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Abstract 

Classical numerical integration methods, such as Simpson’s rule and 

Gaussian quadrature, perform well for smooth functions but lose 

accuracy near discontinuities. This paper introduces a Selective Error-

Correcting Adaptive Quadrature algorithm (SECAQ), a method 

designed to address this issue. SECAQ identifies intervals with large 

local error or sharp changes, estimates jump sizes using one-sided 

evaluations, and applies compact correction terms activated only near 

the discontinuity. These localized corrections restore smoothness within 

each subinterval and can enable the base quadrature rule to achieve its 

full theoretical accuracy. Numerical tests involving jumps, cusps, and 

oscillatory functions demonstrate that SECAQ restores fourth-order 

convergence for Simpson’s rule and  achieves errors close to machine 

precision. Compared to the standard adaptive Simpson’s method, 

SECAQ reduces the number of function evaluations by up to 60% while 

maintaining low computational overhead. The method is particularly 

useful when discontinuity locations or jump sizes are known or can be 

reliably estimated. 

Keywords: Composite rules, Enhanced numerical, Error correction, 

Selective Error-Correcting Adaptive Quadrature algorithm (SECAQ).

  

1. Introduction 

Numerical integration (also known as quadrature) comprises a broad family of algorithms for 

approximating definite integrals¹. These methods are indispensable in many areas of science and 

engineering (from physics to finance) because the integrand may only be known at discrete 

points or its antiderivative is not available
 2, 3

. Classical quadrature rules—such as the Newton–

Cotes formulas (Trapezoidal, Simpson’s rules) and Gaussian quadrature—provide efficient 

approximations with well-understood error orders. For sufficiently smooth functions, these 

methods can attain high accuracy with relatively few evaluations
4, 5

. However, when the 

integrand is non-smooth or contains finite discontinuities, standard rules often lose their optimal 

convergence rate
6
. In particular, a single jump or corner can degrade a fourth-order Simpson rule 

down to second-order behavior, unless the interval is explicitly split
7
. 

To address this challenge, enhanced integration techniques have been developed. Error-

correction methods like Richardson extrapolation and Romberg integration improve accuracy by 

combining multiple approximations at different resolutions
 8, 9

. Adaptive (or ―selective‖) 

quadrature schemes refine the evaluation grid only in subintervals where the error is large
10

. 

More recent work proposes correction polynomials for piecewise-smooth functions, effectively 

―canceling‖ the error due to known discontinuities
11, 12

. For example, explicit correction terms 

that, when added to classical Gauss-Legendre formulas, preserve accuracy without doubling the 

point count
13, 14

. 

Building on these ideas, the present article develops a comprehensive framework combining 

selective integration with error correction. We propose a stepwise algorithm that:  
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 Identifies subintervals needing higher resolution (e.g., around steep gradients or 

discontinuities)
.
  

 Applies hierarchical quadrature on each region, and uses error-correction polynomials or 

extrapolation to restore the formal order of accuracy across discontinuities
15

.  

In doing so, our method exploits information about the integrand’s behavior to minimize 

unnecessary computation. The main contributions of this work are:  

 Formulation of a selective integration strategy that adaptively refines intervals based on error 

estimates.  

 Integration of error-correction methods (Richardson extrapolation, correction terms) to achieve 

high-order convergence even for piecewise-defined functions.  

 Numerical demonstration that the proposed technique recovers the expected error rates (e.g., 

 (  ) for Simpson’s rule) in the presence of singularities, with reduced computational cost 

compared to naive refinement
16

. 

Numerical integration is a cornerstone of computational mathematics, with applications ranging 

from physics to finance
17

. Classical methods like Newton-Cotes and Gaussian quadrature offer 

high-order convergence for smooth integrands but exhibit performance degradation when 

applied to functions with discontinuities or singularities
 18-20

. For instance, a single jump 

discontinuity can reduce the convergence rate of Simpson's rule from  (  ) to  (  )21
. 

To mitigate this, two primary strategies are employed: adaptive quadrature and error correction. 

Adaptive methods
 22, 23

 recursively subdivide intervals where an error estimate is large, 

concentrating computational effort where needed. Error-correction techniques, such as 

Richardson extrapolation1
19,24

 or Romberg integration, combine evaluations at different step 

sizes to cancel leading error terms
25

. Recent advances 
1
 propose adding explicit correction terms 

to quadrature rules to handle known jumps, preserving accuracy without node doubling. 

This paper presents a novel synthesis of these ideas. Our main contributions are: 

 A unified algorithm that couples a robust error estimation technique for automatic discontinuity 

detection with a generalized framework for constructing and applying additive correction 

polynomials
 26,27

. 

 A complete derivation of the correction polynomials for handling jump discontinuities in 

function value and derivatives, extending the concepts in
 28

. 

 A comprehensive numerical validation against standard methods, demonstrating that our 

algorithm recovers the optimal convergence rate on piecewise-smooth functions and offers 

computational efficiency gains
29

. 

The benefits of the proposed SECAQ framework are as follows: 

 Restoration of theoretical convergence order: The SECAQ method demonstrates that, with 

appropriate local corrections, the formal convergence order of a base quadrature rule such as 

Simpson’s rule can be restored even in the presence of jumps or localized singularities. 

 Integration of local detection and correction: The algorithm systematically addresses the 

common problem of local loss of convergence by employing adaptive, region-specific detectors 

and locally supported corrective polynomials. 

 Reduced cost of function evaluations: Compared to standard adaptive schemes, SECAQ can 

significantly decrease the number of function evaluations, resulting in substantial time savings 

for practical problems where function evaluation is expensive (such as in CFD or costly model 

evaluations). 

 Robustness to localized disturbances: By using corrections with smooth switching functions, 

the method confines corrective actions locally and prevents the spread of errors or spurious 

oscillations. 

 Suitability for real-world settings: Potential uses include the numerical integration of functions 

with mechanical or engineering discontinuities, experimental data sets with jumps such as 

phase-change signals, and other cases where function evaluations are expensive. 
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The rest of the article is organized as follows. Section 2: Materials and Methods describes the 

complete structure of the SECAQ algorithm, including how to identify problematic regions, 

estimation criteria, jump size estimation, construction and limitation of corrective polynomials 

with switch functions, and implementation tips such as selecting the underlying law, pseudocode, 

and parameter settings. Section 3: Numerical Results presents empirical results, a set of standard 

tests (jumps, conics, oscillating functions with internal jumps), error criteria, computational cost, 

and tables and graphs showing the efficiency of SECAQ compared to conventional methods. 

Section 4: Discussion examines the meaning and implications of the results, addressing issues 

such as sensitivity to noisy data, difficulty in dealing with very close jumps, and the need to 

adjust parameters, along with suggestions for improvement. Finally, Section 5: Conclusion 

summarizes the achievements and proposes future research directions. 

 

2. Materials and Methods 

This section presents the underlying rationale of the SECAQ framework and explains how 

each part of the algorithm enhances the numerical integration of piecewise-smooth functions. We 

begin by illustrating the general organization of the selective integration procedure and the 

criteria used to determine which intervals require refinement. Next, we describe how the 

localized correction polynomials and switching functions are constructed and limited in their 

support. Implementation issues, including step-size control, error estimation, and composition 

with classical quadrature rules, are also discussed to provide a comprehensive and self-contained 

guide to implementing SECAQ in applications. 

2.1. Fundamentals of Numerical Quadrature and Error Analysis 

The definite integral   ∫  ( )
 

 
   is approximated by a quadrature rule: 

       ∑    (  )
 
     (1) 

Where    are the nodes (or abscissas) and    are the weights of the quadrature rule. The 

convergence rate and accuracy of      as     depend critically on the smoothness of   and 

the choice of quadrature rule. 

Classical rules exhibit well-known error behaviors: 

 Composite Trapezoidal Rule: (equally spaced nodes): Global error is  (  ) if     [   ] 
with the error term given by: 

 trap   
(   )

  
    ( ) (for some   [   ])   (2) 

 Composite Simpson’s Rule: For     [   ], the global error is  (  ): 

 simp   
(   )

   
    ( )   (3) 

 Gaussian Quadrature (e.g., Gauss-Legendre): An n-point formula is exact for polynomials of 

degree     . Its error for smooth functions typically decreases exponentially as   is 

increased, usually beating Newton-Cotes formulae for the same number of nodes. 

The weights    are determined by requiring the rule to be exact for polynomials up to a certain 

degree. For interpolator rules, they are derived from the integral of the Lagrange basis 

polynomials: 

   ∫   

 

 

( )    ∫ ∏
    

     
   

 

   
   

 

 

 
(4) 

where    represent quadrature nodes (i.e., the points at which the function is sampled for 

evaluating the numerical integral),    denotes the quadrature weights,  ,   represent the lower 

and upper limits of the integration interval,   ( ) is the Lagrange basis polynomial associated 

with node   , and    is the  -th quadrature node appearing in the product representation of the 

Lagrange basis. 
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A fundamental limitation of these error analyses is their reliance on the assumption that " " is 

sufficiently smooth (e.g.,     ) over the entire interval. The presence of a discontinuity a jump 

in the function value, or any of its derivatives violates this assumption. This causes the error 

constant " " to become very large and, more critically, can degrade the asymptotic convergence 

rate. For instance, a simple jump discontinuity in " " itself can reduce Simpson's rule to  (  ) 

convergence and the trapezoidal rule to  ( ), nullifying the advantages of high-order methods. 

2.2. The Challenge of Discontinuities and Existing Mitigation Strategies 

The conventional remedy for a known discontinuity at    is to split the integral at that point: 

∫  
 

 

( )    ∫  
  

 

( )    ∫  
 

  

( )    (5) 

and apply a quadrature rule separately to each smooth segment. While effective, this strategy 

doubles the minimal number of subintervals required near    and can lead to inefficient 

computation if overused for multiple or unknown discontinuities. 

Error-correction techniques offer an alternative approach: 

 Richardson Extrapolation/Romberg Integration: These methods compute the integral 

approximation at several step sizes (e.g.,          ) and then combine these estimates to 

eliminate the leading error term(s) of the form    . They are powerful for smooth functions 

but are less effective for non-smooth functions, where the error expansion    ( )      
 (    ) does not hold uniformly. 

The exponent   denotes the order of accuracy of the numerical integration rule. It indicates that 

the leading contribution to the discretization error scales    as the mesh size   approaches zero; 

thus, a larger   exponent implies faster error decay with refinement. Richardson extrapolation 

(and Romberg integration) removes this leading term by combining approximations computed at 

multiple resolutions (for example,   and    ), but this elimination succeeds only when the 

expansion in integer powers of   is valid and uniform. In particular, the integrand must be 

sufficiently smooth (possessing the continuous derivatives required by the method) so that the 

coefficient   and the power law    are well-defined. Loss of smoothness (such as jumps or 

cusps) typically reduces the effective value of   or invalidates the expansion, and in such cases, 

extrapolation may fail or produce misleading results. 

 Corrected Quadrature Rules: Recent advances have focused on deriving explicit correction 

terms that are added to the standard quadrature rule to cancel the error induced by a 

discontinuity. The core idea is to modify the integrand so that the quadrature rule "sees" a 

smoother function. Demonstrated that for a jump discontinuity in " " at a known location   , a 

carefully chosen polynomial correction  ( ) can be constructed such that the corrected 

integral: 

∫  
 

 

( )    ∑  

 

   

 [ (  )   (  )]  ∫  
 

 

( )     (6) 

Achieves the full theoretical order of accuracy of the underlying rule, without requiring 

additional nodes. This approach is the direct precursor to the generalized method derived in the 

following section. 

2.3. Derivation of Generalized Additive Correction Terms 

To derive a rigorous formulation of the additive correction term, we build upon the work of
1
. 

Consider a piecewise-smooth function  ( ) with an isolated discontinuity at   , defined as: 

  ( )  {
  ( )               

  ( )               
 (7) 

Where           ([   ]). The jumps in the function and its derivatives at    are denoted 

by [  ]  (  )( )(  )  (  )( )(  ) for          . 
The integral of  ( ) over [   ] can be expressed as: 
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∫  
 

 
( )    ∫    

 
( )    ∫  

 

  
( )       (8) 

where  ( ) is the correction polynomial designed to cancel the jumps: 

 ( )   ∑
[ ( )]

  
(    )

  
     (9) 

and   is a truncation error term bounded by | |  
 

(   ) 
(    )

   , with   being a constant 

dependent on the (   )     derivatives of    and   . 

The polynomial  ( ) introduced in our algorithm (Section 2.3) is directly related to this 

correction term  ( ). To localize its effect to a subinterval [     ] containing   , we 

modulate  ( ) with a switching function  ( ): 

 ( )    ( )  (          )  ∑
[ ( )]

  
(    )

   (          )  
     (10) 

This ensures that  ( ) satisfies  (  )   (  )         (  
 )   (  

 )   [ ], effectively 

canceling the jump and confining the correction's influence. 

We now present a detailed derivation of the additive correction terms, generalizing the concept 

to handle jumps not only in the function value but also in its derivatives. 

Let   be a piecewise-smooth function on [   ] with a known discontinuity at   . We define the 

jumps in   and its derivatives at    as: 

[ ]     
    

 ( )     
    

 ( )  [  ]     
    

  ( )     
    

  ( )       (11) 

The goal is to construct a correction function  ( ) defined on a subinterval [     ] 
containing    such that: 

 The corrected function  ̃( )   ( )   ( ) is smoother than " " across    (i.e., has smaller or 

zero jumps). 

  ( ) is zero (or negligible) outside a localized region around    to avoid affecting the integral 

in smooth regions. 

 The integral of  ( ) can be computed analytically. 

A polynomial is an ideal choice for  ( ) due to the ease of integration and control over its 

behavior. The general form of a correction polynomial designed to cancel jumps up to the      

derivative is: 

 ( )   ∑
[ ( )]

  
(    )

   (          ) 

 

   

 (12) 

where (          ) is a switching function that localizes the correction to [     ] and ensures 

 (  )   (  )   . A common choice for " " is a tapered polynomial or a spline. For a first-

order correction (canceling [ ] only), an effective and simple switching function is a linear taper: 

 ( )  

{
 
 

 
 

    

     
                  

    

     
                

                                   

 (13) 

Thus, the first-order correction polynomial becomes:  ( )   [ ]   ( ). 

this polynomial satisfies  (  
 )   (  

 )   [ ], thereby canceling the jump in " ", and 

 (  )   (  )   , localizing its effect. The corrected integral over the subinterval is then 

computed as: 

∫  
  

  

( )      ∑  

 

 ( (  )   (  ))    ∫  
  

  

( )     (14) 

The final term ∫ ( )   , is subtracted because we added  ( ) inside the sum. This integral is 

computed exactly since  ( ) is a known polynomial. This derivation provides a general 

framework. The specific form of  ( ) and the number of jump terms included ( ) can be 
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adapted based on the known behavior of the discontinuity and the desired order of the quadrature 

rule. 

2.4. Integration with Adaptive (Selective) Strategies 

The utility of correction terms is maximized when combined with an adaptive quadrature 

strategy. Adaptive methods, such as those based on recursive interval subdivision, provide a 

natural framework for identifying subintervals that contain discontinuities (those with a large 

error estimate) and localizing them. Once a problematic interval is identified and the 

discontinuity is pinpointed (either through the error distribution or prior knowledge), the 

algorithm can apply the appropriate correction term as described, rather than simply subdividing 

further. This hybrid approach using adaptivity for detection and localization, and correction 

terms for accuracy recovery, is the foundation of the selective integration algorithm detailed in 

the next section. 

2.5. Algorithm Overview and Philosophy 

The proposed algorithm synthesizes adaptive quadrature with explicit error correction into a 

unified framework designed to maintain high-order convergence for piecewise-smooth 

integrands. The core philosophy is to leverage adaptivity for its strengths—automated detection 

of problematic regions and efficient resource allocation—while using analytically-derived 

correction terms to overcome the fundamental accuracy limitations that pure adaptivity faces at 

discontinuities. Rather than recursively subdividing indefinitely near a singularity, which is 

computationally expensive and only restores algebraic convergence, the algorithm identifies the 

type of discontinuity and applies a targeted correction that restores the original order of accuracy 

of the underlying quadrature rule. This approach is "selective" as it applies the more expensive 

correction step only where necessary, after adaptive logic has identified and localized a potential 

issue. 

2.6. Algorithm Steps and Pseudocode 

The algorithm takes as input the function " ", the interval [   ], a base quadrature rule (e.g., 

Simpson's rule), a global tolerance ― ", and an optional list of known discontinuities. It outputs a 

numerical approximation of the integral. 

 Data Structures: A queue (or stack) work list containing subintervals to be processed. Each 

element is a tuple (  ,   , Level), where level tracks the recursion depth to prevent infinite 

subdivision. 

 Initialization: Push the initial interval [   ]into the work list. Initialize the total integral  = 0. 

 Main Loop: While the work list is not empty: 

 Pop an interval [     ]from the work list. 

 Apply Base Rule: Compute two integral estimates on [     ]: 
o   : Application of the base rule (e.g., Simpson's rule) on the interval. 

o   : A more refined estimate, typically obtained by applying the base rule on each half of the 

interval (e.g.,   (      )  ). 

 Error Estimation: Calculate an error estimate for the interval      [     ]. For 

Simpson's rule, a more reliable estimate is [     ] 15, leveraging its known error term. 

 Check Tolerance: 

 If        (     ) (   ), the local error is acceptable. Here 𝜀 denotes the global error 

tolerance (a user-specified threshold) for the numerical integral. Proceed to step 5. 

 Else, the error is too large. Subdivide: Push the left half [  ,     ] and right half [    , 

  ] onto the work_list and return to step 1. 

 Apply Correction (Selective): Once an interval is accepted, check if it contains a known or 

detected discontinuity at a point   . 

 If true: This is the selective step. Estimate the jump values [ ], [  ] (if needed) using nearby 

function evaluations or analytical knowledge. Construct the correction polynomial  ( ) as 

derived in Section 2.3. The final estimate for the subinterval is: 



IHJPAS. 2026; 39(2): 242-254 

248 

              (∑     (  ))  ∫  ( )  
  

  
  (15) 

Add            to total integral. 

o If false: Simply add    to total integral. 

o Output: Return total integral. 

2.7. Key Implementation Details 

 Choice of Base Rule: Simpson's rule is a practical choice for its high order (4) and simplicity. 

For higher smoothness, Gauss-Kronrod pairs or higher-order Gaussian rules can be used within 

the same adaptive framework. 

 Discontinuity Detection: The algorithm can operate with a priori knowledge of discontinuity 

locations (e.g., from the problem's physics). For blind detection, a reliable heuristic is crucial. 

We employ: 

I. Persistent Refinement: If an interval is subdivided beyond a depth threshold (e.g., 10 levels) 

and the error estimate remains large, it strongly indicates a non-smooth feature. 

II. Local Slope Analysis: Comparing divided differences or simple slope estimates ( (  )  
 (    )   across nodes within the interval can flag a potential jump if the change exceeds 

a certain multiple of the average slope. 

 Jump Estimation: If the jumps [ ], [  ] are not known analytically, they must be estimated 

numerically. This is done by evaluating " " at points very close to the suspected discontinuity 

from the left and right (          ) and computing the difference. The choice of   is a 

trade-off; it must be large enough to avoid round-off error but small enough to accurately 

capture the jump. A value like        (     ) is often effective. For derivative jumps, 

similar finite difference approximations are used. 

 Final Richardson Extrapolation (Optional): As a post-processing step, the entire algorithm can 

be run at two different tolerances (e.g.,   and    ). Richardson extrapolation can then be 

applied to the two results to further reduce the error, capitalizing on the fact that the corrected 

algorithm has a regular error expansion. 

2.8. Complexity and Efficiency Analysis 

The computational cost is driven by the number of function evaluations. Let " " be the number 

of subintervals required by a standard adaptive method to achieve a tolerance " ". In the worst 

case, the proposed method has the same  ( ) complexity. 

However, its advantage lies in significantly reducing the constant factors: 

 Reduced Subdivision: Near a discontinuity, a standard adaptive method must subdivide until 

the discontinuity is isolated within a very small interval, requiring  (|    |) levels of 

recursion. Our method only requires enough subdivision to identify and localize the 

discontinuity (e.g., 3-5 levels), after which the correction term is applied. This leads to a 

substantial reduction in the number of function evaluations in the vicinity of the discontinuity. 

 Maintained High Order: Because the correction restores the high-order convergence, larger 

subintervals can be tolerated away from discontinuities, leading to a coarser overall grid 

compared to a standard adaptive method that struggles with polluted error estimates. 

The overhead of computing the correction terms (evaluating  (  ) and ∫ ( )  ) is typically 

negligible, as it involves simple polynomial evaluations and exact integrations, which are much 

cheaper than evaluating the black-box function " ". Figure 1 summarizes the algorithm's logic. 
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Figure 1. Algorithmic flow of the SECAQ method. 

 

3. Results 

In this section, we present a comprehensive numerical evaluation of the proposed Selective 

Error-Correcting Adaptive Quadrature (SECAQ) algorithm. The experiments were designed to 

validate the theoretical framework and demonstrate the practical advantages of our method by 

comparing its performance against established numerical integration techniques on a set of 

carefully chosen test integrals with diverse characteristics. 

3.1. Experimental Setup 

Test Functions: We selected three benchmark integrals representing common challenges in 

numerical integration: 

 Piecewise Constant Function (Jump Discontinuity):   ( )  {
             
             

 

Exact Integral: ∫   ( )      
 

 
 

 Piecewise Linear Function (Cusp Discontinuity):   ( )  |     | 

Exact Integral: ∫   ( )       
 

 
 

 Smooth Oscillatory Function:   ( )     (    ) 

 Exact Integral: ∫   ( )     (   )         
 

 
 

 Comparison Methods: The SECAQ algorithm (using Simpson's rule as a base,    ) was 

compared against: 

 Standard Adaptive Simpson (SAS) 

 MATLAB's integral function (globally adaptive, likely Gauss-Kronrod based) 

Error Metric: Absolute error measured as   |                  |. 
Computational Cost: Total number of function evaluations (# fevals). 
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Tolerance: All algorithms were run to achieve 𝜀   10⁻⁹. 

Table 1 and Figures 2 and 3 demonstrate that, for the chosen tolerance 𝜀   10⁻⁹, the proposed 

SECAQ scheme consistently outperforms the standard adaptive Simpson (SAS) in handling 

discontinuities while matching the accuracy of MATLAB’s adaptive integrator at substantially 

lower cost. For the jump function   ( ) SECAQ attains an absolute error of 3.33 × 10⁻¹⁶ with 

only 57 function evaluations, whereas SAS stagnates at 2.60 × 10⁻⁴ using 129 evaluations, and 

MATLAB’s integrator reaches 4.44 × 10⁻¹⁶ with 165 evaluations; a similar pattern appears for 

the cusp function   ( ) (SECAQ: 5.55 × 10⁻¹⁶ at 89 fevals vs. SAS: 6.51 × 10⁻⁵ at 513 fevals, 

MATLAB: 1.11 × 10⁻¹⁶ at 225 fevals). For the smooth oscillatory test   ( ) all high-order 

methods achieve near–machine precision (SECAQ and SAS show ~10⁻¹⁶ errors; MATLAB 

reports 0.0) with comparable evaluation counts. The log–log error vs. evaluation plot Figure 2 

makes this explicit: SECAQ recovers the expected fourth-order slope for the discontinuous tests 

while SAS’s slope degrades toward second order (stagnation) near singular features; Figure 3 

(efficiency comparison) confirms that SECAQ delivers the best error-per-evaluation tradeoff 

overall—particularly for functions with local non-smoothness—making it the most 

computationally efficient choice among the tested methods for problems mixing smooth regions 

and localized discontinuities. 

 
Figure 2. Log-log plot of absolute error versus the number of function evaluations 

 
Figure 3. Computational efficiency comparison 
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Table 1. Performance comparison for tolerance ε = 10⁻⁹ 

Function Feature Method Absolute Error # Fevals Estimated Order 

  ( ) Jump 

Standard Adaptive Simpson 2.60 × 10⁻⁴ 129 ~2 (stagnated) 

MATLAB integral 4.44 × 10⁻¹⁶ 165 - 

SECAQ (Proposed) 3.33 × 10⁻¹⁶ 57 ~4 (recovered) 

  ( ) Cusp 

Standard Adaptive Simpson 6.51 × 10⁻⁵ 513 ~2 (stagnated) 

MATLAB integral 1.11 × 10⁻¹⁶ 225 - 

SECAQ (Proposed) 5.55 × 10⁻¹⁶ 89 ~4 (recovered) 

  ( ) Smooth 
Standard Adaptive Simpson 2.22 × 10⁻¹⁶ 297 ~4 

MATLAB integral 0.0 150 - 

 

3.2. Complex Example: Oscillatory Function with a Jump 

To further assess the robustness of the proposed SECAQ method, we considered a challenging 

test function combining both oscillatory behavior and a discontinuity: 

 ( )       (     )     (   )       [   ] (16) 

where  ( ) is the Heavisine step function. The exact integral is given by: 

       ∫  ( )    ∫    (   )    
     (  )

  

 

 

 

 

 (17) 

This test combines a high-frequency oscillation with a jump at    0.5. Standard adaptive 

quadrature schemes (such as Adaptive Simpson) must recursively subdivide the interval both to 

resolve oscillations and to handle the discontinuity. By contrast, SECAQ explicitly detects the 

jump and introduces a localized correction polynomial, which effectively restores the fourth-

order convergence of Simpson’s rule. 

Simulation parameters are: 

 Adaptive Simpson: tolerance thresholds ranging from 1e-3 to 1e-7, maximum recursion depth 20. 

 SECAQ: uniform composite Simpson with base subdivisions    50, 100, 200, 400, 800, jump 

detection window 0.02. 

 All computations were carried out in double precision, and the exact integral was used to compute 

absolute errors. 

Table 2 and Figures 4 and 5 highlight the clear robustness of SECAQ in dealing with the 

combined challenge of oscillations and a discontinuity. While Adaptive Simpson improves its 

accuracy as the tolerance tightens (from 1.1 × 10⁻² at tol = 10⁻³ with only 27 evaluations, down 

to 2.7 × 10⁻⁶ at tol = 10⁻⁷ with 511 evaluations), its error reduction rate slows because of the 

simultaneous demands of resolving oscillatory behavior and the jump at    0.5. In contrast, 

SECAQ shows a much more systematic convergence: as the subdivision level increases from 

   100 to    400, the error drops sharply from 6.8 × 10⁻⁴ to 1.3 × 10⁻⁹, with a nearly linear 

relation on the log–log plot (Figure 4), confirming recovery of high-order accuracy.  

 
Figure 4. Log-log plot of absolute error versus number of function evaluations 
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The efficiency comparison in Figure 5 further emphasizes this advantage—SECAQ consistently 

delivers lower errors for comparable or fewer function evaluations once the oscillatory–

discontinuous structure is resolved, outperforming Adaptive Simpson at tighter accuracy levels. 

This demonstrates that the localized correction mechanism in SECAQ effectively balances 

smooth oscillatory integration with discontinuity handling, yielding superior accuracy–cost 

tradeoffs. 

 
Figure 5. Computational efficiency comparison between Adaptive Simpson and SECAQ 

 

  Table 2. Numerical results for the oscillatory discontinuous function 

Method Setting Function Evaluations Absolute Error 

Adaptive Simpson tol = 1e-3 27 1.1e-02 

Adaptive Simpson tol = 1e-5 125 1.2e-04 

Adaptive Simpson tol = 1e-7 511 2.7e-06 

SECAQ n = 100 101 6.8e-04 

SECAQ n = 200 201 2.1e-06 

SECAQ n = 400 401 1.3e-09 

 

4. Discussion 

The proposed Selective Error-Correcting Adaptive Quadrature framework effectively 

combines localized polynomial corrections with adaptive refinement to restore the formal high-

order accuracy of a base quadrature rule when integrating piecewise-smooth functions. In broad 

terms, SECAQ achieves the study objective by: 

 Detecting and isolating problematic subintervals,  

 Applying analytically motivated correction polynomials confined by switching functions, and 

 Relying on standard adaptive control elsewhere, together producing reliable high-order behavior 

without globally aggressive subdivision. 

Mechanistically, the improvement stems from two complementary effects. First, localizing the 

non-smoothness prevents the global error expansion of the quadrature from being polluted by 

jumps: once a discontinuity is neutralized inside a small neighborhood, the remaining integrand 

satisfies the smoothness assumptions on which the base rule’s error estimate is built. Second, 

additive polynomial corrections (chosen to cancel jumps in value and low-order derivatives) 

remove the leading-order contribution of the discontinuity to the truncation error, so that 

extrapolation and composite rules can again eliminate higher-order terms. The use of switching 

functions confines corrections so that they do not introduce spurious perturbations in regions that 

are already smooth—this isolates the analytic intervention and keeps the overall algorithm stable. 

Several limitations and caveats temper these benefits. SECAQ relies on robust localization and 

reasonably accurate estimation of jump magnitudes; when discontinuities are poorly located or 
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when function evaluations are noisy, the jump estimates and hence the corrections can be biased, 

which reduces effectiveness. Very closely spaced or fractal-like discontinuities challenge both 

detection heuristics and the notion of a ―localized‖ correction; in such cases, aggressive 

subdivision or problem-specific analytic treatment may still be required. Finite-precision 

arithmetic and cancellation can also limit the practical attainable accuracy for extremely small 

tolerances, particularly when estimating derivatives via one-sided differences. Moreover, the 

choice of switching function, the width of the correction window, and the parameters controlling 

refinement depth introduce user-facing tuning choices that affect robustness and performance; 

fully automatic, parameter-free behavior remains an open engineering goal. 

Despite these caveats, SECAQ has clear practical implications for scientific computing: it 

reduces unnecessary function evaluations in regions away from singular behavior, it permits 

reuse of well-understood quadrature building blocks (e.g., composite Simpson) with minimal 

modification, and it is well suited to problems where partial analytic knowledge (approximate 

discontinuity locations or jump magnitudes) is available. Future work should focus on:  

 More robust, statistically grounded discontinuity detection and model-selection criteria to reduce 

reliance on ad hoc thresholds,  

 Rigorous error bounds that account for numerically estimated jumps and finite-precision effects, 

 Extensions to higher-order Gaussian and Gauss–Kronrod base rules,  

 Strategies for handling dense or hierarchical singularities, and  

 Efficient parallel and vectorized implementations for expensive-to-evaluate integrands.  

With these developments, the selective correction paradigm can become a practical component 

of mainstream numerical-integration libraries, particularly in domains where piecewise behavior 

is the norm rather than the exception. 

 

5. Conclusion 

In conclusion, the proposed SECAQ method—which couples adaptive interval refinement 

with localized polynomial correction—successfully restores the formal fourth-order convergence 

of composite Simpson’s rule for piecewise-smooth integrands while substantially reducing 

computational cost: benchmark tests show errors driven to near machine precision in 

representative cases and a reduction in function evaluations of up to ≈ 60% versus standard 

adaptive Simpson. The approach is low-overhead, reuses familiar quadrature building blocks, 

and is particularly effective when discontinuity locations or jump magnitudes can be estimated; 

its practical value lies in delivering high accuracy for integrals with isolated non-smooth features 

without excessive subdivision.  
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