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Abstract

This paper investigates the global behavior and periodicity of solutions
for a broad class of higher-order nonlinear difference equations arising in
discrete dynamical systems. The study aims to establish rigorous sufficient
conditions ensuring the existence and uniqueness of positive solutions
under appropriate initial conditions. Using advanced techniques from
nonlinear analysis, the qualitative properties of the solutions are
examined, including boundedness, persistence, and convergence.Particular
emphasis is placed on the asymptotic stability of equilibrium points,
where explicit criteria are derived to determine the conditions under which
solutions converge to steady states. The periodic behavior of solutions is
also analyzed, with special attention given to the existence of prime
period-two solutions under suitable parameter constraints. These results
reveal the complex and rich dynamical structure that such nonlinear
systems can exhibit.Furthermore, the long-term behavior of solutions is
studied in detail, highlighting their convergence patterns and stability
characteristics over time. To support the theoretical analysis, several
numerical examples are presented, illustrating the applicability and
accuracy of the obtained results. These examples clearly demonstrate both
the asymptotic stability and periodic dynamics predicted by the theoretical
findings, thereby confirming the validity and effectiveness of the proposed
approach.

Keywords: Periodic solutions; Asymptotically difference equation;
Difference Equations, Locally asymptotically stable, Prime Period two
solutions.

1. Introduction

A variety of phenomena can be modeled using difference equations, which are essential
mathematical tools, especially in systems with discrete-time dynamics. Numerous scientific
disciplines, such as biological sciences, physics, and economics, have shown a great deal of
interest in investigating of the asymptotic structure of outcomes to these equations. This interest
stems from the reality that many artificial and natural systems are intrinsically discrete and
change gradually over time, rendering difference equations a crucial tool for simulating such
systems. Recent developments in computational methods have made it possible to solve
difference equations more accurately and efficiently, which has led to new understandings of the
behavior of the systems these equations describe. However, from a theoretical standpoint, there
is still much to learn about stability, regularity, and equilibrium points in the complex and rich
field of asymptotic behavior of solutions.
Due to its importance in comprehending the long-term actions of discrete dynamical systems, the
asymptotic structure of difference formulas has been extensively studied. The motion of more
complex nonlinear difference formulas was first studied®, setting the stage for later research on
their stability as well as long-term behavior. Building on these principles, research? concentrated
on finding periodic results in non-linear difference equations, providing useful techniques for
examining periodicity in systems with motion. The dynamics of second-order rational difference
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formulas were further examined®, revealing unresolved issues and hypotheses concerning their
periodic behavior and long-term stability. The understanding of second-order mathematical
equations and their worldwide motion has greatly benefited from this study. The difference
equation x,,; = @ + Bx,_1e~*» was studied® in the same year helping to investigate
asymptotic behavior and stability in nonlinear equations involving difference In the mid-2000s
looked into the periodicity of max-type difference equation solutions and determined the
prerequisites for their existence. The concept of regularity in nonlinear difference formulas was
further developed®, which investigated the form of outcomes and regularity for third-order
rational equations with differences. A major development in the study of rational difference
equations occurred when’ established a new class of rational difference calculations and
investigated how they behave in terms of stability and periodicity. Further investigation of the
characteristics and actions of the results for these problems in their subsequent work®
significantly advanced our knowledge of asymptotic responses to difference equations. In a
similar vein,’ made by a substantial contribution to the study of nonlinear rational difference
formulas by offering a thorough analysis of these equations, dealing with the asymptotic
constancy and regularity of their solutions'® carried on this investigation, extending the theory to
incorporate new characteristics of these equations' solutions and conducting a more thorough
analysis of their long-term behavior. Moving on to more recent studies,™ examined the changing

dynamics for the difference equation x, ,; = pn +x;‘"‘, using a period-two coefficient,
n

deepening our knowledge of the periodicity and stability of difference equations via periodical
coefficients™ investigated the asymptotic behavior of rational difference equations, concentrating
on the equation y,,; =4 +y""‘, helping to analyze the stability of such systems. Further

P
developments were made *3, who analyzed the recursive sequence x,, , ; = a + ",, , focusing on

non-oscillatory solutions and their asymptotic behavior in nonlinear dlfference equations.
Expanded on this work, prowdlng a note on the positive no oscillatory solutions of the difference

equation x,,,=a+ "p"", and discussing their Iong -term stability®. The convergence of

solutions for the dlfference equation x,, . 1 = 1 + 2= was investigated, adding valuable insights

into the asymptotic stability of this specific form of difference equations*>'®explored the

recursive sequence Xx, ,; = a+x” 1, addressing the stability and asymptotic behavior of

solutions in recursive sequences’ also contributed to the understandlng of positive no oscillatory

solutions for difference equations of the form x, . ; = a + (x—) , providing important results
n-m

on the stability of these solutions. For more details see'®**.

By providing more sophisticated methods and findings in the area of difference equations, more
recent studies like '%s investigation into the global actions of nonlinear difference formulas of
higher order and *, which discussed the novel approach to obtain periodic outcomes of rational
difference formulas, continue to build on these fundamental contributions. These investigations,
which concentrate on the stability, periodicity, and asymmetric behavior of difference equations,
have made a substantial theoretical contribution.

The purpose of this paper is to better understand the long-term behavior of the group of
difference equations by examining their asynchronous nature. We investigate the stability and
regularity of solutions using a combination of computational methods and well-known theorems,
offering fresh findings that advance our knowledge of difference formulas in dynamic systems.
This work aims to improve the conceptual structure and practical usage of difference equations
by investigating equilibrium locations, periodic outcomes, and asynchronous stability of these
equations.
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The goal of this paper is to look into the behavior of a broad class asymptotically different
equation solutions.

Xes1 = Dieo @i Xp_pXi_ € = 0,1, ... (1)
whenever 7, a;,i = 0,1,...,m are nonnegative genuine numbers, #,u and m is nonnegative
integer numbers and the initial data x_g, x_g,4, ... X, are positive real numbers where s =

max{f,u }.

In this work, we consider the following higher-order nonlinear difference equation:
g

Xepq = Z a; xé_Bx?__J,E =0,1,..
i=0

This equation represents a general class of nonlinear recursive relations in which the future state
of the system depends on multiple delayed terms with nonlinear interactions. Such formulations
naturally arise in the modeling of discrete-time processes where memory effects and time delays
play a significant role, including applications in population dynamics, economics, and
engineering systems. The presence of multiple delays and nonlinear exponents increases the
complexity of the system, leading to a wide range of possible dynamical behaviors, including
stability, oscillations, and periodicity. Therefore, analyzing this type of equation provides
valuable insights into the qualitative behavior of nonlinear discrete systems and contributes to
the broader understanding of their long-term dynamics.
1.1. Definition (equilibrium point). Examine the following difference equation:

x§+1 = G(xg_wxg_ﬁ),f = 0,1, (2)
where 6 is a continuous function, which be u, 8 a positive-integer, if the element £ is a fixed-
point of 6, then it considered an equilibrium point of the Equation 2. That is; £= 6 (&, £).
1.2.Definition (Stability) Consider the equilibrium-point of Equation 2 to be tx € (0, o). Thus,
we conclude the types following:
i- (Local stability) A locally stable equilibrium points & of Equation 2 is regarded as that if for
every ¢ > 0 there exists ¢ > 0 in that, if x_, € (0,) forc = 0,1, ... ,7; » = max{p, u } with

olx_i — £ <o.Then |x; — £| < eforall £ = —r.
ii- (Local asymptotic stability) A locally asymptotically stable equilibrium point £ of Equation
1 is called as that if it locally stable and there is "> 0 implies that, if x_; € (0, ) for i =
0,1,..,7via , Y _,|lx_; — 2| <o.
iii- (Global stability) A global attractor equilibrium-point £ of formula (2) is called that if for
each x_; € (0,) fort = 0,1, ..., 7, we deduce lims_, ., x; = £.
iv- (Unstability) An equilibrium-points £ of (2) is regarded as un-stable if it not stables locally.
1.3. Definition (Periodicity) {xg };_f is a regarded as periodic via period t if x;,, = x¢,

V& > —r, and the sequence {x; }:;_4” is called a periodic via prime period t in the case t is

positive integer and smallest possessing this sufficient condition.

1.4. Definition The linear difference equation given by Equation 2 provides the linearized
equation concerning the equilibrium point £:

Zgrr = Dizo kize—,

were
fp = 282D G201,
axg_'[
1.5. Theorem Assume that k; € R,j = 0,1, ... ,#~. Then
r
Dlkl<1
i=0

meets the necessary requirements for Equation 2 to be asymptotically stable®.

290



IHIPAS. 2026; 39(4): 288-298

1.6. Theorem Make I an interval of genuine numerals and state that Q: I X I - T

IS a continuous function that meets the requirements listed below.

a- 6 (b, c) is non-decreasing in u for each ¢ € I, and is nonincreasing in c for each b € I.
b- In case (g, G) € I x I is a solution of the system

G =0Q(,9,9 =0Q(g0G)theng=0G.

Thus, there is only one equilibrium, x, for (1.2), and all of its solutions converge to £.

2. The Stability of the Equation

Here, we examine both the local and global stability of Equation 1's equilibrium point.
Equation 1's positive equilibrium point is provided by

£=A%"wereA=3%7_ a;

If r # 1, then we find

£=0o0rg=AY1"

Moreover, Equation 1 only has a zero equilibrium pointif 7~ = 1and A # 1.

2.1. Theorem. Presume 0 < 7~ < 1. For that reason, Asymptotically, 1's positive equilibrium
point is locally stable.

Proof. Assume that the function £ (b, ¢): (0,0)% — (0, ) is a continuous function defend by

f(b,¢) =Ll ab'c ©)
Then, we get
g
9] :
%(b, c) = z ta;bV e
i=0
And
of

g
3 (b,c) = Z;(/r —Da;bic” 1
P

Hence, we obtain

g
0
% (£, %) = £71 2 ia,
i=0
and
of N
%(x,x) =4 Z(/r -

Now, regarding £ , the linearized Equation of (1) is

Zeyn = Me-p—VZgp =0,

where,

1=2L(2,%) andy =2 (£, £)

2.2. Theorem dictates that (2) is asymptotically stable in case|A| + |y| < 1, and so

g g
£ Z ia;| + 924”‘12(4~ “Dal <1
i=0 i=0
Thus, we find
g
Z ra; < 217"
=0
and hence,

g
/r*Zai <A
i=0
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Then, we have that 0 < 7~ < 1, therefore, the result is achieved.
2.3. Example. Examine the equation of difference as follows:

Xepq = f .t 2x;x€ .t xfx(s 1,5 =01,--
Note that, = O,u = 1, = 1=2and g = 2. Utilizing Theorem 2.1, the positive
equilibrium-points of (1) £ = (ay + a; + a,)? is locally asymptotically stable (Figure 1.).

E‘:l T T T T T T T T T

Figure 1. The stable solution that matches Equation 3 for differences

The graph in Figure 1 represents the evolution of x; over time as the system reaches the stable
equilibrium. Initially, the values of x; may fluctuate, but as shown in the figure, the system
stabilizes around the equilibrium point £ = (a, + a; + a,)?, confirming the local asymptotic
stability of the solution.

2.4. Theorem Assume that ap = 0 and =~ < 1. Then, the equilibrium-points £ is one of equality
(1) global attractor.

Proof. Assume that »~ < 1, then we see that the function f defined as (3) satisfies % (b,c) >0
of
,and a(b, c) <0.

Next, we claim (g, G) as one of the system solutions

g =f@6),c =f(Gg)
Thus, we obtain

g
g= Z a;g’G"?
=1
g
G = 2 a,G'g”?
i=1

then,

g R
g’ G“’ G'g”
z gi' !
7:
and hence,
(g G) Z;’:l a;(Gg)4ﬂ 7 (ng_/r - 627_4”) =0 (4)

Hence, m = M. By assumption £ is a global attractor of equality (1.1), Theorem 1.2 implies
this fact. Thus, the result is achieved.
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3. The Existence of Periodic Solutions

The presence of periodic solutions of Equation 1 is examined in this section. The sufficient and
necessary necessaries for periodic solutions of prime period two to exists for this equation are
given by the following theorems.

3.1. Theorem If u, § odd or y, B even, then there is not a prime period two solution for Equation
1.

Proof. Assume that there exists a prime period two solution to equality (1) for [, k, and even.

e P, W, 0, W, ... .

Then x;_, = x¢_pg= w, from 1, we find

i=0
Thus, we get
g
Q= (p4~2 Z ai4~+1
i=0
g
w=aw" Z air+1
i=0

i=0
which contradicts itself. In a similar manner, the other case may be established, which is left out
for convenience.
3.2. Theorem. Suppose that u even and £ is odd. There are a prime period two solutions to
formula (1).

e P, W, Q, W, ... .
If

Loai (T =T) =0 (5)

where T = £,

w
Proof: Without loss of generality, it is presupposed that § > u. Here, make equality 1 have a
prime period two solution

v, 9,0, 0,0, ...
Since g is odd and p is even, we have x;_ g= ¢ and x;_,= w. From Equation 1, we get

g
— i, r—i
i=0
g
W= z a; wt q)/r—i
i=0

This implies
g
p=w" z a; T
i=0
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g
rzaiT_t

where T = (p/a) Since ¢ = Tw, we find
¢ _ a) Z a, Tt

w ¢ leoaT '

and so,
— ?=0 a; Ti
r=1"sg a; T~
i=0 "t
Then,
g

Z a; (T1+/r*—i _ Ti) =0.
i=0

1=
3.3. Theorem. Suppose that u is odd and g is even, there is a prime period of two solutions for
formula (1.1)

e @, 0,90,
If

YLoa (T~ =T =0, (6)
where T = —

w
Proof: We can presume that § > u without losing generality. Let us now consider a prime
period two solution to Equation 1.

LP,0W,0,0, ...
Since [3 even and p odd, we have x;_g = w and xz_,, = ¢. From Equation 1, we get

— V 7 —i
o= aro
i=0
g
w = z a, plw”

. =0
This implies
g

Q= w“z a;T™
i=0
g

w = aﬂ”ZaiTi

=0
where T = %. Since ¢ = Tw, we find
¢ _ 9 Eul™
w o Y oaq '

=0
and so,
Va ;gZO ai T_i
T=T T 0
=0 "
Then,
g

Z a, (T -7~ = 0.
i=0
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4. lllustrative Numerical Examples and Results
In this section, we give some numerical examples to apply Theorem 3.2 first.
4.1. Example: Consider the equation of difference.
Xey1 = aoxg_l + a;xgxs_q + azx§ (7)
We note thatm = »~ = 2,8 = 0 and u = 1. Equation 7 has a prime period two solution i, by
applying Theorem 3.2, if
a(T'—1D)+a;(1—-T H+a,(T-T %) =0
and so,
ao(T — T + a,(T — )T = a,(T3 — 1)

Since T # 1, we obtain
T?+T+1
T

Now, we see that

2
HT) =1 *TT“ > Mingeg+ H(T) = 3 for T € R* — {1}
Then, we obtain that (a;, — a;) > 3a,. For numerical example, ay = 8,a; = 1,a, = 2, x_; =

2 and Xg = = show it in Figure 2.
9 18

ao_a]_: a,

I:I12 I 1 I 1 I I I I |

011 a2

01 1

0.09 -

0.0a

007 -

0.06 - -

.05 1 1 1 1 I I I I I
0 10 20 30 40 50 B0 70 B0 g0 100

Figure 2. Prime period two solution for equality 7.

The figure shows the periodic solution of a prime period of two for the difference equation:
Xep1 = QoXf_y + QiXeXe_q + apxf  with given values a, =8,a; = 1,a, = 2and initial
conditions x_qy = 2 and Xo = =

9 18

4.2. Example Regard the difference equation
Xep1 = (cxg +xg-1)9 8

g
— 9\ it 0
_Z(i)cxfxf‘l
i=0
where ¢ is a positive real number and m is positive integer, note that, » = g > 1. By using

Theorem 2.1, in (1), the positive equilibrium point is unstable in (8) has a prime period two
solution according to Theorem 3.3,

if X, (9)c (T79T = T7%) = 0,
and it leads to,
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(D)< (5)

Mm

Tl—g Z c TI —

=0 t=0
Thus, we deduce

C g
1-g g — ([—
T1=9(cT + 1) (T+1) ,
Hence,
T —TY9
1
(@ _ g
Now, we see that
1/g
H(T) _ T-T

C =

O < Mingeg+ H(T) —g+1

forT € Rt — {1}

Therefore, we reach that

g>c(g+1)+1.

For numerical example, g = 3,c = 0.46825,x_; = 0.80449 and x, = 0.26816, shown in
Figure 3.

Qe

oel 1/ ‘I

0?2 | 1 1 1 I | I I 1
0 10 20 30 40 50 &0 70 Bo a0 100

Figure 3: Solution of Equation 8 for prime period two.

The graph shows the oscillatory behavior of x; over time. It demonstrates that the values of x;
repeat periodically every two steps, confirming the prime period two solution. The graph exhibits
regular fluctuations between two distinct values, which is characteristic of periodic solutions in
difference equations. The oscillations persist over time, indicating the stability and periodicity of
the system.

4.3. Results

In this section, we present the numerical results derived from applying Theorem 3.2 and other
theoretical findings to the difference equations under study. Specifically, we focus on the prime
period two solutions for several difference equations and demonstrate their stability and
periodicity through numerical simulations.

Example 1: Prime Period Two Solution for Equation 7

We begin by analyzing the difference equation:

X(e+1) = GoX(g-1) T GrXeX(g-1)  A2X
with parameters a, = 8,a; =1, and a; = 2, and initial conditions x_ =$ and x, = %

Utilizing Theorem 3.2, we confirm that the equation exhibits a prime period two solution. This
periodic behavior is observed in Figure 2, where the values of x; oscillate periodically with a
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period of two, verifying the theoretical prediction.

Example 2: Prime Period Two Solution for Equation 8

Next, we examine the difference equation:

X(e+1) = GoX(g-1) T BXeX(g-1) + A%

with the following parameters: g = 3, ¢ = 0.46825, x(—1) = 0.80449, and x0 = 0.26816x_0
= 0.26816x0=0.26816. The graph shown in Figure 3 demonstrates the periodic solution for the
prime period two case. The solution oscillates between two distinct values at regular intervals,
confirming that the system behaves as predicted by Theorem 3.3, where the values of x; repeat
every two steps.

4.4. Stability and asymptotic behavior

The periodic solutions observed in both examples are confirmed to be locally asymptotically
stable, as the system's state settles into a periodic cycle after initial fluctuations. The stability of
the solutions is a critical aspect of this study, as it demonstrates that, despite initial disturbances,
the system converges to a periodic solution with consistent oscillations between two values. This
stability is a direct consequence of the mathematical properties described in the theorems and is
verified through numerical simulations.

5. Conclusion

The manuscript aims to determine the periodicity of results for certain types of difference
equations. Equation 1 provides existence and uniqueness of linear difference equations via some
specific conditions. For more, we provided the prerequisites to the existence of periodic
solutions; the paper analyzes and studies the asymptotic movement of the solutions,
concentrating on the stability and periodicity. Finally, we make in this study some numerical
examples with asymptotic stability in the modules of difference equations.
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