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Abstract

In this paper we obtain some statistical approximation results for a general class of max-
product operators including the paused linear positive operators.
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Introduction
Let (x,) be sequences of numbers. Then, (x,) is called statistically convergent to a

number L iff or everye > 0,lim; w = 0 .Where # B denoted the cardinality of the

subset of B [1]. We denote this statistical limit by st —lim;x, = L. Now, let A = (a;,) be a
finite summability matrix. Then, the A-transform of x, denoted by Ax = (Ax); =
Yn=14jnXn, and provided the series converges for each j. We say that A is a regular if
lim;((Ax);) = L, where ever lim;x; =L [2].Assume now thatA is nonnegative regular
summability matrix. Then, a sequence (x,) is said to be A-statistically convergent to L if, for
every > 0,

lim]' Zn:|xn—L|2:3‘r:1]"n =0

..(1.2)

It is denoted by st — lim;x, = L, [2].

Properties of A Statistical

We recall some basic properties of A-statistical convergence as follows:
1) LetK be a subset of N, the set of all natural numbers. The A- density of K, denoted
byS,(K) , is defined bys,(K) = lim; ¥,k ajnxx(n) , provided that the limit exists, where
xxthe characteristic function of isK .By (1.1), we easily see that in [3], st —
limjx, = Lifand only if§,(K) = ({n: |x, — L| = €}) = 0, for everye > 0.
2) Every convergent sequence is A- statistically convergent to the same value for any non-
negative regular matrixA , but its converse is not true. For example in [3], for the sequence
1, if kis squar
0, otherwise.
It is easy to see that st —lim x, = 0.
Let X =[0,00) and C(X) is the space of all real-valued continuous functions on X and
Cg(X) ={f € C(X): f is bounede on X} with the norm on Cg(X) is given by:
If = gll = VxexIf(x) — g(x)| -.(2.1)
Let f: C(X) = Cz(X) be bounded, let also x, € X,k € {0, ...,n}, n = 1 be fixed sampled data.
Then the general discrete form of a max-product approximation is given by [3]:

n

PaC60 = \/ K (x00. £
k=0

Where K, (%, x): C(X) = Cz(X), k=0, ...,n. Are continuous functions onXsuch that,
Sa(fn EN: VR Kn(xx) =1} =1 ..(2.2)
Let X be normed space and f: X — [0,)be a target. Let xx € X ,y;, = f(x) be sampled
data. Then the Shepard-type max-product operator associated to f is define by [3]:

SAEx) = Vi_o Kn (% x0). f(x50) ..(2.3)
Where the Shepard Kernel for x # xj is:

x = (x;,), is defined as x;, = {

A
Kn(xxi) = 24— =1 .(2.4)
sy !
so the max-product Shepard operator is:
1 n i
Ace oy — un e _ e
Su(fx) = Vk—o - f(x) = T ...(2.5)
Vk:o—x Vk=0 A
flxe=x | llx=xe
We put
Z={neEN:VisoK,(x,x;) =1} ...(2.6)
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So by (2.2), we may write that
8a(Z) =1and 5,(NV/,) =0 ..(2.7)

Then we define theT, (f, x) max-product operators from C(X) into Cg(X) as [1]:

T,(fx) = (1 + u,)SA(f x), xeX ...(2.8)
Where u,, is a convergent sequence. In order to study approximation properties of the operator
defined above in (2.8) we need the following definition and lemmas.

Definition 1: [4]

Let f(x) be defined on an interval I and suppose that we can find two positive constants
M and a , such that|f (x;) — f(x2)| < M|x; — x,|%, forall x;,x, €I then f is said to satisfy
Lipschitz condition of order a and we say that f € lip(a).

Lemma 2.1: [5]
For any functions ay, by € [0 ),k e {o, .. n} we have:

Voe- /o< Ve

Now we prove lemma (2.2), since using in our work.

Lemma 2.2:
Let x € X and f € C(X, [0, 0))be fixed. Then the inequality:

2M;
IF5) = GOl < £+ S 0u¥)

is valid for sufficiently Largent, where M = V{|f(y)|,y € X} and,(y) = d?(x,y) .
Proof:
Letx,y € X = [0, ), and by uniformly continuity of fon [0, o), for each €> 0 there

exists a number § > 0 such that|f(x) — f(y)| < €, where \/x? —y2 < &. Now let x,y €
[0,00) and let z € [0, ) such that0 < z < oo, since f is continuous on the boundary point
also for each € > 0 there exists a § > 0 such that,

lfC) = fOII<If) = fF@DI+1f(2) - f)I <e
Where {/x? —y% < §,and§ = inf,ex d(x,y).
Finally let x,y € [0,) and let \/x2 —y2 > §, then easy calculations show that and by
lemma (2.1)we have |f(x) — f(¥)| < M|x — y|
By using the notation Euclidean n-space R™ in [6],n = 1is equipped with the distance

lx =yl = iz (i — }’i)z)%-
If () = fO)| < M|x —y|

Then we have that,

<My (x—y)?
<2m 22

Mfgd (x y)
<e+? fdz(x y)
< 6+—<0x(y)

|x
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Theorem 2.1:
Let T,,n € N be the linear positive operator in (2.8), which are mappings from C(X)
into Cg(X), is continuous in the uniform distance and it is pseudo linear in the sense that

Ta(a.fVB.g) = a. Ty (f,x) V B. Ty (g x)

Proof:
By (2.8), (2.5), we have

ITa(E%) = Ta(g )| = |(1 +uy)SE(EX) — (1 + uy)Si(g %)|
=[(1 4 up) Vi=o Kn (% xi). f(xi) — (1 + up) Vi—o Kn (%, xi). g(x10)
By lemma (2.1)

ITa(30) = Ta(g 0] < (1 + ) \/ KnGox0 10010 = g0l
By (22) -
ITa(E3) = Ta(g 201 < (14 ) \/ Kn G 1~ gl
k=0

SinceK,, (%, x;) are continuous and bounded then we have
ITa(£x) — Tu(g )| < M|If — gl
Where M = (1 + u,) Vi Kn (%, xi) the pseud linearity of T, is obvious.

Theorem 2.2:

Let T,,n € N, be a positive linear operators from C(X) intoCz(X)be an arbitrary
normed space and letA = (a; ) be non-negative regular summability matrix.
If st, — limyx, {V{| T, (@x X)|: x€X3}} = 0, Withey(y)=d?(x,y) ..(2.9)
Then, for allf: C(X) - Cz(X) , we have

sty — limx, {\/{|Tn (£,%) — f(|: xeX}} = 0

Proof:
IT (£ %) — f(x)| = [(1 + up)SA(f %) — f(x)|
= |(1 + up) Vi=o Kn(xx1) . f(x5) — f(x)|
1
A
By Kn(x,xk)znnx_#z 1in (2.4) we get
Vio——
-
n n
ITaC63) = 1GO1 = | (14 u) |/ a0 . 100 = \/ Kn G0 . £60
1 1
V=L V=L
o) — 601 = |1+ )\ / S—fx) - \/ K G0
YoVh —— Yovn_ ——
k=0 Vk=0 [y —x, |I* k=0 Vk=0 [y —x, It
n M vR _ e
O e
= (1+un) n 1k - K
Vik=o0 % Vk=o x
- -
n Gy f(xg) yn_ _fe)
O ol n lxod? g
=|m: = + up (Vk=o n ) — o T
k=0 A k=0 A k=0 A
T - el
f(x f(x X
I e
_ e o™ e
nin 1 n T n T

k=0 % Vik=oo— 7% Vk=o—x
[lx=xll flx=xl [lx=xl
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Vi, f(xk) Vi fl) vr_ L
=i el ° x|
— n n 1 n 1 n
k=0 k=0 k=0
s | floe=x |l s |
vr flg) vn fle)—f(x)
=0 1 =0~ 2
lle=xll lle=xgll
S un n 1 n 1
k=0 A k=0 A
lloe—xl fle=xl
By lemma (2.3)
ZMf
n _fOp) yr Se?
=i It O gt
S un n 1 + n 1
k=0 1 k=0 2
[loe=x | [loe=xl
Vn f(xk) Vn <Px(xk)
=i 2Mf IIx xk”
< |u, —n . + |(e + )
O et et
Since |f(xp)| < |ox(xp)| forallx € X,k =1, ...,n we have
ﬂ ‘PX(Xk ﬂ Ox(XK)
=0 =0
= 2Mf [lx=xll
< |u, —n - +(e+—=) 75— —=—
Vk=0 =0 x
i [lx=xill

By (2.4), (2.5) and lemma (2.2) we have
< |un Vﬁ:o Kn(x’ xk)- (px(xk)l + ((E - 1) +1+ ZMf) V OKn(x’ xk)-(px(xk)
< (1wl =D+ ) Vit Ko (2, 20). 9 ()
<(e—1+2 )(1 + ) Vieeo St (f, ). 90 ()
<(e-1) + T (@, X)

Now, taking maX|mum over x € X, in the last inequality gives, for alln € K , that
VAT, (f, ) = F)]:x € X} < (6 — 1) + 2L V(T (9, %): x € X} ...(2.10)
Foragiven r > 0, choosean € =1 >0 such thate —1 < r, and then define the sets
D:{neN:VT.(f,x) — f(x)|:x €X}) =1},

/ (r—e+1)62
D/ s dne N (\[UT(@on) - F@)lx € X)) 2 —a
The inequality (2.7), impliesDNZ < D/NZwhich yields for everyj € N , that

ZnEDﬂZ a]n = Znep/nz a]n = ZneD/ Qjn ...(2.11)
Taking limit as j — oo on the both-sides of the inequality (2.11), we get
lim; Y nepnz @jn =0 ...(2.12)

On the other hand, since
Zajnz z Ajn + z Ajp < ajn + z Ajn
nep neDNZ nebn(N/,) neDNZ ne(™/,)
Holds for every j € N, letting j — oo in the last inequality and using (2.12) and also the fact
thats , (V/ 7) =0, we have lim; ¥yep ajp = 0
This means that

st — lign {\/{ITn(f, x) —f(x)l:xeX}} =
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