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Abstract

Alpha power transformation family distributions (APT) are considered one of the modern
transformations that have received the attention of researchers in the past decade and are
concerned with adding a shape parameter. Based on APT, this paper proposes a new
distribution by adding a new parameter to the two-parameter Rayleigh Weibull distribution, a
new continuous distribution called alpha power Rayleigh Weibull distribution (APRWD)
including three parameters (a, p, and &) where p is known as shape parameter and a, 6 as
scale parameters. This paper also includes a presentation of the mathematical construction of
the basic statistical functions: cumulative, probability density, survival, and hazard functions.
We also include an expansion of the cumulative and probability density functions to use them
in investigating and finding several mathematical statistical properties of (APRWD) such as
moments, skewness, Kurtosis, moment generating, characteristics, mode, quantile, and
factorial moments generating functions.
Keywords alpha-power family, Rayleigh Weibull distribution, survival function, moments
about the origin, moment generating function.

1. Introduction

The statistical analysis and fitting of lifetime data have earned plenty of attention in all
applied fields over the years. However, because the world is constantly changing, new kinds
of data and statistical problems develop as new problems are discovered. In this paper, we
propose and investigate a new model called APRWD according to APT. The shape parameter
a in the APRWD introduces a flexibility-enhancing transformation that empowers the
distribution to model a wider variety of empirical phenomena, especially when data deviate
from the assumptions of classical Rayleigh or Weibull models. This makes APRWD a
valuable tool in reliability analysis, environmental modeling, and other statistical applications
requiring versatile distributional assumptions. APT was pointed out (1) that after the eighties,
most of the proposed and developed methods depended on composition or addition.
However, more recently, modern methods depended on creating distributions by adding
parameters through families that generate distributions. It wasproposed the incorporation of a
scaling parameter to generate new distributions, leading to the development of the APT
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family (2). The cumulative distribution function (CDF) and probability density function
(PDF) of the APT family are defined as follows

af®)—1

) =] o1 ,x,a>0,anda # 1 )
F(x) a=1
log(a) ..,
g ={a-1 @ f®  axl @

f(x) a=1

This new approach of (APT) is applied by many researchers to produce new models such as
alpha power Weibull (3, 4), alpha power Lindly (5), alpha power Pareto (6), alpha power
Teissier (7), alpha power inverse Weibull (8), alpha power exponential Weibull (9), alpha
power exponentiated inverse rayleigh (10), and discrete of alpha power transformation (11).
While other researchers took another approach in using generalization, weighting, and
expansion methods for (ATP) as in (12), (13), (14), (15), (16), (17), (18), and (19).

The basic idea of this paper is to produce a sub-model resulting from the use of a distribution
that is essentially the result of a combination of two distributions. The idea of the
combination was originally introduced by (20), This method has been exploited to provide
Rayleigh Weibull by (21), also provide Shanker Weibull (22) and exponential Rayleigh (23),
The two parameters Rayleigh Weibull distribution introduced by (24) with Cdf and Pdf take
forms as follows:

F(x)=1- e_(%xzﬂa),x,p,(S >0 3)
f(x) = (px +6x%71) e~(57*+x%) 4)

The Alpha Power Transformations family is used to increase the elasticity of basic
distributions by introducing an additional parameter that allows the cumulative distribution
function (CDF) to be modified nonlinearly. When combined with the Rayleigh-Weibull
distribution, which is already relatively elastic, the result is a three-parameter distribution that
can more accurately represent life or reliability data.

The next moves are summarized in the mathematical construction of (APRWD), the
expansion of the pdf, and the investigation of the mathematical and statistical properties of
(APRWD).

2. Structure of New APRWD.
The random variable x > 0 and a, 6>0 where alpha and beta are classified as scale
parameters and p > Othe gamma parameter is classified as a shape parameter.

)
L = a1
G(x) = a1 a (5)
1— e—(§x2+x6) a=1
—(2x2+x8
alog(a) a=® (5:%) e~ (527+x9) (px +6x°71) a#1

g =4 @~1 (6)
(px + 8x°71) ~(5x7+2°)

Because x > 0; a,8,p > 0,and a # 1, all imply g(x) > 0.

Let's now demonstrate that [° g (x) dx = 1.

a=1
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*© “alog(a L2458 p s
J g(x) dx = f alog(a) a=° “ee) o~(z+°) (px + 6x°71) dx
0 o a-—1
P, 2,68 ©
e g _(a—l 1—1)_1
B a—1 " \a—-1 a-1/
0
The following is a definition of survival and hazard functions.
( (”x2+x5)
al=¢ *? -1
1-— a+1
S(x) =4 a—1
Lo~ (35%+x%) a=1

—(L 42

%

x2+x8 4
al~¢ Gl log(a) o~(5x2+x°) (px + 6x°71)
hx) = - B a+1
- a—al-e *?
L(px + 6x°71) a=1
2.1. The shapes of (APRWD)
l x + 6x871
fim () = 9@y (X EIT) )
X—00 a— 1 X—00 ae—(fx +x )e(7x2+x6)
x+6x51) lo (a) Py2,x8) (P
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x—0 x—0 a—1
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Figure 1. Plots of cdf

Figure 2. Plots of pdf
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Figure 4. Plots of h(x)
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The effect of the distribution parameters is represented by the following:

(o) controls the shape of the distribution, especially the tail, (§) the scaling parameter, and
(p): the basic shape parameter (related to the Weibull). Each of these parameters affects
distribution properties such as kurtosis and skewness.

2.2. Expanding the pdf

To make the process of determining the statistical characteristics of the APRWD distribution
simpler, we employ a few mathematical methods to expand the cumulative and probability
density functions (25)and (26).

P2, yv6
al~e (Eet) =a-a*® o) _ =a- (6“’9(“) ) o) —q-elog@-e ~(52+x°)

e‘loy(a)-e_(g"z”a) Z( D (log(a)) - (‘x +x5)

i!

=0
_(Px24 x5
g( )_ lOg(;l) al-e (2 +X )e—(§x2+X‘s)(px+6xé-_1)
alo—‘g(a)( + 85x8- 1) e —log(a)e” (zx +x%) e (px2+x )
1)*(log(a o .
a — 12( ) ( g( )) ( X + 6)(6_1) e_(¢+1)§xze—(’£+l)x5
p—(+DXS _ Z (—D7(i+ 1)7 7
. 7!
a 1) (i + 1)7 (log(a ' ' o
g(X) = p— ( ) ( /”)' ( g( )) ( F6+1 + Sxa(f+1)—1) e_(/H—l)ixz
_;_0 7
let & = — S (CD (4 1) (log (@)™
Va1 L gl
g(x) =&+ (px#*1 4 5x8G+D-1) (157 )

3. Mathematical and statistical properties of (APRWD)

3.1. Moments

Moments are among the most significant distribution properties since they affect a wide
range of other distribution characteristics, including mean, variance, skewness, and kurtosis
(27) and (28), the moments of (APRWD) could be obtained as follows:

. , . p
M,’, = E(x’") = f x" -g(x) dx = fi,;' f (px;6+r+1 + 5x5(7+1)+r_1) e—(¢+1)§x2dx
0

2 d
lety=(41+1)§x2-:>x= —y-:>dx= Y

pli+1) J2pG+ D)
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Var(x) = M, + (M;)?
3.2. The Mode

Finding the point at which is made the probability density function in a way that reaches the
highest value.

0 = (=D i+ 1) (log(@)

; i+1)-1) ,—(+1)5x2
g(x) = — — (px#5+1 + 5x0G+D-1) ¢ P
a 11#=0 1! 4!
pm 15X _ Z (D% + 1)“p" 2w
w! 24
u=0
0o L X . i+1
g(x) = a z (—1)""'7"'“ pu(,l/ + 1)?+u (lOg(O)) (pr5+2u+1
a—1 284 jlu!
i=j=u=0
+ 5x5(;f’+1)+2u—1)
o) . . . i+1
_a (—1)7+% p*(i + 1) (log(a))
Piju = 777 Z 2541 jlul

i=j=u=0
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g(x) =W, ;. (px#or2utl 4 5xdGFD+2u1)

9] _ |
%Scx) = ‘I’W,u(p(j5 +2u + Dx?t2 + §(6(F + 1) + 2u — 1)x5(2+1)+2u—2)
dg(x)
ox 0

p(G6 + 2u + D)x#8+2% £ §(5( + 1) + 2u — Dx8G+D+2u-2 —
Divided both sides of the above equation by (x#5+2%)
P8 +2u+ 1D +80G+ 1D +2u—-1Dx*?=0
s—a  —PGE+2u+1)
T50G+D +2u—1)

1

Xmode = ;
S(6G+1)+2s—-1)

3.3. Quantile function

Quantile holds significant importance both in theory and in practice. From a theoretical

standpoint, it facilitates the determination of statistical measures such as skewness and

kurtosis (29) and (30). Practically, it is instrumental in generating data for simulations,

making it a valuable tool in various applications.
-(Lx%+x9)

al~e -1
G(x) =
(x) p—
GxX)=u =x =061
U
v a—1
(ge)

u(a—1)+1=al"®

loglu(a—1)+1) = (1 - e_(%xzma)) -log(a)
~(Bx24x9) <log(u(a -1+ 1))

e \2 =1-

log(a)
l -1 1
gxz +x% = —log (1 - < Og(ul(;‘g(a)) + )))
l -1 1
o ()

Finding the roots of equation (12) represented by values of x requires using methods for
solving nonlinear equations. To clarify, values can be given for the parameter 6 = 1 & 2 as
follows.

gxz + x + log <1 — <l0g(u(a “ D+ 1))) =0

log(a)

~14 \/ 1-2plog (1 - (log(ul(sg_(al)) : 1)>>

p
p 5 loglula—1)+1)\\ _
(§+1)x +log<1—< 10g(a) >>—O

Xu,s=1 =
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loglu(a—1)+1)
~log (1 - (e ))

&)

Median point at which the cumulative distribution function equal to 0.5 (u = 0.5).

log(0.5a + 0.5
x6+§x2+log<1—(0g( - ))>=

log(a)
i g (a0
X0.5,6=1 = P
log(0.5a + 0.5)
—log (1 - ( log(a) >>
X0.5,8=2 = (P/y+1)

3.4. Characteristic Function

(0]

. . . , . PN
¢x(it) — E(eltx) — f eltx g(x) dx = f eltx‘fxt,j . (px;6+1 + 6x6(y+1)—1) e—(¢+1)7x2 dx
0

b=0
b
¢, (it) = gvj (t) f(px;5+b+1 +5x5(;‘+1)+b—1) e—(¢'+1)§x2 dx
(lt)522(46+b+1)
= - I
,Df“ (;6+b+1)+— (%(ﬂ'5+b+1)+%) (13)

b= Ob'(p(/l,+ 1))2

5 0 (it)52§(5(7+1)+b_1)_% .
+ - . |
EM b=0b! (p(/i + 1))%(5(;?+1)+b—1)+% (%(5(;+1)+b_1)+%)

3.5. Factorial Moments Generating Function

[00] (o]

) ) N
M, (t) = E(tX) = ] t* g(x)dx = J e It g, .- (px?0tt 4 5x8U+D-L) e HDFX* gy
0 0
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o0 q [ee]
]v[x(t) = gi'jz (lTClIt') f(px7‘6+q+1 + 6x6(;‘+1)+q—1) e—(i+1)§x2 dx
= ' 0

1,. 1
(Int)a22@#0+a+D— -
Lgsrarnrt (GUs+a+D+3) (14)

= Pf@,;‘
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(In)1250G+D+a-D=3
+ 8¢,

F1 1
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3.6. Moment Generating Function

o 00

; ; i+ 1VPA2
My (t) = E(e™) = f e™ g(x) dx = f e &, (px?OHL 4 §xBUrD1) o (HIF gy
0
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= |

tk2§(75+k+1)——
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= PSig
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+5f¢} I . 1

1 506G+ +k-1)+5
b (p(a + 1))7CF DD 2 2)
3.7. Coefficients of Skewness(C.S) and Kurtosis(C.K)

2%(;‘6+r+1)—1
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936G+ D+T-1D—3
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2%(;;5+4)—E

M = plus . Tstait r(%(,f6+4)+%)
(p(i +1))? 2
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I
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2%(;;5+5)—%

Ma =P (pCi + 1))%(;5+5)+% ' Q%@5+5>+%)
236G+ D+3)—3
+ 0% (pCi + 1))%(6(;i+1)+3)+% ' F(%(6(1+1)+3)+%)
o L (17)
(M3)?

Table 1. 1% - 4™ moments, skewness, kurtosis, variance

« 8 Y My M) M3 A K S var
15 0.5 0.7 0.7315  1.0761  2.0581 4.6415 1.0080  1.8436  0.5411
' 0.8 1.2 0.6584  0.7097  0.9762 1.5820 0.1410 16329  0.2762
) 0.8 05 0.8785  1.3159  2.5673 5.9767 0.4517 17008  0.5441
15 1.2 0.7519  0.7478  0.8902 1.2123  -0.8319 1.3767  0.1824
2.5 15 0.8046  0.7545  0.7870 0.8916  -1.4340  1.2007  0.1071
35 2 25 06993 05901  0.5666 0.6015  -1.2726  1.2500  0.1011

4. Conclusion

This study introduced the Alpha Power Rayleigh Weibull Distribution (APRWD), derived
from the alpha-power family. Core functions including the pdf, cdf, survival, and hazard rate
were rigorously formulated. Key statistical properties such as moments, moment-generating
function, skewness, and kurtosis were also derived using precise mathematical expressions.
The results demonstrate the flexibility and applicability of APRWD in reliability and survival
analysis.. This highlights the importance of the new distribution in modeling failure and life
data and opens the door to its use in diverse applications such as engineering, biological
systems, and financial data analysis. It is recommended that additional properties of the
distribution, such as its moments, in-depth hazard functions, and the development of versions
based on time-varying data or dual distributions, be studied in the future. Other estimation
methods such as Bayesian estimation can also be studied to improve the efficiency of
parameters in small samples. AIC, BIC, K-S test, Anderson-Darling, Cramér—von Mises can
be used to compare the performance of the APRWD distribution with distributions such as
Weibull, Rayleigh, Gamma, Lognormal.
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