IBN AL- HAITHAM J. FOR PURE & APPL. SCI.  VOL.18 (4) 2005

Determination of the Minimum Uncertainty
States for a Rosen-Morse Potential by Using
the Canonical Transformation of the
Hamiltonian of the System

W.R. Mohsen

Department of Physics, College of Education, Ibn Al-Haitham,
University of Baghdad

Abstract

The wave functions of the minimum uncertainty states for a one-
dimensional Rosen-Morse potential are obtained via exploiting Nieto's
formalism for the construction of minimum uncertainty coherent states
for different one-dimensional potentials and by using a canonical
transformation of the Hamiltonian of the problem into a new
Hamiltonian which is chosen so that it looks like a harmonic oscillator

one. Also, the mathematical derivations of the Nieto's procedures are
presented.

Introduction

The concept of coherent states (CS) has been successfully used in
the last decade in many different contexts of theoretical and
experimental physics, in particular quantum optics(1). Schrodinger
first discovered the coherent states for the harmonic oscillator
potential in 1926 and much work has been done since then on their
properties and applications.

Recently, coherent states have been found in special
Hamiltonians(2). These coherent states are called minimum
uncertainty coherent states. In coherent states the standard deviation of
X (coordinate) and P(momentum) are equal and their product is
minimum over states. There are also quantum states, though we have
minimum uncertainty for the standard deviation of coordinate and
momentum, they are not equal any- more; those states are called
squeezed states. These states are as important as coherent ones(3).
Here exists three definitions of coherent states for the harmonic
oscillator system. The first one defines the usual coherent states as
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cioenstates of the annihilation operator (a) for each indi\’idual
O:Cillator mode of the electromagnetic field (4,5)

where [(_7,;,] =1 ((@) =a) and (z) is a complex constan; with

conjugate z . The resulting unit normalized states |z) are givep by:
|

I

> =e 2 Z ' I”i> ........ [2]
n=0 \[;j

where [n) is an element of the Fock space. A second definitjqy of

coherent states for oscillators assumes the existence of g unitary

"displacement" operator D(z) defined as :

n

™

D(z)= e~ . 3] | |
The coherent states parametrized by (z) are given by the action of
D(z) on the ground state |0)(1).

:+—;_)
D(z)|0y=z) =" 7|0y ......[4]
A third definition is based on the uncertainty relation, with position
(x) and momentum (p) given, as usual, by:
| -]

x=—(a+a)

V2
| - -
p——ﬁ(a—a)

The coherent states defined above have the minimum uncertainty

1 ] . .
value Ax Ap = S and maintain this relation in time. Coherent

states have two im

portant properties. First, they are not orthogonal to
each other,

Second, they provide 4 resolution of the identity, i.e., they

0 obtain coherent stat

: es for general ials has been
applied to generg| Hamiltonian sy o perhials

stems, to obtain both generalized
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coherent states and generalized squeezed states(6). In this method, the
classical variables (x) and (p) of the classical Hamiltonian of the
problem are transformed into the "natural classical variables", (X.)
and (P¢) which vary as the sin and cos of the classical (Qt). The

. s \ 2 2
classical Hamiltonian is therefore of the form P*+ X These

natural classical variables are next changed into n
operators.

Y =X (x)

atural quantum

L e :
p:;(XCp+pXC) ........... [6]

These quantum operators have g commut
uncertainty relation

LX,P]=iG
(AX)*(AP)? 2%((})2 ......... (7]

where (G) is an operator. The states that minimize this uncertainty
relation are given by the solution to the eigenvalue equation

ation relation and associated

YW =C¥_ ... 8]
. (G . (G)
X+i———PW¥ ={{(X)+i———"L_(p b S
or +12(AP)2 s =1(X) I2(AP)2<> T

where C is a complex number.
The classical transformation (x) and (p) to the variables (X¢) and (P)

!
is not a canonical transformation (7), ie., P, = PX ¢ 1s not the

canonically ~conjugate momentum(8). The classical canonical
transformation from the variables (x,p) to variables (X¢) and P
defined by the poisson bracket relation(8).

[Xe, Peeanom)=1 ... [10]

if X, is only a function of x, then

Pc(canon) = p/Xc '

Therefore, the canonical quantum operator P(canon) Will have the form:

c(can) 1S
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1 1 d a’l)

e = 4 == TN s [11]
Peanon™ 2 (A"’ dx dx X
Giving
[X: R‘anon]
£ S [12]

(A/Y) (A canon) ZZ

One can compare these expressions with those of relations [6] and 7]
Mathematical treatment of the formalism:
The symmetric Rosen- _Morse (RM) potential is (9):

Vi = Vo tanh’z , Z=aX ...ooevee [13]
The one-dimensional classical Hamiltonian for this potential is:

2

P 2
g=— 1V, tanh” z

2m
. +V, tanh’z [14]
2
. 2 ‘. 1/2
Therefore, X ={—(E—V(J tanh” z} ceivensil 19]
X, =X (x)=X mx)SmQJ........[lé]

A mXc =M X nary COSELE . [17]

' ,X.max)(l ~sin” Q 1)""?
- Q ( (max) Xc'z(mn.\) Sin : ch)l/Q

=0 Xz _y2\2
c( ¢(max) Xc) e [18]
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B o /
Therefore.

X!

dx .

4 C{IY

But, we have Ae=

¢

dt

d/Y (/\ ¢
A X
de - et s [19]

1/2 2 5 Y12
c(nwa\) - ’X,c
(E-V, tanh’

2
C(mu )
(E V tanh? 2) [ [20]

\/(‘chﬂna\)

[Q m]
....... 21
2 \/(E—Vo tanh® z) [21]

we have, sech’z + tanh’z = 1, therefore equation (21) becomes,

dx.

\@dnu\)

1/2

(Qz 1/2
m] dx
—X2 2 \/Esechzz+ Etanhzz—-Votanhzz

dx

B Qfm\
2

m

\/Esechzz —(V, - E)tanh’z

1/2

dx

2
2

:(Q

\/(V E)sechzz(

tanh® z

~E sech’z

dz

9 172
m
i {2512([/0 = E)} sechz\ﬁ(fmax) —sinh’ z)

where

2a’

Q, = (V, -E)

m

c(max)

E

¥ = 5] |

N
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Ifwe lety’ = sinh’z, then equation (22) becomes

dxX. _ ey
(X2~ X2) sinhz coshz sechz( Xi. -y
_ dy
S s e [24]
\/EX c(max) - y )
Therefore,
X
d[ e d _/_y]
A c(max) = /\ c(max)

¥ 2 3w ag [
A c(max) Xc(max)

From which, one get

-

. : s & 4 Y
sinh | =——=— |=ginh "] ==

c(max) ¢(max)
or X=y=sinhz ............ [26]
P.=m X.=mxd coshz
=apcoshz.......... [27]
Also, we have P.= mQ Xemay) €08 (€2t)

2
:m.\[gl—(Vo = &)
m

- m cos(€2,.1) ... [28]

The classical equations of motion are:

¢ ‘ mxa coshz
Xec=xa coshz=
m
_ pacoshz
m
22
':i Y
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Therefore.

=t

At 5 s 29]

A/ |

P. = = {(ZmazE)”2 cos(€ 1 )}
t

= (2mazE)”2Qc(— sin(€2,1))

172
— (VA 12 2a° ;
==Q2ma’E)""| — (¥, -E)| sin(Q1)
m

112
Y [
=-2a {(IU E)E} {(VU—E)} sin(€2 1)
1/2
Bar I :
==2a"(V, E){(VO —E)} sin(€2 1)
= _202 (Vo B E)Xc(max) Sin(Qct)

Therefore.

P.=-2a*V,-E)X, [30]

It is clearly shown that if (E) is greater than (V,), the classical
particle is unconfined. The equations of motion are still the same,
however, the solutions for (X;) and (P,) are

B 1/2 2(12 112
XC(E>VO):{(E_VO)} sinh{—(E—Vo)} to [31

m
]

) 1/2
P(E>V))=(2ma*E)"* cosh 2i(E-V) t )
c 0 n o [3 ]

m ol T

The quantum operators (X and P) of the classical variables (X, and Pe)
are:
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X = X(x)= sinhz........ [33]

p:l(Xf n f')X':ﬁ)—(i:acoshz
2 cp p c/? ¢ dx

g oo 8
= %[a cosh Z(_ih)—aa: +(=ih) p acosh ZJ

—iha’ d d )
= hz—+-—coshz
2 [COS dz dz

I d d 2
. hz— +—-cosh Zjha ........
Y (cos 4 o - [34]

where (hﬂz)is taking out of (P) to make it dimensionless, Tp,

commutator of the operators (X and P) 1s
[X,P] = XP-PX

! 1. 7 S
= —Jsinhz coshz—+sinhz coshz
21 dz

J

d¥Y .
—+ W¥sinh zi(cosh z)—coshz sinhz—
dz dz dz

7
~

— 'V cosh zi(sinh z)-‘Ycosh z di (sinhz) -

]

. d
Ysinh z Y (coshz)—coshz sinh z g\i}

z dz
I d
= ——.2¢0sh z—(<inh ~
Sy 0S zdz(smhz,)
=i cosh’x

Therefore, [X,P]=i cosh;

S AEEsoshy . 35]
Comparing equation [35] w; [ -
G= COShzZ...?.....[BHGS >} with equation [7] one can obtain

The uncertainty relation is-
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(L\.\ )'(A_\P)" 2 Z(COSh' Z) """" [37]

Minimum-uncertainty canonical states

VOL.18 (4) 2005

For a canonical transformation from (v and p) to the classical variables

(X, and l’ ) we have the definition (8),

WX, P =1

«\[7

3 [ [38]

[ herefore.

mx mx

(—=ih) T'I-(

dx
m \' X

_—ih | dx/dt d c/ dx / dt
" ax sdids dx, /dt

m{ I d d ] }(L\( ;
" ———— ) ¢ = X

o | —

2 \dX Jdxdx  dxdX, ldx| dx ‘
Therefore.
11 d d 1
P(fan) = / + ' h [39]
20\ X[ dx dx X,)

For a Rosen- Morse (RM) potential:
X=X =sinhz , X.=a coshz

] | d d ]
P(can) - )
2i\acoshz dx dx acoshz
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I 1 d 5 d | J
W T T [40]

, ¥
Also £ \P:_lu ] N+i( J
= 2i\coshz dz  dz\ coshz

LN SR S N, SR
2i\coshz dz coshz dz :

l 2 d‘I’_qj sinhz]

2i

2
coshz dz cosh” z

Therefore,

p R 1 d ~ sinh z )
(can) — i COShZ dz 260/’75/722 .......... [41]
X l{sinhz ¥ sinh?z

? (mn)] e K 2 \P
i |coshz dz 2cosh’z
| sinh’ z
= —(sinh z¥) + =
coshz dz cosh” z
1|sinhz d¥Y sinhz W ¥ d .
== ~ —~ — (sinh z)
i\coshz dz  coshz dz  coshz dz
1 ]
=-- .coshz =
I coshz
Therefore, [X. Pigy] =i..... [42]
So. we have
=1
2 1
(AX) (AP(C(JH))z ->-_4- """"" [43]

The eigenvalye €quation for

; ‘ minimum uncertainty states for these
canonical operators i (See equation [9]): y sta
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|
P € P— ¥, = CW
(< an) mus mus oo 44
2(AP,,,)’ o

where, C=u +iV, is a complex number. If we let, B= 1/7(APm) then
equation (44) becomes,

‘ B d B sinhz
~N -~ — — — . Jarmsid j
{511111 - ,m,g C\{ mus

coshz dz 2 cosh?z

or Sinh :(1 - B 2 \]—l— B d I mus = C\Ijmus
2cosh“z ) coshz d_

so. ) sinh Z[l = %—B—)-—J Y \{1"”” - B d\Pmus
’ 2cosh” z " coshz dz

Therefore,

JdV sinhz coshz  gjph 2 C .

S lmus _| _ + +—coshz |dz
L2 B 2coshz

J

1
J—-_(N mus, — ) _[sinhz coshz dz+— j.tanhz dz +g _[coshz dz+K
B : g

mus -

;
Ln¥, _=- i ¥ —C—sin z+ : Ln coshz+K
| 2B B 2

Therefore, Vs .

|
—sinh? z/2B+Csinh z/B+ELn coshz+K
e

—sinh? z/2B+Csinhz/B
= N(COShl/zz)e sinh +(C'sinh z

mus
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where . W represents the minimum-uncertainty.‘cal.aonical states f,
) mus - . i , .

a Rosen-Morse potential and (N) is the normalization factor Whigy

contains the integrating constant K.

scussion _
Dlz'fllelsgeneral formalism of Nieto and Slmmons(G,E?,V()) for (h
construction of minimum uncertainty coherent states for different op,_
dimensional potentials, both confining and nOﬂ-Cﬁ)ﬂﬁnug in one g
three dimensions, is based on the fact that the variables X and P peg
; bles x and p by a canonicy|

t b lated to the old varia .
not be rela alue of (G) of equation [36] g

transformation. This means that the v :
f equation [9]. In contrast, the presep,

satisfy the eigenvalue problem 0 .
| transformation to relate between the

work makes use of the canonica ) T
two sets of variables in order 10 construct the minimum uncertainy
neans that the value of (G) of equation (43) mugt

satisfy the eigenvalue problem of equation [9]. T_he comparison
hetween the above two sets of minimum uncertainty states anq
evaluating normalization factor N, complex I‘lUl?lel" C and the real
quantity B of equation [47] needs further investigation and that is g

subject of another paper.

states and this 1
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