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Abstract

This paper devoted to the analysis of regular singular boundary value problems for
ordinary differential equations with a singularity of the different kind , we propose semi -
analytic technique using two point osculatory interpolation to construct polynomial solution,
and discussion behavior of the solution in the neighborhood of the regular singular points and
its numerical approximation. Many examples are presented to demonstrate the applicability
and efficiency of the methods. Finally , we discuss behavior of the solution in the
neighborhood of the singularity point which appears to perform satisfactorily for singular
problems.
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Introduction

In the study of nonlinear phenomena in physics, engineering and other sciences, many
mathematical models lead to singular two-point boundary value problems (SBVP) associated
with nonlinear second order ordinary differential equations (ODE) .
In mathematics, a singularity is in general a point at which a given mathematical object is not
defined, or a point of an exceptional set where it fails to be well-behaved in some particular
way, such as Many problems in varied fields as thermodynamics, electrostatics, physics, and
statistics give rise to ordinary differential equations of the form :

y'=fty,y) , 0<x<1 1)
On some interval of the real line with some boundary conditions.

A two-point BVP associated to the second order differential equation (1) is singular if
one of the following situations occurs :
a and/or b are infinite; f is unbounded at some X [0,1] or f is unbounded at some particular
value of y ory’ [1] .

How to solve a linear ODE of the form :

AX)y" +B(x)y +C(x)y=0 (2)
The first thing we do is, rewrite the ODE as :
y" +P(X)y’ + Q(x)y =0 ! 3)

where, of course, P(x) = B(x) / A(X) , and Q(x) = C(x) / A(X) .

there are two types of a point Xo € [0,1] : Ordinary Point and Singular Point. Also, there are
two types of Singular Point : Regular and Irregular Points, A function y(x) is analytic at xo if
it has a power series expansion at Xo that converges to y(x) on an open interval containing Xo
A point X is an ordinary point of the ODE (3), if the functions P(x) and Q(x) are analytic at
Xo. Otherwise Xq is a singular point of the ODE,

i.e. P(X) = Pg+ Py(X-Xo) + P2(X-X0)*+........ = Z D,

Q(X) = Qo + Qu(X-X0) + Qo(X-X0)+rr ... =Y ak-%) . 6

If A,B and C are polynomials then a point X, such that A(xp)= 0 is an ordinary
point. On the other hand if P(x) or Q(x) are not analytic at X, then Xq is said to be a singular.
A singular point X, of the ODE (3) is a regular singular point of the ODE if the functions
xP(x) and x*Q(x) are analytic at Xo. Otherwise X is an irregular singular point of the ODE .
[2]

L.F. Shampine in [3] give other definition, which illustrated by the following :

If limyxo (X — Xo)P(X) finite and  limy_xo (X — Xo)* Q(x) finite , (6)

that is, if both (x —xg)P(X) and (X —xo)?Q(X) posses a Taylor series at xo, then X is called a
regular singular point, otherwise X is an irregular singular point .

If A, B and C are polynomials and suppose A(Xo) = 0, then X is a regular singular point
if:
limy —sx0 (X - Xo)( B/ A) and  limy—s o (X - X0)*(C/A) are finite ,  (7)

Now, we state the following theorem without proof which gives us a useful way of
testing if a singular point is regular.
Theorem 1 [4]

If the limy_o P(X) and limy_,o Q(x) exist, are finite, and are not 0 then x = 0 is a regular
singular point. If both limits are 0, then x = 0 may be a regular singular point or an ordinary
point. If either limit fails to exists or is +o0o then x = 0 is an irregular singular point .

There are four kinds of singularities :

e The first kind is the singularity at one of the ends of the interval [0,1] ;
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e The second kind is the singularity at both ends of the interval [0,1]
e The third kind is the case of a singularity in the interior of the interval;
e The forth and final kind is simply treating the case of a regular differential equation on an
infinite interval.
In this paper, we focus of the first three kinds .
2. Solution of Second Order SBVP
In this section we suggest semi analytic technique to solve second order SBVP as
following, we consider the SBVP :
XTy'+f(x,y,y)=0 , (8a)
ai(y(0),y(1) y(0),y(1))=0, i=1,2, (8b)
where f, g1, g2 are in general nonlinear functions of their arguments .
The simple idea behind the use of two-point polynomials is to replace y(x) in problem
(8), or an alternative formulation of it, by a P,,+1 which enables any unknown boundary
values or derivatives of y(x) to be computed .
The first step therefore is to construct the P,n.; , to do this we need the Taylor
coefficients of y (x) atx =0 :

y=a0+a1X+Z a,x' , ©)
i=2 .
where y(0)= ao ,y'(0)= a; ,y"(0) / 2! =a,,..., y)(0) /il = & ,i=3, 4,...
then insert the series forms (9) into (8a) and equate coefficients of powers of x to obtain a; .
Also we need Taylor coefficient of y(x) about x =1 :

0

y=by+b,(x-1)+ z b, (x-1)’ , (10)

i=2

where y(1) = by V(1) =by, y"(1) / 2! =bs,..., y(1) /il =b; ,i =34, ...

then insert the series form (10) into (8a) and equate coefficients of powers of (x-1) to obtain
b, ,then derive equation (8a) with respect to x and iterate the above process to obtain az and b3
, Now iterate the above process many times to obtain a4 ,bs ,then as ,bs and so on, that is ,we
can get a; and b; for all i > 2( the resulting equations can be solved using MATLAB to obtain
a;and b; for all i>2 ) , the notation implies that the coefficients depend only on the indicated
unknowns ao, a1, bo, by, we get two of these four unknown by the boundary condition .Now,
we can construct a Pon.1(X) from these coefficients ( &5 and b;$ ) by the following :

n

Poawi= > {aQi0)+(-D)'biQ(l-x)3} (11)

i=0

- b1 (n+s) _
where  (x'/jD(I-x)" Y’ S X*=Q,(x)/]!
s=0
we see that (11) have only two unknowns from ag ,bp ,a; and b; to find this, we integrate
equation (8a) on [0, x] to obtain :

XMy'(x) = mx™y(x) + m(m—l)Jx' x™2y(x) dx +I f(x,y,y)dx=0, (12a)
and again integrate equation (1;a) on [0, x] to oobtain :
X™y(X) —2me' x™y(x) dx +m(m-1)f (1-x)xm'2y(x)dx+i (1-)f(x,y,y") =0, (12b)
Putting x = 1Oin (12) then gives : 0 0
b; — mbg + m(m-1) j x™2y(x) dx + j fx,y,y)dx=0 | (13a)
0 0

and
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1 1 1
bo—zmj X™Ly(x)dx +m(m-1)j (1-X)X™2 y(x) dx + j (1-X)f(x, y, y)dx = 0, (13b)
0 0 0
Use Pan+1 as a replacement of y(x) in ( 13 ) and substitute the boundary conditions (8b)
in (13) then, we have only two unknown coefficients bi, by and two equations (13) so, we can
find by, by for any n by solving this system of algebraic equations using MATLAB, so insert
boand by into (11) , thus (11) represents the solution of (8) .
Extensive computations have shown that this generally provides a more accurate
polynomial representation for a given n .
3. Examples
In this section, many examples will be given to illustrate the efficiency, accuracy ,
implementation and utility of the suggested method. The bvp4c solver of MATLAB has been
modified accordingly so that it can solve some class of SBVP as effectively as it previously
solved nonsingular BVP.
Example 1
Consider the following SBVP :
X2 y"(x) = 9xy'(X) + 25y(x) = 0 , 0<x<1
With BC : y'(0) =0 , y(1) = 1. The exact solution is : y(x) = x°
It is clear that x = 0, is regular singular point and it is singularity of first kind . Now, we
sol\ée this example using semi - analytic technique , From equations (11) we have : Pg(X)
=X
For more details ,table(1) give the results for different nodes in the domain, for n = 4, i.e.
Pg and errors obtained by comparing it with the exact solution. Figure (1) gives the accuracy
of the suggested method.
Example 2
Consider the following SBVP:
(1-x)y"+xy+y=0 , 0<x<I
WithBC: y'(0)=0, y(1)=-y@1).
Itis clear that x = 1, is regular singular point and it is singularity of first kind . Now, we solve
this example using semi-analytic technique ,From equation (11) we have : if n = 2 ,we have Ps
as follows :
Ps = - 0.0109890110 x° + 0.0627943485 x” - 0.3296703297x° - 0.9293563579x? + X +
1.858712715855573.
Higher accuracy can be obtained by evaluating higher n, now take n = 3, i.e.,
P, =-0.0017069701x" +0.0098130167x° - 0.0293029872 x° +0.0766016098x" -
0.3333333333 x° - 0.9288921481 x* + X + 1.8577842962 .
Now, increase n, to get higher accuracy , letn =4, i.e.,
Py = -0.0003876355x° +0.0025102583x° -0.007761001x’ +0.0167512244x°
- 0.033114847889001 x° + 0.077409158926178 x* - 0.3333333333x° -
0.9289099071x° + x + 1.8578198142 .
For more details ,table (2) gives the results of different nodes in the domain, for n = 2,
3, 4. Also, figure (2) illustrate suggested method for n= 4.

Example3
Consider the following SBVP: — x*y"—2xy' +2y =—4x* |, 0<x<1

With BC : y(0) = y(1) = 0 and exact solution is y = x*—x

It is clear that x = 0, is regular singular point and it is singularity of first kind . Now, we
solve this example using semi-analytic technique , From equation (11) we have : Pg = x? =X .
For more details ,table (3) give the results of different nodes in the domain, for n = 4. Also,
figure (3) illustrate suggested method for n= 4.
4. Behavior of the solution in the neighborhood of the singularity x=0
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Our main concern in this section will be the study of the behavior of the solution in the
neighborhood of singular point .
Consider the following SIVP :
y')+(N-1)/x)y(x) =fly) ,N=1, 0<x<1, (14)
y(0) =yo , limx_ o+ Xy'(x)=0 , (15)
where f(y) is continuous function .
As the same manner in [6], let us look for a solution of this problem in the form :
Y(x) =yo — C X (1 +0(1)) . (16)
y(x) == CkxX“*(1+0(1)) ,
y'()=-Ck(k-1)x*(L+o(l), x—0
where C is a positive constant and k > 1. If we substitute (16) in (14) we obtain :

C= (UK (fyo) IN)* Y
In order to improve representation (16) we perform the variable substitution : y(X) = Yo
—Cx*(L+g(0) . (18)

we easily obtain the following result which is similar to the results in [6].
Theorem 2
For each yo > 0, problem (14), (15) has, in the neighborhood of x = 0, a unique solution
that can be represented by :
y(X, Yo) = Yo — Cx (1 + g x* +0(x") ) ,
where k, C and g are given by (17) and (18), respectively.

We see that these results are in good agreement with the ones obtained by the method
in [6], they are also consistent with the results presented in [7]. In order to estimate the
convergence order of the suggested method at x = 0, we have carried out several experiments
with different values of n and used the formula :

Cyo =~ logz (Iyo™ — Yo™| / Iyo"~ o™ |) , (19)
where yo" is the approximate value of y, obtained with n; ,nj=1,2, 3, 4,...
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Table (1): The result of the method for Py of example 1

Ps(X)
do 0
by 5
exact solution y(x) Osculatory interpolation | Error | y(x) — Po|
Po
0 0 0 0
0.1 0.000010000000000 0.000010000000000 0
02 0.000320000000000 0.000320000000000 0
0.3 0.002430000000000 0.002430000000000 0
0.4 0.010240000000000 0.010240000000000 0
0.5 0.031250000000000 0.031250000000000 0
0.6 0.077760000000000 0.077760000000000 0
0.7 0.168070000000000 0.168070000000000 0
0.8 0.327680000000000 0.327680000000000 0
0.9 0.590490000000000 0.590490000000000 0
1 1 1 0
Table (2): The result of the method for n = 2, 3, 4 of example 2
Ps Pz Po
ao 1.858712715855573 1.857784296228232 1.857819814228270
bo 1.65149136577708 1.650963483915429 1.650983731093794
Xi Ps P7 Po
0 1.858712715855573 1.857784296228232 1.857819814228270
0.1 1.949095651491374 1.948169418187120 1.948204807591012
0.2 2.018998053375218 2.018075735440336 2.018110988145184
0.3 2.066651475667217 2.065740050052486 2.065775139074470
0.4 2.090411805337528 2.089526555233489 2.089560915079904
0.5 2.088746075353169 2.087906467474147 2.087939057875687
0.6 2.060219277864830 2.059442143114885 2.059472007087712
0.7 2.003481177393688 2.002774819034724 2.002801634885403
0.8 1.917253124018220 1.916615117147540 1.916639282152951
0.9 1.800314866561014 1.799735452392664 1.799757582816419
1 1.651491365775585 1.650963483906875 1.650983731088339

Table( 3): The result of the method for n = 4 of example 3

Po
djp -1
by 1
y: exact Pg ly-Po
0.3 -0.210000000000000 -0.210000000000000 0
0.6 -0.240000000000000 -0.240000000000000 0
0.9 -0.090000000000000 -0.090000000000000 0
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Table( 4): Comparison between suggested and other method given in [5]of example 3

. y1(X) using . . Pg(X) using Errors
| exact solution piecewise Y2(X) usll ng cubic Osculatory ()
Xi yi) linear algorithm spiine interpolation —Py|
0.3 | -0.210000000000 | -0.212333333333 | -0.210000000000 | -0.210000000000 0
0.6 | -0.240000000000 | -0.241333333333 | -0.240000000000 | -0.240000000000 0
0.9 | -0.090000000000 | -0.090333333333 | -0.090000000000 | -0.090000000000 0
o.; - | """" S 2;aCt —

Fig.( 1):Comparison between the exact and semi-analytic solution Py of examplel

the solution at n=4

1.75 -

s s s s s s s s s 3
o o.1 o.2 0.3 o.4a Oo.5 0.6 o.7 o.8 0.9 a1

Fig.(2): illustrate suggested method for n= 4,i.e.,Pgof example 2 .

the solution at n=4
O
-0.05 [ i
0.1 i
=

-0.15 [ i
0.2 i

-0.25 : : L L " H . . .
(o] Oo.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. (3): illustrate suggested method for n= 4,i.e.,Pq of example 3 .
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