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1. Introduction

The two new classes of abstract algebras, BCK and BCl-algebras, were introduced in 1966.
BCl-algebra is a generalization of BCK-algebra. Various Mathematicians have studied these
algebras extensively, and as a result, a lot of literature has emerged. So, many mathematical
applications papers presented this structure in different ways.**
The structure of the BCH-algebra was studied, and it was shown that the class of BCl-algebra is a
subclass of BCH-algebra. And then, it has been proven that the algebraic structure of a BH-
algebra is a generalization of the BCH-algebra. After that, A Q-algebra was introduced as a
generalization of BCK/BCI/BCH-algebras and several research papers have studied this structure
using various algebraic concepts, including the idea of fuzzy Q-ideal, two notions of atoms and
the strong Atoms for Q-ideals, new types of pseudo ideals and intuitionistic fuzzy pseudo ideals
and a neutrosophic Q-ideal on Q-algebras > *°.
The concept of cubic ideals is an important generalization in algebraic structures. Cubic sets of
BCK/BCl-algebras and some of the relationships between cubic subalgebras and cubic ideals are
applied. Also, cubic KU-algebras and several significant results were introduced by some
authors. Following this, the idea of cubic ideals of semigroups in KU-algebra and various types
of ideals related to this framework are introduced. Additionally, two concepts, the cubic
implicative and intuitionistic implicative ideals, were studied****. Also, many papers studied a
cubic set in different ways, including the study of cubic dual ideals in BCK-Algebras and also the
study of cubic intuitionistic fuzzy Topology, cubic ideals in semihypergroups, cubic ideals of
TM-algebras, and cubic on B-algebras.>**
In this paper, a cubic Q-ideal on a Q-algebra was introduced. Some properties related to a cubic
Q-ideal and a BCK-ideal are studied, and new results of these ideals are discussed. Such that
every Q-ideal is a BCK-ideal, and the opposite is not true. The concept of a cubic Q-sub-algebra
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is defined, and some important results associated with it have been proven. Also, the level set of a
cubic Q-ideal is determined, and the relationship between a cubic Q-ideal and a Q-ideal by level
set is studied. Finally, a new definition of cubic Q-ideals under a homomorphism is introduced,
and a few theorems are discussed, such that the image and the inverse image of a homomorphism
mapping for a cubic Q-ideal are a cubic Q-ideal in X' and X, respectively.

2.Methodology and Methods

In this section, we review essential definitions, examples, and theoretical results that form the
foundation of our study. These preliminary concepts will be used to develop and prove the main
results regarding cubic Q-ideals and cubic Q-subalgebras in Q-algebras.

2.1. Definition A BCK-algebra is defined as a non-empty set & with a binary relation * and a
constant 0 satisfying: For all 6,3, € € X

BCI : [(B*3) (0 *€)]*(ex)) =0,

BCI, : (8*(0x13)*13=0,

BCl,: 6%60 =0,

BCl,: 8*32=0 and 2«6 =0 impliesd =3 and

BCl;: 0% 68 =0.

For example, if & = {0,1,2} is a set and * is a binary operation defined as follows:

Table 1. A BCK-algebra
1

= OO

*
0
1

O O NN

0
0
2 2 2
Then(X ,*,0) is a BCK-algebra.?°
2.2. Definition In a BCK-algebra (X,*,0), the non-empty subset i) of X is called a BCK-ideal if
it satisfies the following conditions: For any 6,3 € X
. 0ey
II. #xx€pand A€ implyd €. ?
2.3. Definition The structure of a Q-algebra (X,*,0) is a nonempty subset X and a constant “0”
with a binary operation “*” the following is achieved:
. 6x0=0
1. 0x0=0,
I, (0+«))xe=(0*€)*xA VO,Lec€EN.
In a Q-algebra (X,*,0), a binary operation < is defined by 6 < xifandonlyif@+3=0."
2.4. Example Let X = {0, z, x} be a set as shown in the table below.

Table 2. A Q-algebra
z

X N O *
X N O O
o O O X

0
0
0

Then (8,*,0) is a Q-algebra. ’

2.5. Proposition If (8,%,0) is a Q-algebra, then (6 * (8 = 3)) =3 = 0 forany 6,3 € 8%

2.6. Theorem Every Q-algebra X satisfying the conditions

() [(8 +3) * (6 x €)] = (€ %),

(i) (9*(9*3))*J= 0,

(iii) (8 *3) * 6 = 0, forany 6,3 € X is a BCK-algebra. %

2.7. Definition In a Q-algebra (X,*,0), a non-empty subset £ of X is called a Q-subalgebra if
0 + 3 € L whenever 9,3 € L.’

2.8. Proposition Let (X,*,0) be Q-algebra. Then every BCK-ideal is a Q-subalgebra.?

2.9. Definition In Q-algebra (X,*,0), the non-empty subset ¢ of X is called a Q-ideal of X if,
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i) 0y,
i) VO,XeeR (03 *€) ey, reypimplyfeecy.’
2.10. Example Let X = {0,1,m,n, k} be a set defined by the table below.
Table 3. A Q-ideal

* 0 1 m n k
0 0 0 0 0 k
1 1 0 0 1 k
m m m 0 0 k
n n 0 n 0 k
k k k k k 0

Then (X,*,0) is a Q-algebra and it is clear that the set y = {0,1,m,n} is a Q-ideal of X.’

2.11. Proposition In a Q-algebra (X, ,0). Every Q-ideal of X is a BCK-ideal.’

2.12. Definition In a BCK-algebra (X,*,0). A fuzzy set w of X is called a fuzzy BCK-ideal, If it
satisfies

(i) t(0) = m(@), forany 6 € X

(ii) m(8) = min{m (0 * 3),7(3)}, for any 6,1 in &.*

2.13. Definition In a Q-algebra (X,*,0). A fuzzy set m of X is called a fuzzy Q-ideal, If it satisfies
i-(0) = m (@), forany 6 € X

i- (6 * €) = min{r((0 * 3) * €), ()}, forany 6,3, € in R.?

2.14. Proposition In a Q-algebra(X,* ,0). Every fuzzy Q-ideal of X is a fuzzy BCK-idea
2.15. Proposition If 7 is a fuzzy Q-ideal of Q-algebra X, then 6 < 3 implies (8) = n(3). %

2.16. Definition An interval-valued fuzzy set V =< 0,7(6) >, where 7:X — D[0,1], the degree
of membership of the element 8 with defined as # = {(0, [z%(8), 7Y (8)]): 8 € X}, where =’ and
¥ are two fuzzy sets and 7t (8) < Y (8), for all & € X. All closed sub-intervals of [0,1] is
denoted by D[0,1] so, #(#) € D[0,1] and D[0,1] = {[ml,mY]:mt < mV for mt,mY € [0,1]}.
Two elements M; = [a%,aV] and M, = [b*, bV] in D[0,1] are defined

rmin(M;, M,) = [min(a®, bY), min(a?, bY)] and

rmax(My, M,) = [max(at, b*), max(a’, bY)].

Also,

. M, > M, © a* > bl and a¥ > bY,
. M <M, & a* <btanda’ <bY,

. My =M, & a’ = b and aV = pV.>%

2.17.Definition Let X be a non-empty set. The structurew = {(0, 75 (0), a5 (6)): 6 € X} is called
a cubic set in X, such that 7, (0) = [rL (), 7L (8)] is an interval-valued fuzzy set, where

fiy : X = D[0,1] and ag: X — [0,1] is a fuzzy set. *

2.18.Definition The level subset of @ = {(0, 75 (0), a5 (0)): 6 € K} is defined as follows
U(w,t,1r) = {0 € R: 715 (0) = T, a, < r}, forevery [0,0] < f < [1,1] and r € [0,1]. 2"*°

|.22

3.Cubic Q-ideals of Q-Algebras
Let (X,*,0) is a Q-algebra. The structurew = {(0, 745 (0), a5 (0)): @ € X} is a cubic set in X,
where 75 : X = D[0,1] and a,: & — [0,1]. For brevity, the cubic set in a Q-algebra is written as
follows w = (7 4, ag). Also, we can define the level subset of @ as follows
U(w,t,r) ={0 € R: 7i5(0) =, ay < 1}, forevery [0,0] < £ < [1,1] and r € [0,1].
3.1. Definition A cubic set @ = (74, @) in X is named a cubic Q-sub-algebra if
(1) 715> (0 * ) > rmin{fi(6), T (3)}.
(2) a5 (0 *3) < max{ay(0),a,(3)}, V6,2 € X,
3.2. Example Let X = {0, m, n, v} be a set defined by the table below.
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Table 4. A cubic Q-sub-algebra

* 0 m n v
0 0 0 0 0
m m 0 0 0
n n 0 0 0
v v 0 0 0

The triple (X,*,0) is a Q-algebra. Define 775 (0) and a4 (6) by

N _([0.1,08] if 6={0,mn} _ (0.1 if 6={0,mn}

i (0) = {[0.1,0.2] if 0=v '’ a5 (0) = { 0.5 if 6=v '
We can simply prove that @ = (7, a4 ) iS a cubic Q-sub-algebra.

3.3. Proposition Let @ = (fi, @) be a cubic Q-sub-algebra, then 7, (0) > 74 (6) and
a5 (0) < a,;(08), VO € X.

Proof. Since 6 6 = 0, then 74(0) = 45(0 * 0) > rmin{ii4(0),745(0)} = 74(0) and
a5 (0) = ag (0 * 0) < max{ag(0),an(0)} = ag(0).

3.4. Theorem For a cubic set w = (5, @) in X, the following are equivalent.

(i) @ = (7T 4, ag) is a cubic Q-sub-algebra of X.

(i) Every nonempty level set of @ = (7, @) is a Q-sub-algebra of X.

Proof. (i) =(ii) Assume @ = (i, @) is a cubic Q-sub-algebraand ¢ € D[0,1], r € [0,1],
where U(w,t,r) # @. Then v, € U(w,t,7), we have 75(0) = t, imz(3) =t and agz(0) <
r, a5 (3) < randsince w = (i, ay) IS a cubic Q-sub-algebra, we have

(0 * ) = rmin{fi;(0), iy (D)} = rmin{t, t} = t.

Ay (0 *3) < max{ay(0),ayz(M)} = max{r,r}=r,

Sothat 8 X € U(w, t,r). Hence, U(w, t,r) is a Q-sub-algebra of .

(ii) =(i) let U(w,t, ) be a Q-sub-algebra and 6,3 € X.

Take t = rmin{fi5(0),75(3)} and r = max{a;(0), a5 (3)}, forany 6, € X.

It follows from the hypothesis that U (w, £,7) is Q-sub algebra of X implies:

0 3 € U(w,t,r), therefore i (0 * 1) = t = rmin{fi;(0),75(3)} and

g (0 %) <r =max{ay(0),a,;(3)}. Hence, w = (i, ag) is a cubic Q-sub-algebra of X .
3.5. Definition A cubic set w = (i, @) of a BCK-algebra X is named a cubic BCK-ideal if:
(Hl)ﬁ:w(o) 7 ﬁw(g) and aw(o) < aw(e)-

(Hy) fi5(0) = rmin{fiz(0 «3),z(0)}and agy(0) < max{ag,(0 1), a,;(3)}, V0,1 € X,

3.6. Definition. Let X be a Q-algebra. A cubic set w = (7T, @) in X is named a cubic Q-ideal if:
(B (0) > 15 (6) and a5 (0) < ag5(0),

(B) 7t (0 % €) = rmin{ft;((6 * 3) x €), (M)} and

a0 x€) < max{a’w((e * ) * 6), aw(x)},ve,z, € € N..

3.7. Example Let X = {0,m,n, v} in example3.2, define a cubic set @ = (75, ay) in N as
follows:

[0.1,0.9] if 6=0 0.1 if =0
fi5(6) =11[0.3,0.5] if 0 € {mn}, ay(60) =404 if 0 € {m,n}
[0.1,0.2] if 6eEv 0.8 if 0 ev

Then, @ = (fig, ag) is a cubic Q-ideal.

3.8. Proposition for a Q-algebra X. If @ = (i, @) IS a cubic Q-ideal, then

6 < ximplies i5(0) > 5(3) and a5 (0) < a; ().

Proof. Let 8 < ), then8 x2 = 0and 8 * 0 = 6. Since (T, @) IS a cubic Q-ideal, then
(0% 0) =75(0) = rmin{ﬁw((e * 1) * 0),ﬁw(1)} F rmin{i5(0 * 0),T,(3)}

z rmin{fi;(0), ()} = ;). And

ay(0%0) =ay(0) < max{aw((e * ) * 0), aw(l)} < max{ag(0*0),az(M)}
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< max{ag(0),a;()} < agy(3). S0, T5(0) = i) and ay(0) < agz ().
3.9. Proposition for a Q-algebra K. If @ = (7T, @) IS a cubic Q-ideal, then
(0 * (0 %3)) = iy(3),and ag (0 * (6 *13)) < ag (D).

Proof. By Proposition 2.5 and Proposition 3.8, we get

(0 % (0 % 3)) Z Tz (), gz (0 * (6 1)) < ag ().

3.10. Proposition Let @ = (7, a4) be a cubic Q-ideal. If 6 = 3 < ¢, then
i5(0) = rmin{fiz(€), T5(3)} and a4 (0) < max{az(€), ag(3)}.

Proof. Let 6 * 1 < ein X, then (6 * 1) *x € = 0 and we have

i (0 * €) = rmin{fi, ((6 * 3) x €), i, (N}, if we put e = 0

Then, (0 * 0) = rmin{fi,((6 * 3) x 0), £, (M)}

g (0) = rmin{igz(0 = 1), T5(3)} (1)
But, 75(0 x¢€) > rmin{ﬁw((ﬁ * €) * J),ﬁw(e)}
iy (0 * €) = rmin{fiy ((6 * 3) x €), iy (€)} = rmin{ft;(0), iy (€)} = gy (€) (2)

From Equations (1) and (2) we get 75 (6) = rmin{fi; (€), iz (3)}.

Similarly, we can show that a4 (0) < max{az(€), az(3)}.

3.11. Theorem In a Q-algebra X, every cubic Q-ideal is a cubic BCK-ideal.

Proof. Take € = 0in (B,), then 72, (0) > rmin{ft,((0 * 3)), (M)} and

@ (0) < max{ay((6 *3)), an(N}. Hence, @ = (,;, @) is a cubic BCK-ideal.

The converse of Theorem 3.11 is not generally true; that is, a cubic BCK-ideal is not necessarily
a cubic Q-ideal. The following example illustrates this fact.

3.12. Example Let X = {0, f, g,j} be asetand = defined by the table below.
Table 5. A cubic BCK-ideal

—~Q ~ O
—~a oo
O O O~
~ O O oka
O O O~

Then (X,*,0) is a Q-algebra. Define 74 (0) , a5 (0) by

. _([0.1,08] if 6={0f g} (0.1 if 6={0f g}
o (0) = {[0.1,0.3] if 0=j "’ 5 (0) = { 0.8 if 0=j"
Now, @w = (5, ) IS a cubic BCK-ideal but it is not a cubic Q-ideal since
i * g) < rmin{fig(( * f) * 9), s ()} and ag(j * g) > max{ag (G * £) * g), am ().
3.13. Theorem Let @ = (fi, @) be a cubic set of X. Then w = (4, @) is a cubic Q-ideal if
and only if a nonempty level set U(w, t,r) of w is a Q-ideal.
Proof. Let U(w,t,7) #+ @ be a Q-ideal, for any 8 € X, then

fiz(0) =t,Vt € D[0,1], ay(0) =7,Vr € [0,1]s060 € U(w,t,r) and since 0 € U(w,t, 1),
then 5 (0) =t = 5(0) ,and a,(0) < r = a,(0), and
Now, we prove the condition (B,), if not, assume that there exists ¢, d, e € & such that
fim(c* €) < rmin{fiy((c * d) x e)) , 75 (d))}
ag(c * €) > max{ag((c* d) * e)), ag(d)}.
Let take B,and & as

1
B = E{ﬁG’(C *e) + rmin{ﬁw((c *d) * e)),ﬁw(d))},where B € D[0,1]

6= % {ag(c*e) + max{{ay((c*d) xe)),ay(d)},where 6 € [0,1]

i.e fig(cxe) < B <rmin{fiy((c*d)*e)), f,(d))}, and
ag(cxe) > 8 >maxf{ag((c*d)*e)),ay(d)}, itis followed
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(cxd)*e) e U(w,t,1r),d € U(w,t,r),but (c+*e) ¢ U(w,t,r), but the set U(w, t, ) isa Q-
ideal. This is a contradiction. So 7 (c * €) » rmin{ft,((c * d) * €)), ir(d))}

ag(cxe) < max{agy((c*d) *e)),ay(d)}, and @ is a cubic Q-ideal.

Conversely, Assume that @ = (7, @) is a cubic Q-ideal and £ € D[0,1], r € [0,1] s.t.
U(w;t,r) # @, Then there exists 8 € U(w, £, 7), then 5 (p) = t and a5 () < . It follows from
Definition 3.6 (B;) that 75 (0) > 75(0) > t and a5 (0) < a,(p) < r, hence 0 € U(w, t, 7).
Now, let ((8 *3) *€) € U(w,t,7), ) € U(w,t,7), Then iz ((0 x3) x€) =T and iz(3) =T,
A ((6 *3) x€) < rand ag(3) < r. Then from condition (B,), we get

s (0 * €) = rmin{ft, ((6 *3) x €),iy(N} = rmin{t, i} = and

A (60 * €) < max{ay((0 *3) *€),ay(MN} = max{r,r} = 1.

Sothat 8 * € € U(w, t,r). Therefore, U(w, t,r) is a Q-ideal.

4.The image (inverse image) of cubic sets
In this section, we present definitions of the image and the inverse image of a cubic Q-ideal,
along with some results on this concept.

4.1. Definition Let M': X — X' be a mapping from Q-algebraX into Q-algebra &' and

w = (7T, @) be a cubic set of X, then
rsup fiz(6), if M) ={0eXM@O)=3}+0
M(#m) () = BQ) = {HEM*@

0 otherwise

i@ (0) i M) = (0 € XM(0) = 3) % 0
M(az)(3) =CQ) = 1 otherwise

is said to be the image of 7 and ag under M and if n = (f,, a,) is a cubic set in X', then we
can define the inverse image for n by M ~1(n) = (6, M =1 (7)), M~ (a,)), where

M~ (#,(6)) = 7, (M (6)) and M~ (a,,(6)) = a, (M (8)), forany 6 € X.

4.2. Theorem Let M': X — X' be a homeomorphism between Q-algebra X and X'. If

n = (f,, a,) is a cubic Q-ideal of X’, then the inverse image of 7 is a cubic Q-ideal of X.

Proof. We have M~ (7, (0) ) = 2, (M(0)) = 7,(0') > 7,(8") = 7, (M (8)) = M~ (2, (6))
And M1 (an(O)) = ay (M (0)) = a,(0") < @, (") = a, (M (6)) = M ~(a, (6))
¥ 0,3,€ € X, we have M~ (%, (6 + e)) = 71, (M (0 * €)) = 7, (M (0) ¥ M(e))
= rmin (i, ((M(8) ¥ M(@)) M(e)),ﬁ,, (me)}
= rmin{ft, (M0 +3) *€)), 7, (M)} = rmin{Fm((0 «3) * €), 7 (M)},
M1 (an(e * 6)) = a, (M6 *¢€) = ay, (M (6) +' M ()
< max {a, ((M(6) + M) + M (), ay (M D))}

= max {“n (M((H * 1) * 6)) )y (M(J))} = max{an((e * ) * E), ay (J)}.
4.3. Theorem Let M': X — X' be an epimorphism mapping from Q-algebra X to Q-algebra X', if
w = (fi4, ag) IS a cubic Q-ideal of X, then M (@) is a cubic Q-ideal of X'.
Proof. Foreach 6',) e X', 36,2 € X s.t. M(8) = 6" and M (2) = X', we have
M(figz)(0) = rsupeeM-l(gr)ﬁw(e), for some 6 € ¥, and
M(agz)(0") = infGEM-l(ef)aw(H), for some 6 € R, and since @ = (7, a4 ) IS a cubic Q-ideal,
then 75 (0) > T5(0), a5 (0) < a5(0),V 6O € X, S0
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M (75)(0') = rsupgepc-1(0")Tw (0) = rsuPgep-1(0") 7w () = M (fi5)(6")
ANd M (@) (0) = infoerg— (o) e (0) < inf gerg—1(g) @ () = M () (68")
Forany 8',%,e' € X', let6, € M~1(0"),3 € M71(}), and €, € M ~1(¢), we have
M (i) (8" * €)=rsup g (8o * €0) (g, veg)err—1(0"x ')
> rmin{rsup g (8 * 3o) * EO)((90*Jo)*eo)EM-l((e’*:«')*e’)’rsupﬁm(lﬂ)loEM‘l(J')}
=rmin {M (i) (0" *2") x€"), M (i) (3)}. And
M (ag)(6" * €)=infag (0o * €0)) (g, xeg)err—1(0'+ ')
< max{ infay,((6 * o) * eo)((90*JO)*GO)EM_1((9,*1,)*E,), inf ae(30)spenc—1(x)}
=max{M(az)((6" * 1) * €"), M (az)(3)}.
Hence, M (@) is cubic Q-ideal of X'.

5. Conclusion

This study explored cubic ideals in Q-algebra with the application of the idea of cubic ideals,
including (BCK-ideals and Q-ideals) of Q-algebras, and discussed some of their important
properties. A few relationships between a cubic sub-Q-algebra and a sub-Q-algebra using the
level set of Q-algebras were presented. After that, we have proven that the image and inverse
image of a cubic Q-ideal are also cubic Q-ideals by the isomorphism mapping. It is possible that
in the future, we will work on the neutrosophic cubic Q-ideal and Filteristic Soft ideals of Q-
algebras. Additionally, we can study the notion of a cubic intuitionistic Q-ideal.
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