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Abstract
This paper shows new approximate ways to solve nonlinear ordinary 

differential equations using two methods that repeat steps: the Adomian 
decomposition method (ADM) and the optimal Adomian decomposition 
method (OADM). These equations are extensively utilized in fluid 
dynamics and engineering. The OADM sets itself apart by incorporating 
an optimal control parameter that enhances solution accuracy and 
accelerates convergence, providing a distinct advantage over the ADM. 
The two methods have been applied to three important equations: the 
Darcy-Brinkmann-Forchheimer moment equation, the Blasius equation, 
and the Falkner-Skan equation. The effectiveness of the two methods 
was assessed by looking at how quickly they converged and the largest 
error remaining, while also comparing them to other numerical results 
from operational matrix methods found in existing research. The results 
demonstrate the superior accuracy of OADM, which proves its 
effectiveness in solving the nonlinear equations. All computations were 
conducted utilizing the program, which facilitated the execution and 
evaluation of the proposed methods.
Keywords: Adomian Decomposition Method; Optimal Adomian 

Decomposition Method; Maximum error remainder; Darcy-Brinkman-
Forchheimer Moment Equation; Blasius Equation; Falkner-Skan 
Equation.
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The Blasius equation has received major attention in the research community due to its 
importance in analyzing the behavior of the hydrodynamic boundary layer and the flow of 
viscous fluids in fluid mechanics3. Later, ADM and the differential transform method were 
employed to obtain semi-analytical solutions; refer to15. Furthermore, three different techniques 
were utilized in other studies: the simple perturbation technique, the Galerkin method, and the 
direct numerical method, with the advantages of each of them being evaluated based on the 
nature of the chosen field; see16. In addition, she employed the Crocco-Wang transform along 
with adjusted finite differences and the Wynn algorithm to obtain accurate solutions to the 
Blasius equation; see17. 
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where denotes the shape parameter of the porous media, indicates the Forchheimer number, 
and  represents the viscosity ratio. 
2.2.  
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subject to the boundary constraints:                                            (3)
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subject to the boundary conditions:                                             (5) 
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4. Convergence Analysis and Approximate Solutions with Numerical Results
4.1.Convergence Analysis of the ADM and the OADM
This subsection studies the convergence of ADM and OADM in relation to Equation 9. The 
fundamental prerequisites for achieving convergence are established, together with the 
assessment of the mistake produced by this method. The fundamental findings are delineated 
within the following theories2,31. To explain it, initially the following steps are selected. 

, 
, 

, 
 

,                                                                                                   ( 5)
Consider to denote the approximate solution derived from the initial iteration, and the 
operator  is represented by the subsequent relation: 

,                                                                                           ( 6)
such that  signifies the solution obtained from the proposed methods. The solution can be 
expressed using Equations 25 and 26 as follows: 

,    ( 7) 
4.1.1 Theorem  
suppose , as defined in Equation 26, is the operator assignment from the Hilbert space H to . 
The series  is converges, 

 
 

4.1.2 Theorem  
if the series solution  as presented in Equation 27, converges, it constitutes 
the exact solution of the nonlinear Equation 9. 

 
4.1.3 Theorem  
let the series solution defined in Equation 27 be approximated by the truncated 
series , consider the solution  of Equation 9. The maximum mistake 

 can be derived from the following formula2,31:  

       (28) 
To summarize. 4.1.1 and 4.1.2 theorems illustrate that the nonlinear solution obtained from the 
ADM for Equation 9, using the iteration formulas defined in Equation 25, converges to the 
exact solution provided that there exists a  such that . 
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The series solution for Equation 9 converges to an exact solution  when 
 for every  The maximum error of the truncated absolute, based on 

Theorem 4.3, is determined to be 
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By applying the ADM, 
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The boundary conditions and the Maclaurin series yielded two approximate initial values: 
 and , indicating the existence of double solutions 32. To determine the 

optimal value, the  was calculated for each of them, resulting in  for the 
negative value and  for the positive value. This study adopted the positive value 
of its effectiveness in decreasing error. 
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Due to the unavailability of the exact solution, the maximum error remainder  was used 
to evaluate the accuracy of approximate solutions; it is defined as follows2: 

,                                                           ( 5) 
Table 1 illustrates the considerable disparities in the maximum error remainder values between 
the ADM and the OADM, indicating the OADM's superiority in yielding satisfactory outcomes.
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Table . Maximum error remainder of the ADM and the OADM for Equation 30, when 

Figure 1 shows the logarithmic plots for the values obtained by the ADM and OADM. 
The graph clearly shows that decreases more quickly with OADM than with ADM, 
emphasizing that OADM is better at achieving faster results and greater accuracy in the same 
number of iterations.

Table . The value of to the approximate solutions of the proposed methods for to 7 when 
for the DBFME.

( 6)

Table 3 demonstrates that the OADM gives better results in comparison to the ADM in all 
studied hypotheses. Increasing the value of is associated with a continuous decrease in the 

, signifying an improvement in the accuracy and stability of the OADM. This signifies its 
superiority and efficacy in solving the DBFME approximately.
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Table 3. The comparison between the when , and versus the value of for the DBFME.
= = 1,  = = 1, = = 1, .

Interva
l

of 
ADM

of 
OADM

of 
ADM

of 
OADM

of ADM of 
OADM

on .

Table 4. The comparison between the when , and versus the value of for the DBFME.
= = 1, = = 1, = = 1, .

Interval of 
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of 
OADM of ADM of OADM of ADM of 

OADM
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[0,2]

[0,3]



-

on . on .

the the
the values the

the
the

Table 5. The comparison between the when , and versus the value of for the DBFME.
= = 1, = = 1, = = 1, .

Interval of 
ADM

of 
OADM of ADM of OADM of ADM of 

OADM

on . on .

Table 6 will examine the results from the ADM and OADM for the DBFME and compare them 
with the operational matrix methods, specifically the Bernoulli operational matrix method 
(BrOM), the Bernstein operational matrix method (BOM), and the shifting Legendre operational 
matrix method (LOM), as explained in2. Here, P represents the parameter under study (i.e., , , 
or ), whereas V indicates the chosen value of that parameter. Table 6 shows the numerical 
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results obtained using these methods. The OADM demonstrates superiority over other methods, 
evidenced by the lowest values of across all cases, indicating its exceptional accuracy 
compared to other methods. The  values diminish as  increases, whereas they escalate 
with rising  and ; this signifies the impact of these parameters on the solution's accuracy. 

Table 6. The comparison between the for the DBFME by proposed methods and methods in2. 
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Table 7 shows that the OADM clearly outperforms the ADM over all intervals. The ADM 
failure becomes clear in the fifth interval due to an increase in error; however, the OADM 
provided a satisfying outcome over the same interval, highlighting the importance of the optimal 
parameter in enhancing results.

Table . The comparison between the of the proposed methods for the Blasius Equation.

Figure 5 illustrates that the noticeably decreases with an increase in iterations for both the 
ADM and OADM, signifying the convergence of the solutions. However, the accuracy and 
convergence speed for the OADM are the highest.

Figure 5. Logarithmic plots for the versus from 1 to 7 for the Blasius Equation on .

Table 8 demonstrates that all values are less than 1. This confirms that they are convergent. 
Furthermore, results demonstrate the superiority of OADM compared to ADM regarding 
convergence speed.
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Table 8. The value of to the approximate solutions of the proposed methods for to 7 for the Blasius 
Equation.

the

Table 9. The comparison between the versus from 1 to 7 for the Blasius equation on .

for the Blasius Equation proposed methods on .
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Table 10 indicates the superiority of the OADM over the ADM in terms of accuracy, as the 
OADM maintained low error values over different intervals, while the ADM errors increased 
significantly, especially at the interval . 

Table 10. The comparison for the  when  and  for the -  by using the 
proposed methods. 

    
    
    
    

 
Figure 7 illustrates that the  value decreases significantly with an increase in the number 
of iterations for both the ADM and OADM, indicating the convergence of solutions. However, 
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the results demonstrate the superiority of the OADM for accuracy and convergence speed in 
comparison to the ADM.

Figure 7. Logarithmic plots for the versus from 1 to 7, for Equation 43 on .

Table 11 shows the convergence of approximate solutions towards the exact solution, and also 
note the superiority of OADM over ADM in the speed of convergence.
Table 11. The value of to the approximate solutions when and for the Falkner-Skan equation by 

using proposed methods

In addition, this subsection compared the results of iterative methods with the operational 
matrices methods, as presented in1, for the approximate solution of the Falkner-Skan equation. 
Table 12 illustrates a comparison between BrOM, BOM, LOM, ADM, and OADM for the 

. The analysis demonstrates that the OADM significantly reduces the error, hence 
affirming its efficacy and precision in nearly solving the Falkner-Skan equation. Figure 8 shows 
that as the number of iterations increases, the error quickly and persistently decreases, proving 
that the OADM is effective in reaching high accuracy and better results compared to other 
methods.
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when and for Equation 4 on .

The comparison for the between the proposed methods, when and for Equation 
(4 ) on .
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