. Some important conditions of
all functions have been submitted. The sufficient conditions to secure the oscillatory property
have been deduced. We dealt with special cases for delays to obtain some desired conditions
for oscillation property. In fact, all new results and conditions innovate, and improved some
oscillation properties that appeared in the literature. Some application examples with specific
functions for important results have been illustrated and applied to all conditions. Two results
with some different conditions have been obtained to get oscillatory behavior for DE. A new
relationship between delays and other functions to get desired property has been formulated.
Some application examples explained to ensure the importance of our results compared with
other previous studies.
Keywords: property of oscillation, multiple delays, NDE, nonlinear case.

1. Introduction

The continuous development in the fields of science has led to the formulation of many
physical laws, which often appear in the form of DEs when reformulated in mathematical
form. We can also describe applied problems mathematically using DEs; thus, DEs play a
critical role in solving practical problems (1, 2). The theory of DEs is a great tool in modeling
many scientific problems in population dynamics, optimal control, and nonlinear problems
(3). There are several methods for solving this kind of equation, such as the variational
iteration method and the homotopy transforms analysis method (2, 4). Furthermore, some
researchers considered some properties that describe all solutions, such as asymptotic
behavior, oscillatory property, and stability to different kinds of DEs (5-8). In publications,

367

—G)
© 2025 The Author(s). Published by College of Education for Pure Science (Ibn Al-Haitham),

University of Baghdad. This is an open-access article distributed under the terms of the Creative Commons
Attribution 4.0 International License



https://orcid.org/0009-0009-8387-9316
mailto:Zahra.Abd2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-5590-7991
mailto:aqeel.f.j@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0009-0009-8387-9316
mailto:Zahra.Abd2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-5590-7991
mailto:aqeel.f.j@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0009-0009-8387-9316
mailto:Zahra.Abd2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-5590-7991
mailto:aqeel.f.j@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0009-0009-8387-9316
mailto:Zahra.Abd2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-5590-7991
mailto:aqeel.f.j@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0009-0009-8387-9316
mailto:Zahra.Abd2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-5590-7991
mailto:aqeel.f.j@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0009-0009-8387-9316
mailto:Zahra.Abd2203m@ihcoedu.uobaghdad.edu.iq
https://orcid.org/0000-0002-5590-7991
mailto:aqeel.f.j@ihcoedu.uobaghdad.edu.iq

IHIPAS. 2025, 38(3)

different authors established some conditions for oscillation behavior and asymptotic
property for nonlinear NDEs (9-17).

2. Materials and Methods
Consider nonlinear NDE with several delays:

% [p(t) % (x() + (t)x(f(t)))] +r2(D(x(a®) + s O (FGE(a 1))
=0 €
Supposing the below conditions hold:
HL: y1 (1), v2(1), v3(1) € C([to, 0), (0,0)), y1 (D) <.
H2: p(t) € C([to, %), (0, ) with m(t) = f; —=ds and [ = dt = o0
H3:0(1), (1), a(t) € C([t,, »), R) with lim¢_,., o (t) = o0, lim;_, 7(t) = o and
limi_,, a(t) = oo.
The delays o, 7, a are continuous strictly increasing and invertible.
H4: a(x),r(x) € C(R,R), A(x) = ¢1x > 0and f(x) = ¢,x > 0 forx # 0 and ¢, ¢, are
positive constants.
H5: Let Z(1) = x(}) + y1(Dx(x (1)) twice continuously differentiable in (1)
Definition 1.1 (18)
A nontrivial solution x(t) to eq. (1) is called non-oscillatory if it is either eventually a positive
solution or it is eventually a negative, if it doesn’t, so x(t) satisfies oscillatory property.

3. Results
Theorem1: Assume that H1- H5 are true with condition:
f: Iy(tdt = f: L,()dt = o (2)

L) =min{y,(1), 7, (a7 (a®))),v2 (7 (e 1))},

1) =min {y;(),v; (¢ @(a®)),vs (67 (o))}

Then the oscillation property holds.

Proof: Let a solution x(t) has non-oscillatory behaviour to eq. (1). So, without loss of
generality, we suppose that the solution is eventually positive. It is obvious that Z(t) > 0.
From equation (1), we get:

d d
, S0 p(1) d%Z(t) is nonincreasing eventually.

d d
et ()| = —raO (x(e®)) - s () <0

p(®) % (2 (1)) is nonincreasing, we assume that % (Z2(t))>0,vt=>t,

Otherwise, there exists t, > t, 3 d%(Z(tl)) <0, fort >1,.

Then

[P 5 (Z) < p(t) £ (Z(t))], vE=t,.

Z() < 2(t) p(t) fy 75 3
When t - oo in (3), then Z(f) - —oo contradiction.

So, we have % (zt))>0.vixt,
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We replace a™*(z(a(t))) instead of t in (1) once and o~2(z(c(t))) instead of t in (1) a
second time.
So, we get:

Lo w(a®)) = (x(a-%r(a(t)))) +11(a” (w(a®)))x (r(a‘l(r(aﬁ))))))] +

va(a " (a®N)A (x(ata ((a®))) +rs(a @(a®N)e (x(o @ @(ath))) =
0 4)

P @@ 3 (x(e @ le®)) + (e GleN)x(x(e @ (c®)))] +

v2(o @ (e)))h (x(ale @ (0 ®))) +vs(e @ (e (x(o(c @ (a®)))) =
0 (%)
By multiplying equations (4) and (5) by y and summing equations (1), (4), and (5), we get:

2o % () + v Dx(z®))| + 2D () + s (De(xa(h)) +

< lp@ @ (e (x(a‘l(r(a(t)))) +y1(a”* (w(a®)))x (r(a‘l(r(aﬁ))))))] +
va(a @(@®M)h (£ ((a®))) + rs(a @ (@®D)F (x(ola @ (e®))) +
Zlpe @@ £ (a7 @(e)) + 11 (67 (e N)x((e (o)) )| +

r2(o7 @(e®N)R (e (o ®))) + r5(o o@D (£ (o)) =0 ©)
Substituting by I; (1) and T, (1) in (6) with deleting some terms:
2l S (ZW)] + L®a(xa®)) + Lb(xed)) +

Vdit [P(a—l(r(a(t))) % (Z (a—l(r(a(t))))] +yh(Dh (x ((T(d(t)))) +
y & [pe (e % (2 (67 @(o®)))] + vTa b (x (v(e®)) ) < 0 ™

From condition H4, we have:
d d
=05 E®)]|+ im0t + gar =)
d d
+y = [p@ ala®)) 5 (2 (¢ @@ ®))] + rdui Dz (@)

; ydit [p(G_l(T(U(t))))dit(Z (o7 (0®)))] + rara 0z (x(o®)) <0
Or

Zled (M) +r]p@ @lath) S (z (a*(r(a(t))))] +

r & [ @e®M & (2 (07 @ (e)))] + ST D2 () + T (HZE®) <0 (8)
We integrate the inequality (8) from t, to t:
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t

t
&1 f .T1(s) Z(a(s))ds + ¢ f L,(s) 622 (0 (s))ds
t;

ty

< —p(ty) (2 (1) + p(t) 3 (ZD)
~yota (e(at)) (2 (« @lat)))
+yptat (x(a®)) 5 (7 (« @la®)))
—yp(e™ (x(ot)) o (2(07 (o t)))
+yp(o™ (o)) 5 (Z(e @)

p(t)%(z(t)) is nonincreasing function, so as t goes to infinity, we conclude that:
t t
[ r©ds <eoand [ dg <o
f; f)

a contradiction !

Theorem2: Assume that H1- H5 hold, with condition (2) in addition to:

t

fﬁdé =o,a }(t(at)) < o7t (x(o(®})) <t

to

n(&(a‘l(r_l(a(a(f)))D dE > 1

1+ 2y)

T
tll»no]o inf f&(a—l(r—l(a(a(t)))) L) ©)

Then the oscillation property holds.

Proof: Let a solution x(t) has non-oscillatory behaviour to eq. (1). So, without loss of
generality, we suppose that the solution is eventually positive. It is obvious that Z (1) > 0. In
the same steps as theorem (1), we get inequality (8). Let

¥ =

p(D) d% (Z(t)) + yp(a™? (T(d(ﬂ)))d%(Z (a‘l(r(a:(t)))) +

yp(o™t (T(O‘(t)))%(Z (0‘1 (T(O’(t)))) (10)
Substituting about ¥(t) in (8), we get:

dit(¥(t)) + M2 (@) + ¢.(HZ(@(M) <0 fort=t, > 4
Or
S(ED) + e iDZ@d) <0, vixt >t (11)
But p(t) % (Z(1)) is nonincreasing, so:
d d
P(t)d—t(z(t)) < P(f)d—f(z(f)),for t>¢

Now, we divide last inequality by p(§) and integrates it from t, to t, we have:
t
d 1
5 (2t J—d <2() - 2(t) < 2(t
p()dt( ())t G §<zZM)-21)<2z2®
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d
npt) 5 (2()) < 2
Or

®
pH 3 (2M) <=5 (12)

But a~*(z(a(t)) < t, so we have:

(b Sp(a"l(f(“(t))))dit(z (a-l(r(a(t)))>
+ ypla? (T(a(t))))dit<z (a—l(r(a(t))))
+ yp(o? (T(U(t)))dit<z (o"l (r(a(t))))

And a~1(z(1)) < o7 1(z(1)) So,

¥ <@+ 2y)p (a_l (T(d(t))))%(Z (a‘l(r(a(t))» (13)
From (11) and (12), we get:

z (a‘l(r(a(t)))
T (a‘l(r(a(t)))

¥ <@+ 2y)
Or

n(a‘l(r((x(t)))
(1+ 2y)

¥(t) < Z (a7 (z(a(D))) (14)

s =at@(a®))) <t
(@' (1) = a *(z(1)
Sz ®) =a (D)
S(a™? (‘L'_1 (a(a:(t))))) = a(t)
From (10), we get:
S (M) + e 1 (D2 (6(a‘1 (r-l (a(a(t)))))) <0 fort>t,>t, (15)
We combine (13) and (14), reducing:

S (M) + e 1 (D2 (6(a‘1 (r-l (a(a(t)))))) <0 fort>t,>t, (16)
From (13) and (15), we get:

| §(a~? T_l(a(a(t)))
%(¥(t)) + .1 (1) ( EH > >>¥(5(a_1(r‘1(a(t)))) <o vi=t, >t (17)

By theorem 2.2.9 in (30) the inequality (17) does not have eventually positive solution, a
contradiction !

4.1. llustrative Examples

In this section, we present some examples to support the obtained results
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4.1.1. Example 1

Let us consider nonlinear neutral differential equation as fO||0WS'
d|, d
dtl <x(t) + = x(t — 1))] xz(t 2) +— ¥*(t-3)=0,

To satisfy all conditions of theorem (1):

(0] [0e]

fp(t) H N

2

1y () =minfy, (1), 7, (a-1<r(a(t>)) v2 (07t a(o®))},
L =min {y;®,v; (¢ @ (a®) )73 (67 (o))}

1 1 1
_M”’{zt 201 } P

(00 (o] 1
=—ln(t 2)] =—(lnoo In0) =

Also, we get:

o

f rz(t)dt=f2°°2(t—1_2)dt—

to
We satisfied all conditions for theorem (1) are satisfied, so all solutions of eq. (1) oscillate.
4.1.2. Example 2
Let us consider nonlinear neutral differential equation as follows:

ditl(t-l_l)d <x(t)+ Tx(t— 6)>l+ix2(t 6) +12zx*(t—-7)=0, t=>t,

To satisfy all conditions of theorem (2):

[0e] [0e]

j FICK j

n(t) = fﬁ d§ = ff-l-—ldf In(t+1)

s =t-1
/i (8(a—1 (T—l (a(a(t))>)> =n(t—1) =Int,
1) =min{y; (), 7: (a2 (@®)), 2 (e @ (e®) )}

(L1 0 B NP
m{lnt 'In(t—6) In(t— 6)}—m' =

To satisfy the condition (9) with¢p = 6andy =1

t _
liminf [ 1) mf —1)
tmeo t-1

1+ 2y)

dg§
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imimf [ 6L e g5 ]
tgglnf t—y In& 3 §= e

All the conditions of theorem (2) are satisfied, so all solutions of eq. (1) oscillate.

5. Discussion

Through the paper, qualitative properties are studied as oscillatory properties. It can be
noted that the influence of changing delays in main results takes a huge role to control in
sufficient conditions to obtain the oscillation property; it is explained in application
examples.

6. Conclusion

In this search, oscillatory behavior of second-order NDE is considered in the nonlinear
case. Specific conditions have been established for known functions in the delay differential
eq. (1). A new relationship between the deviating arguments and known functions to get
oscillatory property has been built. Application examples are presented to show the
importance of our results compared with other previous studies. In theorem 2, a new
condition is submitted to get oscillatory behavior of equation (1) with an application
example. We improved some previous theorems in the literature by taking the delays as
functions. As future works, it would be interesting to extend the results of this article to
higher-order nonlinear Des.
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