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Abstract
In this paper, we study the convergence theorems of the Modified Ishikawa iterative

sequence with mixed errors for the uniformly continuous mappings and solving nonlinear
uniformly continuous mappings equation in arbitrary real Banach space.
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Introduction and preliminaries
Throughout this paper, we assume that X be a Banach space with norm || ||, the dual
space X* and J denote the normalized duality from X into 2X" give by:
Je) ={f €eX™:(x, ) =lxllIFIL NFN=lxll, vxeX} .(L1)[1]
Where (., .) denotes the generalized duality pairing.
A mapping T with domain D(T) and range R(T) in X is called accretive if the inequality
holds:
Ix —yll < llx =y + s(Tx = Tyl - (1.2)[2]
For every x,y € D(T) and for all s > 0.
A mapping T is called a strongly pseudocontraction if there exists ¢t > 0 such that x,y €
D(T) and r > 0, the following inequality holds:
lx =yl < I+ 7r)(x—y) +rt(Tx — Ty|| ..(1.3)
If t=1 in inequality (1.3), then T is called pseudocontractive.
Also, as a consequence of Kato [3], if follows from the inequality (1.3) that T is strongly
pseudocontractive if and only if the following inequality holds:
(U-Dx—U-T)y, jx—y)=kllx—yl*> ..(14)
For all x,y€eD(T) and for some j(x— y)€J(x—7y), wherek = % € (0,1).
Consequently, it follows easily, again from Kato [3] and (1.3), that T is strongly
pseudocontractive if and only if the inequality holds:
lx—=yll<llx—y+s[U-T—-kDx—U—-T—kDy]|l ..(1.5)
For every x,y € D(T) and for all s > 0.
Closely related to the class of pseudocontractive mapping is the class of accretive mapping.
It is clear that T is strongly accretive mapping if and only if I-T is strongly pseudocontractive
mapping.
Let us recall the following iterative scheme du to Mann [4], Ishikawa [5], Xu[6] and Cho
[7], respectively.
Definition 1.1 Let C be a convex subset of X and T: C — C be a mapping, then:
i. Forany x; € C, the sequence {x,} is defined by:
Yo = (1= Bp)xn + BnTxy, Xny1 = (L —ap)xy + ayTy,, n=1
Is called Ishikawa iteration sequence, where {a,} and {B,} are two real sequences in [0, 1]
satisfying some conditions.
ii..If B, =0 forall n>1 in(1.6), then the sequence {x,,} is defined by:
X €EC, xpy1 =0 —a)x, +a,Ty,, n=>1 ..(1.7)
Is called Mann iteration sequence.
iii. Forany x; € C, the sequence {x,} is defined by:
Vo = QuXy + DTy + CVp, Xpe1 = QpXp + b, Ty, +cou,, n=1  ..(18)
Is called Ishikawa iteration sequence with random errors. Here {u,},{v,} are two
bounded sequences in C; {a,}, {b}l} A{cn) {a,}, {b,}, {c,}are real sequences in [0, 1]
satisfying
ay+b,+¢,= a,+b,+c,=1 forall n>1
v. Ifb,=c,=0 forall n>1 in(1.8),then the sequence {x,} defined by:
Xo €C, Xpy1 = apxy +b,Tx, +c,u, n=1 ..(1.9)
Is called Mann iteration sequence with random errors.

iv.. Forany x, € C, the sequence {x,} is defined by:

Vo = QpXp + b T, + Cvp, Xny1 = AnXp + b, Ty, + cuu,, n=1 ..(1.10)

Is called modified Ishikawa iteration sequence with random errors. Here {u,},{v,} are
two bounded sequences in C; {a,,}, {b}l} A} {a,}, {b,}, {c,}are real sequences in [0, 1]
satisfying
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a,+b,+¢,= a,+b,+c,=1 forall n>1.

iiv.. If b,=c,=0 forall n>0 in(1.10), then the sequence {x,} is defined by:

X1 €C, Xpyq1=apxy, +b,T"x, +cou,, n=1 ..(1.11)

Is called modified Mann iteration sequence with random errors.

It is clear that the Mann, Ishikawa iterative sequences and Mann, Ishikawa iterative sequence
with random errors are special cases of Modified iterative sequences with errors.

Definition 1.2 [8, 9] A mapping T: C—C called:
I. Lipschitz if there exists a constant L>0 such that
ITO)-T(y)|<L|x-y]| ...(1.12)
forall x,yeC.
ii. Uniformly L-Lipschitzian if there exists a constant L>0 such that
|T”(x)—T”(y)||£ Lx-vy] ...(1.13)
forall x,yeC,n>1

Definition 1.3 [10] Let C be a convex subset of vector space and f real valued function
defined on C, then f is called generalized convex if for any three points x, y, ze C and
a,b,c € [0,1] such that
flax+by+cz) =af(x)+b f(y)+c f(2).

Example 1.4 Let f:[0,00) — [0,0) such that f(t) = t? for allt € [0,0). Show that f is
generalized convex.
Solution: for any three points X, y, z € [0, o) and a, b, c € [0,1] such that

flax + by + cz) = (ax + by + cz)? < ax* + b y* + ¢ z*
Thus f is a generalized convex.

Several researchers proved that the Mann iterative scheme, Ishikawa iterative scheme , the
Mann iterative scheme with random errors and Ishikawa iterative scheme with random errors
can be used to approximate solutions of the equations Tx=f where T is strongly
pseudocontractive mapping or @- strongly pseudocontractive mapping.

Very recently, Arifig [10], proved a related result that deals with the Mann iterative
approximation of the fixed point for the class of strongly pseudocontractive mapping in
arbitrary real Banach space. At the same time, he puts forth an open problem:

It is not Known whether or not the modified Ishikawa iteration method converges uniformly
continuous mapping. This open problem has been studied extensively in case of Mann
iterative scheme with random errors and Ishikawa iterative scheme with random errors by
many of the researchers (see, [1-3], [6], [10-16]).

The objective of this paper is to introduce the modified Ishikawa iterative method a class of
sequence which much more general than the important class of Mann iterative scheme with
random errors and Ishikawa iterative scheme with random errors, and to study problem of
approximation fixed point by modified Ishikawa iterative processes with random errors for
uniformly continuous mappings and this mapping satisfies some conditions.

We will prove that the answer of Airfig’ s open problem is affirmative if X is an arbitrary
real Banach space and T : X — X is an uniformly continuous mapping and satisfying some
conditions. The results presented in this paper improve, generalize and unify results of [1-2],
[11-16].

The following two lemmas play crucial roles in the proofs of our main results:

Lemma 1.5 [2] Let J:X — 2% be the normalized duality mapping. Then for the X,y € X ,
we have

X + y||2 < ||x||2 +2(y, j(x+y)), Vi(x+y)eI(x+y).
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Lemma 1.6 [2] If there exists a positive integer N such that forall n> N, ne N,
Uni1 < (1 - bn)an tce, n=2 1
Then lim, . a, = 0,where b, € [0,1] foreachn € N, Y b, = and
cn = 0(by),

Main result
Theorem 2.1 Let X be an arbitrary real Banach space , C be a convex subset of X, T:C —» C
be an uniformly continuous mapping with bounded range and T satisfies the condition
lx =yl <llx—y+r[U-T"—kDx— I -T"—kDy]ll ..(2.1)
where | is the identity mapping on C, forall x,y € C, k € (0,1), r > 0.
If g is a fixed point of T and for arbitrary xe C, then modified Ishikawa iterative scheme with
random errors defined by ( 1.10) which satisfies the conditions:
I Yn=1by =
ii. ¢, = 0(by),
iii. lim,,,00 by, = limy, e by, = lim,,_e0 €, = 0.
is converges strongly to unique fixed point q of T.
Proof: Since T bounded range, we set
My = Xy — qll + supn2a IT"yn — qll + suppz1llun, —qll
Obviously M; < oo.
Itis clear that ||x; — ql| < M;. Let ||x,, — qll < M;. Next we will prove that
lxns1 — qll < M.
Consider
”xn+1 - CI|| = ”anxn + bnTnyn + Chy — CI||
= ”anxn + bnTnyn + ChUy — (an + bn + Cn)QH
= |lan(xn — @) + bp(T"yn — q) + cr(uy — Q|
< anllxn = qll + bullT™yn — qll + cnllun, — qli
< (1= b)lIxn — qll + bplIT™yn — qll + cullun — 4l
< (1 - bn)Ml + bn”Tnyn - CI” + Cn”un - q”
< (1 = bp)(lx1 — qll + supp=1 IT"yn — qll + suppoallun, —qll) +
bn”Tnyn - q”
+ Cn”un - q”
< Iy = qll + supns1 IT"yn — qll + suppsqllun — qll = ba(llxy — 4l
+ supp1 IT"yn — qll + suppsallun — qll) + ballT"yn — qll + cpllun —qll
<M,
So from the above discussion, we can conclude that the sequence {x,,},—; is bounded.
Let My, = supps1lly, — qll. Denote M = M; + M,. Obviously M < oo.
Consider ||xn4+1 — qll* = lanx, + b T™y, + cpu, — qll?
= llapxn + bpT"yn + cpun — (an + by + Cn)QHZ
= llan(n = @) + b (T"yn — @) + cn(un — PII? ,
< (an”xn - q” + bn”Tnyn - q” + Cn”un - CI” )

< (@ = b)llxn = qll + balIT™ ¥ — qll + callin — qll )’
From def.(1.3) < (1= b)lIxn — qllI? + balIT™yy — qlI? + cullu, — qll?
< (1 -b)lx, — qll* + byM? + c,M? .. (2.2)
Now from lemma (1.5) for all n > 1, we obtain
llxns1 — q”2 = llanxn + bpT"yn + cpuy — CI||2
= llan(tn = @) + bp(T"yn — @) + cp(up — PII?
< (1= b)?llxn — qll? + balIT™y, — qlI? + cpllu, — qll?
< (1= b)?llxn — qll* + 20Ty — @) + cn(un — @), (Xns1 + )
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< (1 - bn)zllxn - CI||2 + Z(bn(TnYn - Q):j(xn+1 - CI))
+2(Cn(un - Q);j(xn+1 - Q))
< (1 - bn)zllxn - Q||2 + an(TnYn - q'j(xn+1 - CD) + 2Cn<un - CI:j(xn+1 - CI)>

= (1 - bn)zllxn - Q||2 + 2bn<Tnxn+1 - q'j(xn+1 - CI))

+ 2bn<Tnyn - Tnxn+1'j(xn+1 - CD) + 2M2Cn
< (1= bp)?llxn — qll* + 2bp{T™xn 41 — 4, (Otns1 — Q)

+ an”Tnyn - Tnxn+1””xn+1 - q” + 2M2Cn

< (1= bn)?llxn — qll? + 26y (1 = K)lIxns1 — qll*  + 2bulIT"yn — T 241|040 — qll

+ 2M?c,
<(1- bn)zllxn - CI||2 + 2b,(1 - k)”xn+1 - CI||2 + anM”Tnyn - Tnxn+1” + ZMZCn
<(1- bn)zllxn - CI||2 +2b,(1 - k)”xn+1 - qllz + 2bnd, + ZMZCn -(2.3)
Where d, = M||T"y, — T™xp41l . (2.4)
From (1.10) we have
“yn - xn+1” = ”(dn_an)xn + bnTnxn +Cpvy + bnTnYn + Cnun)” ---(2-5)

limn—mo”yn - xn+1” =0= 1imn—>oo||Tyn - Txn+1|| =0= limn—mo”Tnyn - Tnxn+1” =

0
limd,=0. ..(2.6)
n—00

Substi
Bnss = g2 < (1 = bp)2llxy = qlI% + 2by(1 = I)llxns — gl + 2bndy, + 2M?c,
< (1= ba)2lln = qlI? + 26, (1 = bn) Nlw — qli2 + M2by, + M2cy,)
+2b,d, +2M?c,

< (1 =bp)? llxn —qll* + 2b,(1 = K)(1 = by) llxn — qlI?
+2b,(1 — k)M?b,, + 2b,(1 — k)M?c,, + 2b,d,, + 2M?c,
= ”xn - Q||2[(1 - bn)z + an(l - k)(l - bn) ] + an[Mz(l - k)(bn + Cn)
+d,] +2M?c, ..(2.7)
By lim,,_,, b, = 0, there exists a natural number n, € N such that for alln = n,
We have b,, < % From (2.7),we get

”xn+1 - q”2 < (1 - kan) ”xn - q”2 +2bn[M2(1 - k)(bn + Cn) + dn + 2M2tn (28)

n

b
where t,, = -

Now with the Flelp of (i-ii), (2.6) and lemma 1.6
lim ||, — gl = 0.
Then {x,,} converges strongly to fixed point g € F(T).
If p also is a fixed point of T; we will show that q is uniqueness

lg—pll*> =(q—p,j(@ —p)) =(Tq—Tp,j(q —p)) < (1 - K)llqg —pll?
Since k € (0,1), it follows that ||g — p||?> < 0, which implies the uniqueness. m

Theorem 2.2 Let X be an arbitrary Banach space , C be a convex subset of X, T:C — C be L-
Lipschitzian mapping with bounded range and T satisfies the condition
lx=yll < llx =y +r[I-T"—kDx— (I —-T" = kDylll

where | is the identity mapping on C, forall x,y € C, k € (0,1), r > 0.

If g is a fixed point of T, then the modified Ishikawa iterative scheme with random errors
defined by ( 1.10) which satisfies the conditions:

[ Z?lozl b, =
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ii. ¢, = 0(by),
iii. lim_b, = lim b,, = lim ¢,, =0
n—-oo n—>0oo

Then the sequence {x, }is converges strongly to unique fixed point q of T.

Theorem 2.3 Let X be an arbitrary Banach space , T: X — X be an uniformly continuous
mapping and T satisfies the condition

(T — Ty, j(x —y)) = kllx—y|?>, n>1 forallx,y €X, k€ (0,1).

For given f € X*; let x*denote the unique solution of the equation T"x = f. Define the
mapping H: X = X such that H"x = f+x — T"x, and suppose that the range of H is bounded
Let {x,};=1 the modified Ishikawa iterative scheme with random errors defined by :

X1 €EX, Yo = AuXp + by H "Xy + CuVp,  Xpi1 = QuXpy + byH yy + Cou,, n>1
Here {u,},{v,} are two bounded sequences in X; {a,}, {b,} ,{c.}, {an}, {bn}, {c,}are
real sequences in [0, 1] satisfying
a, + b, +¢, = a,+b,+c,=1 forall n> 1 .which satisfying the conditions:

i Z?lozl b, =
ii. ¢, = 0(by),
iii. lim_b, = lim b, = lim ¢, =0.

n—-ood n—oo n—oo
Then the sequence {x,} is converges strongly to unique solution of T"x = f.

Theorem 2.4 Let X be arbitrary Banach space, T: X — X be L-Lipschitizan mapping and T
satisfies the condition
(T — Ty, j(x—y)) = kllx—y|?>, n>1 forallx,y €X, k€ (0,1).
For given f € X; let x*denotes the unique solution of the equation T"x = f. Define the
mapping H: X — X such that H"x = f+x — T™x, and suppose that the range of H is bounded
For any x; € X, let {x,}y=,; the modified Ishikawa iterative scheme with random errors
defined by
Vo = QpXp + by H X + Cvp, Xn41 = AnXp + by H y, + cpu,, n=1
Here {u,},{v,} are two bounded sequences in X; {a,}, {b,} ,{c.}, {an}, {bn}, {c,}are
real sequences in [0, 1] satisfying
a, + b, +¢, = a,+b,+c,=1 forall n> 1 .which satisfying the conditions:
i Xpziby =00
ii. ¢, = 0(by),
iii. lim_b, = lim b, = lim ¢, = 0.
n—oo n—oo n—oo

Then the sequence {x,} is converges strongly to unique solution of T"x = f.
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