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Abstract

Our work introduces the notion of soft fs-open set. This class of §f- open sets is not
directly comparable to the categories of soft open, soft closed sets and soft semi-closed. We
demonstrate that the category of 5S,-open sets lies strictly between the class of §5.-open sets
and $B-open sets. Additionally, we investigate the connections that exist between §f,-open
sets along with other kinds of soft sets. Moreover, we provide several criteria that are
sufficient for determining the equivalence between $5-open sets and every one of §f.-open
sets and $f-open sets. Also, according to our findings, the family of §f,-open sets is a supra
soft topology. Furthermore, we make it clear the correlation that exists between the respective
categories of §(-open sets in a soft topological space and in its soft topological subspace.
Finally, the class of §8-continuous function is introduced, it is main properties are studied
and derive some of the properties of these soft functions under the soft composition of soft
functions.
Keywords: soft 35- open, soft B — open, soft semi-closed, soft 3s-continuous function.

1. Introduction

The concept of first using soft set theory by (1) was presented as a novel tool in
mathematics for dealing with several forms of ambiguity in complicated scientific problems
and solving these problems. Soft sets research and its characteristics were used to several
areas of mathematics, including theory, probability, operations research, algebra,
mathematical analysis, etc. In 2011, the main concepts of soft topologies were investigated by
(2). They presented the ideas of a soft open set and showed that a soft topological space
produces a parameterized family of topological spaces, soft closed set, soft interior point, soft
closure and soft separation axioms. A multitude of contributions has been made to the
research of topological principles in soft environments after soft topology was developed (3-
6).
Athar Kharal, A. and Ahmad, B. (7) explained what soft mapping is in the context of soft
classes and investigated several properties of soft set images and inverse images. Chen (8)
introduced and investigated soft semi-open sets and their properties. Mahanta and Das (9) also
introduced and defined soft semi-open sets and soft semi-continuous functions. The authors of
(20) introduced the concept of soft S-open subsets.
However, this work introduces a novel kind of soft open sets (respectively soft functions)
called 58,- open sets (resp.; §Bs-continuous functions), which are strictly placed between the
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soft classes of §.- open sets and §3- open sets (resp.; §f.-continuous functions and soft S-
continuous functions). Some of §fs-continuous functions basic properties and relationships
with some other types of soft functions are given.

Throughout this work, X will be a nonempty initial universal set and £ will be a set of
parameters. (X, T L) and (Y, i1, N) or basically X and y show soft topological spaces (simply,
STS), the family of all soft clopen sets (resp.; semi closed) in X is denoted by
$CO(X)(resp.; §sC(X)). A pair (£ £) is known as a soft set over X, in which Ais a function
Therefore £.L — P(X). The collection of soft sets (£ £) over a universal set X with the
parameter set £ is indicated by 3P(X) .

2.Preliminaries
2.1. Definition (11) For any two soft subsets (A £) and (G, £) over a common universe X,
we say that (£ L) is a soft subset of (G, £), indicated as (£ L) E (G, L), if AL)EG(P) -
V¢ € L.
2.2. Definition (12) The soft complement of a soft set (£ £) is indicated by (£ £)¢
or X\(£L) and is described as (£ L) = (£, L) in which £.L - P(X) is a function
Provided by £ (#) = X\~ (£),V £ € L.
2.3. Definition (13) a soft set (£ £) is said to be.
1. A null soft set indicated by @ ifv ¢ € L., 2(£) = .
2. An absolute soft set indicated by X if v £ € £, A(#) = X.
3. A soft point indicated by x, , if

l, =4
A= 4 <oy
We say that x, € (B L) if x€ A¥).
2.4. Definition (13) Let (£ £) and (G, £) be soft sets.
1. (H,L)=(RL)UT (G, L) where,H(t) = AL)UG()-VLEL.
2. (H,L) =(BRL)TI(G,L)where,H¥) = L) NGH)-VLEL
2.5. Definition (14) Let T £ §P(X)., then T is described as a soft topology on X if
1. 3,%XET.
2.V(BL),(G L ET,then(RL) (G, L) ET.
3. (L, L ET,VAEA then e, (8, L) ET.
The triple (X,T,£)) (simply, X ) is known as a STS over ¥ . (£ L) is soft open set if
(AL)ET. (G, L) issoft closed set if (G, L) € T¢.
The triple (W, Tw,L)is a soft subspace of (X,T,£) where WEX, Ty = {Aw, L) =
WHR(BL).(AL) €T} is known as “the soft relative topology” on W, and A, (¥) =
WiiA#e),veeL.
2.6. Definition (14) Letg be a collection of soft subsets over a
X with a fixed set of parameters £.Then i is described as a soft supra topology on X
with a fixed set of £ if
1. 0, XEf.
2. The union of any number of soft sets in fi belonges to fi.
The triple (X i, L) is called supra soft topological space and the elements of i are called
supra open sets. The soft complement of any soft supra open set is called supra soft closed.
2.7.Definition Sint( £ L) is a soft interior of the soft subset (£ £) and is defined as follows.
sint(R L) =0{(G,£).(G,L) E (RL),(G,L)ET}.
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2.8. Definition $cl(£ L) is a soft closure of the soft subset (£ £) and is defined as follows.
cl(RL) =f1{(G,L).(BL)E (G L),(G,L)ETY}.

2.9. Definition (15) A soft subset (5 £) of a STS (X, T, £) become a soft pre-open (resp., soft
semi-open ,soft o-open, soft S-open, soft b-open ,and soft regular-open) if (£L)C
sint(5cl(A £)(resp.,(B L) E scl(Sint (A L)), (BL) E §int (5cl(Sint(£ L)),

(BL) & Sl (Sint(3cl(A L)), (BL) E Sint(5cl(A L)) T scl(Sint (AL)),and (A L) =
sint(Scl(R L£))).The family of all soft pre-open (resp., soft semi-open ,soft a-open, soft 3-
open, soft b-open, and soft regular-open) subsets of X is indicated by §PO(X)(resp.,
§50(X),5a0(X),580(X), $b0(X), and SRO(X)).
2.10. Definition A soft subset (2 L) of STS (X, T,£) is recognized as a soft S.-open (13)
(resp., soft & open (14), soft §-open (14),soft P.-open (15), soft 5.-open (16) and soft b.-open
(17)) set, if (BL)ESSOX) (resp., T.3P(X)., $PO(X),580(X), and 35bO(X) )
andv x, € (£ L),3 asoft closed (resp., soft semi-closed, soft regular open, soft closed, soft
closed and soft closed) subset (K, £) of X s.t. x, € (K, £) E (& £L). The family of all soft S,-
open (resp., soft £-open, soft 5§-open ,soft P.-open, soft B.-open and soft b -open) subsets of ¥
is indicated by §S.0(X) (resp., 5£0(X),560(X), 5P.0(X), $8.0(X) and 5b.0(X) ).
2.11. Definition (15,16) A STS (X, T, £) is recognized as.
1. Soft extremally disconnected space (simply, SEDS), if §cl(£ L) ET,V(LL) ET.
2. Soft locally indiscrete, if (£ £) € T ,then (2 £) € T¢.
3. Soft T,-space , if x,,x. € $P(X) such that x, # x,, there are soft open sets (£, £) and
(R, L) stxq € (A, L), %, ¢ (£, L) and x,.€( £, £), X ¢ (£, L).
2.12. Definition (15) Let (X, T,£) be a STS. The soft 6-interior of a soft subset (£ L) €
5P (X) is the union of all soft open sets over X whose soft closures are located within (£ £),
and is indicated by 50int(£ L). The soft subset (£ L) is known as soft 8-open if
50int(£ L) = (A L). The complement of a soft 8-open set is called soft 6-closed.
2.13. Definition (14) Suppose that 5P (X); and §P(¥), be soft categories. Suppose u.X —
yand p.E — K be functions. Next, a soft function f,,,. 5P (X)z = §P(¥) is described as
the following.
1. For a soft set (B L) in5P(X)r , (Fru(BL),N), N= p(L) E K is a soft set in $P(¥)x
provided by
Fu (B L) = {u (Ug epigne (A@)) pBINL70

otherwise
For B e NEK. f,u((B£L),N)is called a soft image of a soft set (£L). If N=K,

Afterward, we’ll write (f,u (£ £),K) as f,u (£ £).
2. For a soft set (G,C ) in §P(¥)k, where CC K. (f5u(G,C),D), D=p~*(C)is a soft
setin $P(X); provided by
-1
GO ={ (k@) p@ec

otherwise
for @ € D € E,(f4(G, ), D) is known as a soft inverse image of a soft set (G,C). We’ll

write (f,4(G,C),E) as fu(G,C).
The soft function f,,, is called surjective if p and u are surjective. The soft
function fy,, is called injective if p and u are injective functions.
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2.14. Definition (15) Suppose that f,,,. (X, T, £) = (/, & N) be a soft mappingand W =X .
Then the restriction of f,,,,to P (W), is the soft mapping f,,|5P (W) from $P (W) to
$P(¥)y which is defined by the functions u|W.W — y and p. L — N where u|W is the
restriction of u to W.

2.15. Definition (18)A soft function £,,,. (X, T, £) - (¥, & N) is known as.

1. Soft continuous, if £,,!(G,N) € T, V(G,N) € fi.

2. Soft perfectly continuous, if ﬂ;}(G,J\I) is a soft clopen set in X, V(G,N) € i

3. Soft RC-continuous, if £,,!(G,N) € SRC(X),V(G,N) € fi.

4. Soft regular continuous, if f,1(G,N) € 3RO(X),V(G,N) € .

5. §S.-continuous, if £,,1(G,N) € 35.0(X),V(G,N) E .

6. Soft B.-continuous, if £,;(G,N) € 58.0(X),V(G,N) € fi.

7. Soft £-continuous, if £;,(G,N) € 5£0(X),V(G,N) € .

8. §p.-continuous, if /5,1 (G,N) € 5P.0(X),V(G,N) € i.

9. Softirresolute, £,;1(G,N) € §S0(X),V(G,N) € 350(y).

10. Soft open. if f,, (B L) € I, V(BL) ET.

2.16. Proposition (16) A STS (X, T, £) is T;-space iff v %, € §P(X) is soft closed set.

2.17. Proposition (16) Let (X, T, £) be a STS, then §80(X) forms a soft supra topology.

2.18. Proposition (19) If (X, T, £) be a SEDS, then

1. 380(X) E 5p0(X).

2. 3RO(X) E 5¢(X)

2.19. Proposition (10) If (8 £) € T and (K, £) € $80(X) inaSTS (X, T, £) , then (B L) T
(K, £) E 380(X).

2.20. Proposition (14) Let (X, T, £) be a STS, x, € 5¢0(X) iff x, € $RO(X).

2.21. Proposition (15) Let (X, T, £) be a soft regular space iff V x, € Xand V x, € (£ £),3
(G,L)ETst.x, € (G, L) E3cl(G,L) E (RL).

2.22. Proposition (18) Let (W, Ty ,£) be a soft subspace of (X,T,£) and (£L) E W then,
Sinty (R L) =35int(BL)IfWET.

2.23. Proposition (16) Let (W, Ty ,£) be a soft subspace of (X,T,£) and (BL) E W s.t.
W € 30(X).1f (B L) € 580(X), then (B L) E 5p0(W).

3. §B,- Open Sets.

In this section, we study a new type of soft sets called §8,- open set in soft topological
spaces. Some properties of this type of soft set are given, and the relationships with a few
other kinds of soft sets are introduced.

3.1. Definition A soft set (2 £) of STS (X, T, £) is called 58,-open if (£ £) € 580(X)

VX, € (BL),3(K,L)E 550C(XK)s.t. x, € (K, L) E (B L).The family of all §5,-open
subsets of (X, T, £) is indicated by $8,0(X,T,£) or §8,0(X).

3.2. Proposition A soft set (£ £) of STS (X, T, £) is §6¢-open iff (£ L) =u (K; L) where
(A L) EZRO(X) and (K3, L) € §sC(X) VA E A.

Proof: Obvious.

Corollary A soft set (£ £) of STS (X, T, £) is §Bs-open. If (AL) € 380(X) A 5sC(X).
Proof: directly from definition 3.1.
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Remark
1- 38,0(X) £ 560(%).But 380(X) E 38,0(X) is not true in general.
2- §sC(X)is incomparable with §5,0(X).
3- T is incomparable with §8,0(X).
4- T¢ is incomparable with §5,0(X).
The examples that follow demonstrate the earlier point.
Example Consider X = {x;,xX,}, and £ = {#;, £, },with the two soft topological T, =
8.8 (AL), (L)} and T, = {8,X (A.L), (£.L), (FeL)} where
0= {(£1,0), (32;(3)}»)2 = {(£1, {(%1,%2)> (82,{(>g1,)52)},(ﬁ’1,£) =
{1 {x1}), (£2,0)} (B L) = {(¥1,{X2}), (£2, D)}, (B L) =
{1, (x1,%2}), (£2,0)}, (p4,L) ={(£1,9), (2, {x: 1}, (PS,L) =
{(£1,0), (L2, {x2D} (F6.£) = {(£1,0), (L2, {)S1»)Sz})}1(p7,/3) =
{1, 1), (B2 1 DY (FB,[’) = {({1, {x1}), (2, {x21)}, (p9,1:) =
{1, {x), (2, X1, %2 D}, (F10,L) = {(1, {x23), (L2, {x1 D}, (p11,L) =
{1, {x2}), (£2, {x21}, (912,/;) = {(£1, {x21), (€2, {x1, %21}, (p13,1:) =
{61, 1,321, B2, 51D}, (Fra.£) = {(£1, 1, %2), (€2, {x,1)} are all soft subset over X.
(X, T1, L) and (X, T, , £) are two STSs over X.
1- (A L) €5B0(X, Ty, £)-But(A L) € 58,0(% Ty, L)
2- (P L) E3sC(X, T2, L) But( Lo L) € 3Bs0(%, T2, L)

While (£, £) € 58,0(X, T2, £).But( B L) & 35sC(X, T2, L)
3- (AL) ETy.But(AL) € 3B;0(% Ty, L). While

(A L) E3B0(X, T2, L£)-But(AL) €T,
4- (R L) €T, But(L L) &358,0(% T2, L) . While

(~,£) €58,0(%, T2, L) But(A L) T,
The following diagram shows the relations between
580(%) ,35.0(%),5p.0(X), 3b.0(%),58.0(X)and 58,0(X)

35:.0(X)
N
§b.0(X) - 58.0(%) - 38,0(%) ~ 580(X)
7
5p.0(X)

3.3. Proposition For any soft set (£ £) of STS (X, T, £) the folowing statetment are hold.
(AL) E3B,0(%),if (BL) € 55.0(X).
(B L) E 58,0(X),if (B L) € 5p0(X).
(B L) E 38,0(X),if (B L) € 3b.0(X).
(B L) E 58,0(K),if (B L) € 3B.0(X).
(B L) E 38,0(X),if (B L) € 3RO(X).
(B L) E 38,0(%),if (B L) E SRC(X).
(B L) E 38,0(%),if (B L) E 35¢0(X).
(B L) E 38,0(%),if (B L) E 3560(X).
(B L) E 38,0(%),if (B L) E 360(X).

© o N o gk wDdPE
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10. (A L) E 38,0(X),if (B L) € 5c0(X).

The following example illustrates above Proposition.

Example Consider the STS (X, T, , £) in Example, let

(A.L) € 56,0(X, Tz, £) which is not in

§5.0(%, T2 £),5p.0(X, T2, £),5b.0(X, T2, £), and 38.0(X, T2, £)- Also (£5L) € 58,0(X, T2, £)
, but

(AL) € SRO(X, T2 £),560(X, T2 £),560(X, T2, £) and 5€O(X, To, £).

3.4.Proposition If a space (X, T, £) is a soft Ti-space, subsequently $8,0(X) = $8.0(X) =
3PO(X).

Proof: (B L) € 580(X). If (BL) = @,then (B L) € 58,0(X). If (B L) # @, then for each
Xz € (A L),then by Proposition 2.13 {x,} € T°. Hence, x, € {X,} £ (£ L). Therefore,
(A L) € 35B.0(X).since T¢ E 5sC(X)then (B L) E3B0(X). Hence
$0(X) E 38.0(X) E 38,0(X), but 58.0(X) E 580(X) and 38,0(X) E 580(X) generally,
therefore $8,0(X) = 58.0(%) = 380 (X).

Corollary If (X, T, £)is soft T-space, then T £ 38,0(X)and 5a0(X) E 38,0(X).

The following findings demonstrate that any union of $f,-open sets of (X T L) is §Bs —
open.

3.5. Proposition Arbitrary soft union of soft S,-open sets ina STS (X T L) is a soft B-open

set.

Proof: Let {(A, L£). 1 € A} be a family of soft B;-open sets in STS
(X, T, £)-Then {(£,£) .2 € A} E5B0(X) and by Proposition 2.14, T{(A,L).1€
AYE 30(X). Let x, EO{(A,L).1 €A}, hence x,€ (£,L) for some L € A.
Since (£, L)€ 58,0(X) V A, S0 there is (K, L) € 3s¢(X) s.t.
X E(K,L)E(ALLET{(A,L) .42 €A}, 0%, € (K,L)ET{(A,L). 1€ A}. Therefore,
O{(&,L).1€ A} E 56,0(%).

The soft intersection of two soft 8,-open sets need not be a soft Bs-open sets in general as an
exam:

Example If (R L),(G,L) € 35,0(%), then (BL)N
(G, £) need not be 58, open set. If we consider the STS (X, T ,L) in Example 3.5, let
(B,0),(Fiz£) € 5B,0(%, Tz, £). Now we have (/L) 1 (£i2L) = (£,L)

It is clear that (£, L) € 5Bs0(X, Tz £) and hence (& £) N (A, L) € 58,0(%, Tz, L)

3.6. Proposition If $80(X)is a soft topology on X, then §5,0(X) is also a soft topology on X.
Proof: This is sufficient evidence to demonstrate whether the intersection of two §£, —open
subsets is §B, —open. Suppose (£ L),(G,L) € 3B,0(X), then (L L),(G,L) E3LO0(X).
Since §80(X) is a soft topology on X, so (£L£) n (G, L) €E5B0(X). Let x, E(LL) N
(G, L), then x, € (BRL) and x, € (G, L), so there exist (H,L),(K,L) €3sC(X). s.t.
X € (H,L) E(AL)and x, € (K,L) E (G,£)which implies that x, € (H,L) M
(K,L) E (BL) n (G L), then (H,£) n(K,L) €35sCX). Thus,
(BL) N(G.L) E3B0(R).

37. Propositon A STS (X T,£) is SEDS if 3B,0(X)E PO(X).
Proof: By Remark 3.4(1) and Proposition 2.18(1),the prove only if part will follow.
Conversely, let (A L) € T. Then, §cl(A L) = 5cl(Sint(A L)). That is, $cl(A L) € SRC(X),
so by Proposition 3.6(6), Scl(A £) € 58,0(X). By hypothesis, 5cl(£ L) € SPO(X). That is,
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scl(B.L) € sint (Scl(Scl(B.L)) ), Then Scl(A L) E sint(5cl(R L)) but
Sint(Scl(R L)) EScl(RL). Hence, Scl(AL)=Sint(Scl(£L)). This means that,
Scl(A L) ET. Thus, (X, T, L) is a SEDS.

3.8. Proposition A (X, T, £) is SEDS iff §8,0(X) € 5a0(X).

3.9. Proposition If a space (X,T,£) is a soft locally indiscrete space, then §ﬁSO(X) =
$6.0(X) = 3s0 EXE'

Corollary Let (X, T, £) is a soft locally indiscrete space, then.

1. 58;,0(%) =T.

2. 56,0(%) = 520(X).

3.10. Proposition A subset (RL) of (X,T,£L) is 58~ open iff for each x, € (£L),3
(K, L) E56,0(X) st. x4 € (K, L) E (BL).

Proof: Assume that (£8L) €3B;0(X). Then for each x, € (AL) take (BL) =
(K, L) €56,0(X) containing x, st x, € (K,L) E (BL). Conversely, suppose that
VX, € (B L), there exists (K, L) € 36,0(X) st x, € (K, L) E (AL). Thus (BL) =U
{x.} EU (K, L) E (B L) for each x, € (B L), this implies that (£ £) =u (K, £), therefore
(B L) is §Bs-0pen set.

3.11.Proposition If (X, T, £) is soft regular space, then T £ 58,0(X).

Proof: Let (B L) €T, then (A L) € 380(X). Since X is regular, then by Proposition 2.21,
for eachx, € (L£L)3 (G L) ET st x,€(G L EScl(GLE(LL). So that,
Xq € 5cl(G, L) E (A L) .Since 3cl(G, L) € §sC(X) , then (8 A) € 58,0(X).
3.12.Proposition Let (X, T,£) be a SEDS. If (R£) € 35B,0(X) and (G, L) € SRO(X) .
Then (B L) N (G, £) € 58,0(X).

Proof: Let (B L) € 36,0(X) and (G, £) € §RO(X) then, (£ L) € T then by Proposition 2.19
(BON(GL)ESROR). If x,E(BLN(GL) then, since (ABL)E3B0(X),
A(K, L) € 3sC(X) st. x, € (K, L) E (B L) and so, x, € (K,£) N (G, L) E (BL) N (G, L).
Since (G, L) € $RO(X) in a SEDS so by Proposition 2.18(2), (G, £) € 5€(X) then it is soft
semi-closed and hence (K, £) 1 (G, £) € §sC(X). Therefore, (£ £) N (G, £) € 38,0(X).
3.13.Proposition Let X be a SEDS. If (BL£) €38,0%) and (G,L) € 380(X) .
Then (B L) N (G, L) € 56,0(X).

Proof: by Proposition 2.20 and Proposition 3.19.

3.14. Proposition Let (X, T, £) be a STS and (8 £), (G, £) E 3P(X).. If (AL) E3B0(X)
and (G, £) € 5C0(X), then (£ L) N (G, L) € 36,0(X).

Proof: Let (AL)E3B,0(X) and (G, L) €5C0(X), then (G, L) €580(X). Then by
Proposition 2.19 (A£L) N (G, L) E5BR0(X). After that, letsx, € (BL) N (G, L),
therefore X, € (A L)and Xz € (G,L), ) 3 (K, L) E3sC(R) such
thatx, € (K,£) E (B L). Since (G,£) €35C(X) then (G,L£) €35sC(X) implying that
(K.LN(G,L) E 3sC(X). Therefore, x, € (K,£) N (G, L) E (BL) N (G, L). Thus, (BL) M
G, 0)is$8,0(X).

Corollary Suppose X be a STS, let (£L),(GLEX. If(ARL)EZLOX) (G, L)
€ 5a0(X) and (G, £) € 3sC(X), then (£ L) N (G, £) € 38,0(X).

3.15. Proposition Let (W, Ty, £)be a soft subspace of a soft space (X, T,£)and W € T. If
(AL)ESsC(X), then (BL AW E §sC(W).
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Proof: Since W € T and by Proposition 2.22 then Sinty (£ L) = sint(£ L) for all
(B EW. Hence, we obtain
& sint(5cl(£ L)) A sint (5cl(W)) AW E sint(5cl(£ L)) A W.since (B.L) € 5sC(X),

then sint(3cl(A L)) E (BL).
Thus, §intyy (§ch (oA v"v)) & (BL) A W. Therefore, (R.L) AW & 3sC(W ).

3.16.Proposition  Let (W, Ty, L)be a soft subspace of a soft space
(X, T, £)and W € T(resp.,softclopen). If (BL)E35B,0(%) then (£LO)N
W € §8,(W).

Proof: since W € T,and (£ L) € §80(X) by Proposition 2.19 (RL) A W € 360(X)
Since (BL)N W E Wand W € T then W € 580(X) then by Proposition 2.20 (£L£) i
W € §8(W).But (L L)€ESB(X)thenvx, €(LL),3

(G, £) E3sC(X) st x, E(G,L) E (BL). Hence x, € (G, LA W E (BL) A W since
W € Tand (G, £) €3sC(X) ,then by Proposition 3.23 (G, £)A W € §sC(W ) therefor
(RLYAW € 5B,(W).

Shown by the example following, the converse of Proposition 3.24 is incorrect, if W & T.
Example Examine X = {x;,X2 X3}, W = {x,,x,}.,and £L = {£;,£,}. We consider T =
{((R,L0).i=1.2,..,6} U{X 0} where

N
A0={g) - AW ={ W=,
so-fi) W Ae-fi B0
Then38,0(X) = T ,and Ty = {8, W, (H;, £).i = 1,2,...,6} where
H;(x) = {21} iiff;S _ jzl HZ(X):gg iiffjgs :2
H3(x) = :{)?2} lflés >S==££1)2 Halx) = {?;;SZ} i;fxx:{’il
Hs(x) = :{{)?21}} iiff)is:;;’lz He(x) = {>s{f2>s}z} ifi?x: j 1{’2

So (Hs,x) € $8,0(W) but (H3,%) & 58,0(X).

3.17. Proposition Let (W, Ty, L) be a subspace of a space (X, T,£) and (BL) EW. If
(A L) ESB,0(W)and W € 5C0(X), then (£ L)E §8,0(X) .

Proof: Let (BL) €35B,0(W), then (AL) ESBO(W) and for x, € (R L), there is
(K, L) € §sC(W) s.t. Xy € (K, L) E (RL). Since w ET, and
(A L) E W then by proposition 2.22 (£ L) E sclySinty (Scly (£ L)) =
Scl(3int(3cl(B L)), (BL)E3PoX)since (K, L) EssC(W),3 (G, L) EssC(X) st
(K, L) = (G,£) "W but W € T¢ then it is soft semi-closed therefore (K, £) € §sC(X)

The following corollary is derived directly from Proposition 3.26. and Proposition 3.24.
Corollary Let (X,T,£) be aSTS, and (£ .£), W be soft subsets of X s.t. (2 £) EW E Xand
W € 5C0(X). Therefore (£ L) € 58,0(W ) iff (B L) € 58,0(%).

Corollary Let (BL)ESBORK),(BLHE Wand W ESCO(X),  then
(BL) NW € 3B,0(W).
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Proof: Let (BL) € §8,0(X), then (A L) E35L0(X). Since W € T, by Proposition 2.19,
(R NW €35B0(X). SinceW E SBO(X) then by Proposition 2.14 in (16) ,(£ £) N
W € §p0(W). And VX, € (AL), there is
(K, L) €3sC(X)s.t. x, E(K,L)E (BL).Hence, x,E (K,LH)N WE (BL)NW by
Proposition 3.23. (K, £) N W € §sC(W) and therefore, (£ L) N W € 38,0(W ).

4.3B,-Continuity

In this section we define the concept of soft §3,-continuous function by using soft 5,-open
sets. We then explain various properties of this concept as well as compare it to several other
forms of soft continuous functions.
4.1.Definition 4.1. A soft function f,,.. (%, T, £) - (¥, N) is called 5Bs-continuous at a soft
point x, € 3P(X),, if (G,N) € i containing fy, (x4), 3 (B L) € 58;0(X) containing x,, s.t.
fpu(£ L) E (G,N). And it is called §B; — continuous function, if f,, is §8s — continuous at
every soft point of X.
4.2. Proposition 4.2. A soft function f,,,. (X, T,£) - (, & N)
is §Bs-continuous iff the inverse image f,1 (G, N) € 58,0(X) ,V(G,N) € fi.
Proof: Suppose f,, is 3B.-continuous and let (G,N) € i. We show that f,;;((G,N))
€ 5B,0(%). If fu((G,N)) =8, then f1((G,N)) E3B,0(X) . If f4((G,N)) = @, then
3%, € fru((G,N)) which implies that f,,(x,) € (G,N). Since f,, is §Bs —continuous, 3

X, € (BL)E 58,0(X) st fu((BL)) E (G N). This implies
thatx, € (B L) E f,4((G,N)). This shows that f,((G,N)) € 58,0(X).
Conversely, letx, € $P(X), and f,,(X4) € (G,N) E i, Then

Xa € fpa((G.N)) € 3B(X) and (£ L) = f1((G,N))

st fru((B L)) = fpu(Fpu((G,N))) E (G,N). Hence, f,,, is 5Bs-continuous.

4.3. Proposition Let f,,,. (X, T,£) = (/, & N) be a soft function

1. fpy is §B — continuous, if f,,, is a §Bs-continuous.

2. fpuis SPs-continuous, if f,, is a §s.— continuous (resp., $p.-continuous,$b, —
continuous, §f. — continuous, soft regular continuous, SRC —continuous, §¢ —
continuous, §6 — continuous, §§ — continuous and soft perfectly continuous)

Proof: By 58,0(X) £ 560(X) and Proposition 4.2. we get prove (1).

And by Proposition 3.6. and Proposition 4.2. Prove (2) will follow.

The following examples illustrate the previous remark.

Example Consider the soft topology T, ={0,X (A.L), (&L)} in Example 3.5.

Then the identity function 1. (X, Ty, £) = (%, T1, £) is §B-continuous but not §4,-continuous

since (A, L) € Ty, but I7Y(AL) = (ALL) & 58,0(%).

1. Consider the soft topology T, = {6,%, (A.£), (££), (Fs,£)} in Example 3.5. Then the
identity  function L(XTz»L) > X ToL) is 3Bg-continuous but is not
§s. — continuous, $p.-
continuous,$b,. — continuous, §f, — continuous, soft regular continuous,

SRC —continuous, §6 — continuous, and  soft  perfectly  continuous.  Since

(£5L) EToothen 171( A5 L) € 56,0(X)butl~1( A5, L) is not §s. — open, $p.-open,Sb, —
open, 5. — open, $R — open, SRC —open, §6 — open, and soft clopen.
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2. Consider the soft topology
T.={0,8(AL),(&L)}and T, = {8,%, (A.L), (A,L), (F,L)} in Example 3.5. then
I.(%,T2 £) » (X, Ty, £) is 3B,-continuous but is not ¢ — continuous, §§ — continuous
since (A5,L) € Ty, but I7Y( & L) = (A L) is not §€ — open and §§ —open.

4.4 Proposition A soft function f,,,. (X, T L) - (¥, i, N) is 5B,- continuous iff f,,, is a soft

B-continuous and Vx, €X and V (BN) €[ containing f,,(Xs), 3(K, L) € 3sC(X) st

fou((K, £)) E (BN).

Proof: let f,,,. (X, T, L) - (7,1, N) be a §8, —continuous function and also let x, € §P(X)

and (AN)Efa containing f,,(x,). By assumption, 3x, € (G, L) €3B,0(X) st

fpu((G,£)) E (AN). Since (G,£) €358,0(X) (K, L) ESsC(X) stx, € (K, L) E (G, L).

This implies that f,,, (K, L) E (AN). Therefore, f,, is 5Bs- continuous. Then f,,, is soft -

continuous.

Conversely, suppose (£ N) € i. We have to show that f,2((AN)) € 58,0(X). Since f,,, is

soft -continuous, then f,((AN)) € 5B0(X) . Letx, € fru((BN)). Then

fru(%a) € (BN). By hypothesis 3x, € (K, L) € §sC(X) s.t. f, (K, £)) E (AN), which

implies that x, € (K, £) E 5 ((8N)), therefore f,4((& N)) € 58,0(X) .Hence by

Proposition 4.2 f,,, is §Bs-continuous.

4.5. Proposition If X is soft T; -space in a soft function f,,,. (X, T,£) - (, &, N)

, then The following properties are equivalent.

1. fpy is §B-continuous.

2. fpy IS §fc-continuous.

3. fpu IS §fs-continuous.

Proof: by Proposition 3.8

4.6.Proposition If a soft function f,,. (X, T,£) = (¥, N), is soft continuous, and X is soft

T;- space, then f,, is §8s-continuous.

4.7 Proposition If f,,,. (%, T, £) - (¥, & N), is soft continuous, and X is soft regular space,

then £y, is §Bs-continuous.

Proof: By Proposition 4.2 and Proposition 3.18 we get the prove.

4.8. Proposition If f,,,. (X, T, £) » (,& N), is soft B —continuous, and X is SEDS, then f,,,

is §p-continuous (resp., Sa —continuous).

Proof: By Proposition 4.2 and Proposition 3.13(resp., Proposition 3.14) we get the prove.

4.9.Proposition If X is soft locally indiscrete space in asoft function f,.(X,T,£) -

(v, i1, N), then the following properties are equivalent.

1. fpy is Ss-continuous.

2. fpu 1S §Bc-continuous.

3. fpu is §Bs-continuous.

Proof: by Proposition 3.15.

Corollary Let f,,,.. (X, T, £) - (¥, i1, N) be a soft function s.t. (X, T, £) is a soft locally

indiscrete space. Then

(1) fpy is a soft Bs-continuous function, iff f,,,, is a soft continuous function.

(2) fpy Is a soft Bs-continuous function, iff f,,, is a soft a-continuous function.

Proof: (1) and (2) direct by using corollary 3.16 and by Proposition 4.2.
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5. Properties and Comparisons

5.1.Proposition Let f,,. (%, T, £) - (¥, N) be 585 —continuous function. If W € T (resp.,
soft clopen), then f,,|3p(W)..(W,¥,£) = (,&,N) is §Bs-continuous function in the
subspace W.

Proof: Let (AN) € ji. Since fpu 18 $Bs-continuous function, then by Proposition 4.2
fa(BN) is 56,0(%). Since W €T, then by Proposition 3.24 (fpu|§P(VT/)L)_1(H]\I) =
fpa((BN) MW € 3B,0(W). This shows that f,,|SP(W)..(W,7,L) > (V, & N) is 3Bs-
continuous function.

5.2.Proposition  Let f,,.(%,T.£) » (¥,LN) be 3Bs-continuous function. If
W € SRO(X)then f,,|SP(W)).(W,7,£) - (¥, i, N) is 3Bs-continuous function in the
subspace W.

Proof: Since every soft regular open is soft open, this is a direct result of Proposition 4.2 and
Proposition 5.1.

5.3.Proposition Let f,,.(%,T.£) » 7,4 N) and gg. .G N) - (W,7,T) be two soft
functions, then the following properties hold.
(1) If f,, is a 3Bs;—continuous and g,, is a soft continuous, then gg,ofy, is a
§Bs —continuous.

(2) If f,, is a §Bs—irresolute and g,, is a §B —continuous, then gg,°f,, is a
§Bs —continuous.

Proof: (1) Let (BT) €. Then g, (AT) € i by continuity of gg,. Since fy, is a §f-
continuous, a(ga (BT)) € 3B5(X) and hence,
(9qv ofpu) (AT) = f‘u(gql(ﬁ-’ T)) € 3B5(X). Therefore, g, o fpy is @ §Bg-continuous.
(2) Let (B T) €. Since g4, is a fs-continuous, gq; (B T) € 385(Y) . Since f,y, is a 5fs-
irresolute, a9 (BT)) € 3B4(X) and hence,

(gqv® fpu) (BT) = a9zt (BT)) € 385(X). Therefore, gg, © f,y is a §Bs-continuous.
5.4.Proposition Let f,,. (X, T,£) » /,iLN) and ggp. (. N) - (W,7,T) be two soft
functions. If f,,, is a $f5-open and surjective and g, © fpy, IS @ §Bg-continuous, then g, is a
§Bs-continuous.

Proof: Let (BT)E7J. Since ggyofpu iS a S§PBs-continuous, (ggv ofpu)_l(F: T) =
foa(gga (BT)) €3B4(X). Since f,, is a 3Bs-open and surjective, then

fpu ( g2 (B T))) 9qv (BT) € 3B(¥) . Hence, g,y is a $Bs-continuous.
5.5.Proposition A function f,,.. (X, T, £) » (v, i N) is 3Bs- continuous If vx, €35PX). 3
a soft clopen set (£ £) of X containing x,, s.t. foul (B L); (B L) = ¥ is §Bs-continuous.
Proof: Let x, € SP(X)D then by hypothesis, 3 (£ L) € sCO(X) containing x, S.t.
foul (B L); (B L) - ¥ is §Bs-continuous. Let (G,N) E SP(¥)y containing fp, (%,), 3 a 5B;-
open subset (H, L) of (BL) containing x, S.t. (fpul(ﬁ, L)) (H,L) E (G,N). Since
(A L) E5C0(X). By Proposition 3.26 (H, L) € 5B5(X) and hence f,,,((H, £)) E (G,N). This
implies that f,,,, is §B¢-continuous.

5.6.Proposition If § = (B L) u (G, L) , where (B L), (G,£) E3CO(X) and f,,. (X, T, £) -
(¥, @& N) is a function s.t. both f,,,|(£ £) and f,,,|(G, £) are both §Bs-continuous, then f,,, is
§Bs-continuous.
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Proof: Let (H,N) € @.Thenfy,((H,N)) = (fpul (B L) '((H,N)) U (fpul(G, L)) ((H,N)).
Since  fp,|(BL) and f,,|(G, L) are 3Bg-continuous. Then by Proposition
4.2(fpul (RL)™H((H,N)) and (Fpul (G, £)71((H,N)) are §B;-open sets in (A4 £) and (G, £)
respectively. Since (B L),(G,L)EZCO), then by Corollary 3.26
(Foul (B £)7H(CH, ND), (| (G, £) 72 ((H, N)) € 5B4(X). Since the union of two 58,-open
sets are §f3;- open. Hence f,;((H,N)) € §B(X). Therefore, by Proposition 4.2 fpu 1S 5P~
continuous.

In general, if § = U {(K,, L); « € A}, where each (K,, L) is a soft clopen set and
fou- 8 T.£) = (7, Ty, N) is a function s.t. f,,,,| (K, £) is $Bs-continuous for each a, then f,
IS §Bs-continuous.
5.7.Proposition Let X=(A,L)U(A,L) , where (A,L),(A,L)ESCO(R). Let
fou (B, £) = F,aN) and gy (R, £) > (,AN)  be a 5f,-continuous. If foy(x,) =
Ipu(Xa), V Xy € (A, L) N (£, L). Then the function hyy,. (£, L) U (A, L) = ¥ st

My (3) = {fpu()Sa) ?f)Sa % (A, L)

IpuRa)  if Xy € (£, L)

Is §8s-continuous.
Proof: Let (G,N) be a soft open set of y*. Now h;2((G,N)) = fa((G,N)) U gpi((G,N)).
Since f,,, is §Bs-continuous, then by Proposition 4.2, f,,; (G, N) is §Bs-open set in (£, £). But
(A, L) is soft clopen set in X. Then by Corollary 3.26, f,;(G,N) is 5Bs-open set in X.
Similarly, g, (G,N) is 5Bs-open set in (£, £), and hence 3B-open set in X. Since the union
of two 3B,-open set is §Bs-open. Therefore, hy2((G,N)) = fa(G,N) U gpit(G,N) is 3B
open set in X. Hence by Proposition 4.2 h,,, is §,-continuous.
5.8. Proposition Let f,,. (X, T L) - (Y, ii, N) be §Bs-continuous. If y is a soft clopen subset
of a STS W, then f,,,.. (X, T, £) - (W, 7,N) is §B,-continuous.
Proof: Suppose x, € §P(X), and (G, N) be any soft open set of W containing fpu(Xe), then
(G,N) ny is a soft open set in y. But f,,(%,) ESP(Y )N VX4 € SP(X),, then
fou(xa) € (G,N) My Since f,. (X, T, L) » (¥, 4, N) is 5Bs-continuous, then 3 a f;-open
set (A £) containing x, s.t. f,, ((BL)) E ((G,N) ny') E (G,N). Therefore f,,,. (X, T,£) -
(W, 7,N) is 3Bs-continuous.

6. Conclusion
Through the current research work, we have continued to investigate the properties of soft beta

open sets in soft topological spaces. §f,-open sets is defined as a new kind of soft sets which is a
stronger form of soft 8 -open sets and weaker than each of §f.-open, soft clopen sets and some other.

We presented and examined $f-continuous functions in a STS. We also identified some
characterizations and basic properties of these soft functions as well as their relationships to certain
other categories of soft functions and documented with some illustrative examples.
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