
 

311 

 

Notes on  - diskcyclic operators  
 

Muammer Badree Abed
1* 

 and Zeana Zaki Jamil
 2    

  
1,2

Department of Mathematics, College of Science, University of Baghdad, Baghdad, Iraq 

*Corresponding Author 

 
 

 

Received:  4/June/2025 

Accepted: 2/November/2025 

Published: 02/January/2026 

doi.org/10.30526/39.1.4224 

 

© 2026. The 

Author(s). Published by College 

of Education for Pure Science 

(Ibn Al-Haitham), University of 

Baghdad. This is an open-access 

article distributed under the 

terms of the Creative Commons 

Attribution 4.0 International 

License 

 

Abstract 

In this paper, we investigated the concept of ε-diskcyclic operators on 

a separable infinite-dimensional Hilbert space  . A bounded linear 

operator   is called  -diskcyclic if there exists a vector  ̃ in   such that its 

disk orbit          ̃    {     ̃              | |   } visits 

every cone of aperture  . That is, for every non-zero vector   in  , there 

exist   in    where    | |    and   in   such that ‖    ̃   ‖  
 ‖ ‖. Such a vector   is then called an ε-diskcyclic vector for  . 

We established several properties of ε-diskcyclic operators. In particular, 

we showed that every  -diskcyclic operator is cyclic. Moreover, we 

examined the relationship between ε-diskcyclic vectors of   and 

eigenvectors of the adjoint operator    that cannot be orthogonal to each 

other. We also proved that if    is a bounded linear operator on   ; 

         , then the direct sum       is  -diskcyclic provided each    is 

 -diskcyclic. Finally, we presented a criterion for determining  -

diskcyclicity. 

Keywords: Cyclic Operator, Hypercyclic Operator, Diskcyclic Operators, 

 -Hypercyclic Operator,  -Diskcyclic Operator. 

  

1. Introduction  

Let      be the space of all linear bounded operators on infinite - dimensional separable 

Hilbert space   and    {       | |   } be the closed unit disk in complex number 

except zero.  

Cyclic phenomena in operator theory study the behavior of operators that have dense orbits; let 

    and  ̃   ,See
1         ̃   {   ̃|    }, which divided into: 

1.1 Definition:   is called a cyclic operator on    if there exists a vector  ̃    such that the 

             ̃  ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅is dense in  , such a vector  ̃ is called a cyclic vector for  2
. 

1.2 Definition: An operator   is called hypercyclic if there is some vector  ̃      such that the 

orbit of  ̃ under  is dense in  , such a vector  ̃ is called a hypercyclic vector for  3
 

.For more details
4-7

.  

1.3 Definition:   is called supercyclic if there is a vector  ̃    such that          ̃   {    ̃  
        } is dense in  , in this case  ̃ is called a supercyclic vector for  8

. 

For more information
9-18.

 

1.4 Definition: An operator        is called a diskcyclic if there is a vector  ̃    such that 

the set          ̃   {    ̃|       } is dense in  , where the vector  ̃ is called a 

diskcyclic vector for  88
. 

One of the important rustles in
88

 was the diskcyclicity criterion which introduced by
18

, also many 

studies have been presented by several researchers that have given more results. For more 

details
20-07

 
 

A new concept of cyclic phenomena is called   diskcyclic operator
07

. In fact, the following 

definition of    density is clearly weaker than the concept of diskcyclicity.  
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1.5 Definition : Let                  is called   diskcyclic operator if there exists  ̃    

such that for all non- zero vector    , there are    ,      , ‖    ̃   ‖   ‖ ‖. 

In this case  ̃ is called    diskcyclic vector
72

. 

The set of all    diskcyclic vectors of  denoted by         and the set of all   diskcyclic 

operator by        . 
The examples illustrate the relationship between   diskcyclic and cyclic phenomena operators 

are construct in
07

. They showed that if   is a diskcyclic operator, then   must be   diskcyclic. 

The convers will be true, if   is an   diskcyclic operator for all        . Also, they presented 

that there exist a supercyclic operator which is not   diskcyclic. These facts motivated us to try 

to answer the following questions.  

1.6 Qustion: Is every    diskcyclic operator cyclic? 

1.7 Qustion: Is    diskcyclic operator has a criterion? 

In this paper, we answered question      positively and discussed some properties of 

  diskcyclic operators, such as an eigenvector of the adjoint of an   diskcyclic operator must 

be not perpendicular to an   diskcyclic vector. Moreover, we proved that the modules of an 

eigenvalue of the adjoint of   greater than one. In addition, we explained that if        
         is an  -diskcyclic operator, then    is an  -diskcyclic operator for all   in section 2. 

Finally, we answered question      positively in section3. 

 

2. Materials and Methods  

This study investigates the properties of  -diskcyclic operators on an infinite-dimensional 

Hilbert space. The research is theoretical and employs methods from functional analysis and 

operator theory. The main objects of study are bounded linear operators   on a Hilbert space  , 

with a focus on the concept of  -diskcyclicity. An operator   is defined as  -diskcyclic if there 

exists a vector,  ̃   , such that, for every nonzero vector    , there exist scalars    

(with      ) and integers   such that      ̃         . 

The approach involves: 

 Proving new propositions about the relationships between  -diskcyclic operators and other 

cyclic phenomena. 

 Establishing connections between  -diskcyclic vectors and eigenvectors of the adjoint 

operator. 

 Investigating the behavior of direct sums of  -diskcyclic operators. 

 Formulating and proving a criterion for  -diskcyclicity. 

Proofs are constructed using standard techniques in Hilbert space theory, such as density 

arguments, properties of adjoint operators, and the use of countable dense subsets. 

 

3. Results and Discussion 

     In this section, we will discuss two axes, the first one studies  

3.1 Some Properties of   Diskcyclic Operator. 

The next proposition gives a positive answer for Question (1.6). But first we recall a well-known 

fact: Let   be an infinite - dimension Hilbert space,   be a proper closed subspace of  , then for 

any  ̂    there exist a unitary vector       such that              ̂. 

3.1.1 Proposition: 

Let        . If   be an  - diskcyclic operator on  , then   is a cyclic operator. 

Proof: Assume by contradiction that   is a non-cyclic operator. Put                 ̃  ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

where  ̃ is  -    cyclic vector for  . Let  ̂        and       be a unitary vector such that 

           ̂. Therefore,  (   ̂)           ̃   , thus  ̃ is not  ̂             vectore. 

since    ̂   , so  ̃ is not    diskcyclic vector for  , which is a contradiction. 
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3.1.2 Proposition:  

Let        be two Hilbert spaces,             is invertible,  ̂        and  ̂        such 

that      ̂. If  ̂ is an   diskcyclic operator where      
 

‖ ‖‖ ‖   , then   is 

‖ ‖‖ ‖     diskcyclic operator. 

Proof: Let  ̃        ̂  and       then          Thus there exist         such that 

‖  ̂  ̃       ‖   ‖    ‖  That is, 

‖   ̂       ̃    ‖  ‖ ‖‖  ̂  ̃       ‖    ‖ ‖‖    ‖   ‖ ‖‖   ‖‖ ‖ 

Therefore,   ̃ is ‖ ‖‖   ‖   diskcyclic vector for   ̂     .  

We focus on relationships between    diskcyclic vector and eigenvector of the adjoint of   if 

exist.  

3.1.3 Proposition: 

Let        , if  ̃         , then the  adjoint of   has no eigenvector orthogonal to  ̃   
Proof: Let        ,  ̂    with ‖ ̂‖    be an eigenvector for   , thus there is a non-zero 

scaler     such that    ̂    ̂. Assume that 〈  ̃  ̂〉   . Take       ‖ ‖    and 〈   ̂〉  

  
 

 
 where   

 

    
. Since  ̃ is an   diskcyclic vector for  , therefore, there are         

such that ‖     ̃    ‖    ‖ ‖, hence ‖     ̃    ‖    . So, 
|〈    ̃      ̂〉|   ‖    ̃    ‖‖ ̂‖  ‖    ̃    ‖    .                                                   (1) 

On the other hand, we have 

|〈     ̃      ̂〉|   |〈    ̂〉|  |〈      ̂〉|   |〈   ̂〉|  |〈   ̃     ̂〉|         |  |  〈  ̃  ̂〉 

                                                                                                                                                     

Form Equations    and   we get     |〈     ̃      ̂〉|    , hence    
 

    
 which is a 

contradiction with our assumption. 

The next result gives information about     
  . 

3.1.4 Proposition: 

Let          If          , then     
      . 

Proof:  Let  ̃       . Assume that     
      , therefore, there exist        

     

and a unit vector such that    ̂    ̂. Now, we choose a unit vector     such that 〈   ̂〉  

  
 

 
 where   

‖  ̃‖  

    
. Since  ̃ is an   diskcyclic vector for  , so there exist         

such that ‖     ̃    ‖    ‖ ‖, hence ‖     ̃    ‖    . Therefore 

|〈          〉|   ‖     ̃    ‖‖ ̂‖  ‖     ̃    ‖                                                        
On the other hand, |〈     ̃      ̂〉|  |〈    ̂〉|  |〈     ̃  ̂〉|      |〈   ̃    ̂〉| 
Because       and ‖ ̂‖   , we have  

〈     ̃      ̂〉       |  |‖  ̃‖      ‖  ̃‖                                                              (4) 

Form Equations   and   we obtain     ‖  ̃‖     , hence    
  ‖  ̃‖

   
 , which is a 

contradiction with our assumption.  

Now, we turn our attention on a direct sum of operators which is an   -diskcyclic. 

3.1.5  Proposition: 

Let{  }   
  be a family of Hilbert spaces,          for all  . If      

             
   , 

then for all  ,     is   -diskcyclic operator. 

Proof: Let      , so                         
   . Since     

    is an  -diskcyclic 

operator, then there exist an  -diskcyclic vector for     
   ,   ̃    ̃   ̃   ̃    , such that there 

are         satisfies  ‖     
   

   ̃   ‖   ‖ ‖. Hence 

∑‖   
  ̃ ‖

 

   

   

 ‖   
  ̃    ‖

  ∑‖   
  ̃ ‖

 

 

   

   ‖  ‖
  

We get ‖   
  ̃    ‖   ‖  ‖.      

The second axis states and proves 
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4.   Diskcyclic Operator Criterion. 

4.1 Theorem:  

Let             and        be a separable infinite dimensional Hilbert space, let   be a 

dense subset on   and    { ̂     } be a countable subset of   such that for all non-zero 

vector     , there exist infinitely many     with  ̂     ‖ ‖   . Let {  }    be an 

increasing sequence, and for all  , let    
       be a sequence of maps such that: 

I.       ‖    ‖     for all     , 

II.       ‖    
 ̂ ‖    for all  ̂    , 

III.       ‖      
 ̂   

 ̂ 

 
‖   . 

Then   is a strictly   diskcyclic operator. 

Proof: Because   is separable, then there exist a countable dense set, say {  }.   

Let {  }      satisfy        as     , so that 

 ∑   
 
     .                                                                                                                               (5) 

Since there are infinitely many     with  ̂     ‖ ‖   , pick  ̂  
    such that  

‖ ̂  
   ‖   ‖  ‖. 

By conditions (II) and (III): ‖    
 ̂  

‖     and ‖         
 ̂  

  ̂  
‖     . 

By the density of   , there exist      closer to     
 ̂  

such that  

‖  ‖     and ‖         ̂  
‖     . 

By the same argument we get increasing sequence {  } in   and       closer to     
 ̂  

 

satisfies 

 ‖  ‖    ,                                                                                                                                   (6) 

 ‖         ̂  
‖     ,                                                                                                           (7) 

and 

‖    ̂  
‖   ‖  ‖                                                                                                                     (8) 

By condition (I) and the continuity of  , choose       such that 

 ‖ 
    ‖      for all ‖ ‖     ,                                                                                              (9) 

Let  ̂  min{      }, Then ‖  ‖   ̂  for all  . 

For    , we have three cases: For    , by condition (I) 

‖ 
     ‖   ̂ ,                                                                                                                          (10) 

For    , and by (7) 

 ‖         ̂  
‖    ̂ ,                                                                                                        (11) 

For    , by (9), we obtain 

‖ 
     ‖     ,                                                                                                                       (12) 

Put      ∑   
 
    

Since   is complete and by Equation 5,    is well-defined.  

Now by Equations 8, 10, 11, 12 and by using the geometric series, also since     

‖  
        ‖  | |∑ ‖ 

      ‖    ‖          ̂  
‖     

‖ ̂  
   ‖  | |∑ ‖ 

      ‖              ̂ + ‖  ‖       

For any     { }, there is {  } increasing sequence such that       . Note that, 

‖  
        ‖  ‖  

           ‖  ‖      ‖          ̂    ‖   ‖       ‖      ‖ 

As     ‖  
        ‖ tends to  ‖ ‖, therefore   is strictly  -diskcyclic. 

The results of this paper advance the understanding of cyclic phenomena in operator theory by 

clarifying the properties and implications of  -diskcyclic operators. The proof that every  -

diskcyclic operator is cyclic bridges the gap between these two concepts and answers an open 
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question in the literature. This finding aligns with the intuition that diskcyclicity, being a form of 

density condition, should imply cyclicity, but the explicit proof strengthens the theoretical 

foundation of the field. 

The transferability of diskcyclicity under invertible transformations highlights the structural 

robustness of the property, suggesting that it is preserved under isomorphisms of Hilbert spaces. 

The results concerning the adjoint operator provide new insight into the spectral properties of  -

diskcyclic operators, particularly the restriction that eigenvectors of the adjoint cannot be 

orthogonal to diskcyclic vectors and that the modulus of any eigenvalue of the adjoint must 

exceed one. These spectral constraints may have further implications for the classification and 

characterization of such operators. 

The analysis of direct sums demonstrates that  -diskcyclicity is inherited by components, 

facilitating the study of more complex operator systems via their simpler constituents. Finally, 

the newly established criterion for   -diskcyclicity offers a practical tool for identifying such 

operators in future research. 

Overall, this work extends previous studies many authors, providing answers to previously posed 

questions and introducing new structural results. Future research may explore further 

generalizations, applications to other classes of operators, or connections with dynamical 

systems and ergodic theory. 

 

.5 Conclusion: 

In this research, we expanded the study of an   diskcyclic operator and added new properties 

to complement
27

 research. we showed that such operator must be cyclic and explained that the 

eigenvector of the adjoint of an ε-diskcyclic operator cannot be perpendicular to an ε-diskcyclic 

vector. Also, we established that the modulus of an eigenvalue of the adjoint of   is greater than 

one. As well, we clarified that if     
    represents an  -diskcyclic operator, then each       

         is also an  -diskcyclic operator. Finally, we introduced a criterion for  -diskcyclic 

operator. 
 

References: 
1. Halmos PR. A Hilbert space problem book. New York: Springer; 1982. https://doi.org/10.1007/978-1-

4684-9330-6 

2. Yin Z, Chen Y, Xiang Q. Dynamics of operator-weighted shifts. Int J Bifurcat Chaos. 2019; 

29(08):1950110. https://doi.org/10.1142/S0218127419501104 

3. Beauzamy B. Introduction to operator theory and invariant subspaces. Elsevier; 1988. 

4. Mourchid SE. On a hypercyclicity criterion for strongly continuous semigroups. Discrete Contin Dyn 

Syst. 2005; 13(2):271-275. https://doi.org/10.3934/dcds.2005.13.271 

5. Aiena P, Burderi F, Triolo S. Limits of hypercyclic operators on Hilbert spaces. J Math Anal Appl. 

2025;548(2):129-884. https://doi.org/10.1016/j.jmaa.2025.129484 

6. Bermúdez T, Bonilla A, Peris A. On hypercyclicity and supercyclicity criteria. Bull Aust Math Soc. 

2004 ;70(1):45-54. https://doi.org/10.1017/S0004972700035802 

7. Badea C, Grivaux S, Müller V. Epsilon-hypercyclic operators. Ergodic Theory Dyn Syst. 

2010;30(6):1597-606. 

8. Hilden HM, Wallen LJ. Some cyclic and non-cyclic vectors of certain operators. Indiana Univ Math J. 

1974;23(7):557-565. https://doi.org/10.1512/IUMJ.1974.23.23046 

9. Alves TR, Botelho G, Fávaro VV. On frequently supercyclic operators and an    hypercyclicity 

criterior with applications. arXiv [Preprint]. 2024. https://doi.org/10.48550/arXiv.2411.03179 

10. González M, León-Saavedra F, Rosa MP. Supercyclic properties of extended eigenoperators of the 

differentiation operator on the space of entire functions. Results Math. 2025 ;80(1):2. 

https://doi.org/10.1007/s00025-024-02317-x 

11. Kumar A, Srivastava S. Supercyclicity criteria for    semigroups. Adv Oper Theory. 2020;5(4):1646-

1666. https://doi.org/10.1007/s43036-020-00073-7 

12. Amouch M, Benchihe O. Some versions of supercyclicity for a set of operators. Filomat. 

2021;35(5):1619-1627. 

https://doi.org/10.1007/978-1-4684-9330-6
https://doi.org/10.1007/978-1-4684-9330-6
https://doi.org/10.1142/S0218127419501104
https://doi.org/10.3934/dcds.2005.13.271
https://doi.org/10.1016/j.jmaa.2025.129484
https://doi.org/10.1017/S0004972700035802
https://doi.org/10.1512/IUMJ.1974.23.23046
https://doi.org/10.48550/arXiv.2411.03179
https://doi.org/10.1007/s00025-024-02317-x
https://doi.org/10.1007/s43036-020-00073-7


IHJPAS. 2026, 39(1): 311-316 

316 

13. Kubrusly CS, Duggal BP. Weakly Supercyclic Power Bounded Operators of Class     Adv Math Sci 

Appl.2021;30(2): 571–585.  

14. D'Aniello, E. and Maiuriello, M., 2024.  -and  - supercyclicity for some classes of operators. arXiv 

[Preprint]. 2024..https://doi.org/10.48550/arXiv.2404.04028 

15. Kubrusly CS. Denseness of sets of supercyclic vectors. Math Proc R Ir Acad. 2020; 120(1):7-18 

16. Feng G, Li P. Hypercyclicity and Supercyclicity for Upper Triangular Operator Matrices. Acta Math 

Sin (Engl Ser). 2025 ;41(7):1775-1788. https://doi.org/10.1007/s10114-025-3332-1 

17. Rolewicz S. On orbits of elements. Stud Math. 1969;32(1):17-22. 

18. Abdulkareem R, Jamil Z.Z. On The Diskcyclic Criterions. Iraqi J Sci. 2020; 61(10):2651-2654. 

https://doi.org/10.24996/ijs.2020.61.10.21 

19. Karimi L. Hypercyclicity of adjoint of convex weighted shift and multiplication operators on Hilbert 

spaces. Math Comput Sci. 2021;2(4):52-59. https://doi.org/10.30511/mcs.2021.539285.1039 

20. Ech-Chakouri A, Zguitti H. On the Codisk-cyclic Linear Relations. Methods Funct Anal Topology. 

2024;30(01):12-30.  https://doi.org/10.31392/MFAT-npu26_1-2.2024.02 

21. Amouch M, Benchiheb O. Diskcyclicity of sets of operators and applications. Acta Math Sin (Engl 

Ser). 2020;36(11):1203-1220. https://doi.org/10.1007/s10114-020-9307-3 

22. Wang Y, Zeng HG. Disk-cyclic and codisk-cyclic weighted pseudo-shifts. Bull Belg Math Soc Simon 

Stevin.2018;25(2):209 –222. https://doi.org/10.36045/bbms/1530065010 

23. Abu Jahel AM, As' ad AA. Characterization of diskcyclic operators. IUG J Nat Stud. 2021;29(1): 38-

48.https://doi.org/10.33976/IUGNS.29.1/2021/4   

24. Moosapoor M. Diskcyclic c₀-semigroups and diskcyclicity criteria. Nonlinear Funct Anal Appl. 

2022;27(1):111-119.  https://doi.org/10.22771/nfaa.2022.27.01.07 

25. Bamerni N. Subspace diskcyclic tuples of operators on Banach spaces. Ital J Pure Appl 

Math.2023;50:159-167. 

26. Mukhamedov F, Khakimov O, Souissi A. Supercyclic and Hypercyclic Generalized Weighted 

Backward Shifts over a Non-Archimedean       Space. Mathematics. 2021 ;9(22):2986. 

https://doi.org/10.3390/math9222986 

27. Abu Jahel AM, As’ad Y. Epsilon-Diskcyclic Operators. Gen Lett Math (GLM). 2022 ;12(2):49-56. 

https://doi.org/10.31559/glm2022.12.2.1 

 

https://doi.org/10.48550/arXiv.2404.04028
https://doi.org/10.1007/s10114-025-3332-1
https://doi.org/10.24996/ijs.2020.61.10.21
https://doi.org/10.30511/mcs.2021.539285.1039
https://doi.org/10.30511/mcs.2021.539285.1039
https://doi:10.31392/MFAT-npu26_1-2.2024.02
https://doi.org/10.1007/s10114-020-9307-3
https://doi.org/10.36045/bbms/1530065010
https://doi.org/10.33976/IUGNS.29.1/2021/4
https://doi.org/10.22771/nfaa.2022.27.01.07
https://doi.org/10.3390/math9222986
https://doi.org/10.31559/glm2022.12.2.1
https://doi.org/10.31559/glm2022.12.2.1

