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Abstract.

In this paper we show that the function f eL (I),0<p<l where I=[-1,1] can be

a

approximated by an algebraic polynomial with an error not exceeding o (f ,t ,l)p where
hv

wf (f ,t ,%)M is the Ditizian—Totik modules of smoothness of unbounded functionin L (1)
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Introduction

In this paper we study the approximation of unbounded function f in L, (I) , 0<p<1,
where | =[-1,1] by algebraic polynomial, such approximation of unbounded functions has
previously been studied in [1] and [2], our main departure from these pervious works is that
we shall prove direct estimates for the error of polynomial approximation in terms of the
Ditizian Totick modules of smoothness .We shall find these estimates in two cases, the
monotone case by monotone algebraic polynomial and unconstrained case, the estimates of
modules of smoothness only in first and second order.

Definition and notation
Definition (2.1): [1]

Let f be any function such that |f (x)|<Me ™ ,a>0,M eR",x [a,b]we denote by
L.« ,the space of all functions f such that ,

Definition (2.2): [1]
If J is an interval then k-th order module of smoothness of f is defined by

:Ff (x)e‘“pdx}% <o ,1<p<ow ..(2.1)
b

|

p.a

S Ve
o, (f ,t,J)p'a::sup(_”AE(f,X,J)e"‘X dxj ,a >0 ...(2.2)

0<h<t

where A¢ is the symmetric difference, such that

: i [K k ; ; k
A x0) = iZz(;(—l) [i jf(x _Eh +ih) if x J_rEh el

0 otherwise

Definition (2.3): [1]
If f eL, (1)then the Ditizian — Totik modules of smoothness is defined by,

] M
ol (f ,1,3),, = sup [”(/)(X)AE (f ,x,Jd)e pdxj >0, ..(2.3)
O<h<t el
where
i(—l)"‘i k =K hpp)+ihp))  if x +hpx) el
A (X, 1) =1 & i 27 v 2
0 otherwise
Monotone piecewise linear approximation
Let a=¢& <& <..<& =b such that adjacent I, =[&; ,&1,j=L...,n have

comparable lengths, that is

I

1]
with c,an absolute constant. We denote to Y the class of all piecewise linear functions on
[a,b] .Each function S €Yis completely determined by its left and right hand values

<c, ..(3.2)
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S(&5),J =1...,n-1and the values S (&), S(&,), if fisafunctioninL ,(J),0<p<lJis
an interval then a polynomial p of degree k is a near best L |  approximation to f from among
all polynomials of degree <k if

|H—pMﬂU)£MEkUJ%ﬂ ..(3.2)
Where M is constant and E, (f ,J), , is the error of best approximation to f on J in the space

L, from among all polynomials of degree <k .

Theorem (3.1): [3]
For any interval [a,b] and a=¢&, <& <--- <&, =b there is a piecewise linear function

S ey with the following properties :

i) S is non decreasing.
ii) There is a constant My >0 depending only on p and the constant ¢, such that for j=1,...,n,

¢, satisfies (3.2) for an interval T, with I, I, =T, =1, ,Ul,,Ul, Ul,,,Ul,,,(such that
I, =¢if k <Oand k >n).
i) S(&,)>S(%,) and S(& )<S(%)

Theorem (3.2): [3]
Under the hypothesis of theorem (3.1) there is a nondecreasing piecewise linear function
j+3 I

S" ey satisfying (i) and (ii) of theorem (3.1) with I_J replaced byl =Ui";1, and the
additional property thatS * is continuous.

Definition (3.1):
For f eL,,(1)letus define,

w, (f.t,9),, ::[t‘lj_[

Lemma (3.1):
Forf eL,, wehave w, (f ,t,J),,= o (f tJ),,

Proof

Y
AS(F,x,J)e ™ dxds} ..(3.3)

Af(F,x,d)e ™™

J

J

=sup [tltj

O<s<t

Y
dxj ,a>0

oV
dx}
Y
dxdsj

o (F,t,3),, <cw, (f,t,3),, ..(3.4)

o (f.t,d),,= sup(

AX(F %, )

O<s<t

AK(F ,x,d)e ™

o, (f ,t,J)p,agc[t-lt”

=ew, (f t,3),,
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AS(F,x,J)e ™

AS(F L x,d)e ™™

O —

s(tlj((c sup j AL (f,x,J)e ™

O<s<t

Jo
pdx)%)pds]

t o
:(tlj(Ca)k (f ,t,J)p,a)pds]

:(t‘l(csa)kp (f ,'[,J)p,a)lto)%

=(t"tca) (f ,t,J)M)%
=ca, (f ,t,3),
Thenw  (f ,t,J)p’a <co,(f ,t,J)p’a
and ¢ w, (f ,t,d),, <o (f ,t,3), ..+ (3.5)

From(3.4) and (3.5) we get
cw, (f ,t,J)p,a <o (f ,t,J)p,a <cw, (f ,t,J)p’a

This implies that w , and @, are equivalent
t b
:(t‘lj((J pdx)%’)pdsJ
0o J

Theorem (3.3): (Whitney's theorem in L )
For any f eL (I)on [0,1] and for any integer n>1 , there is a polynomial p(x) of
degree at most n-1 such that ,

Af(F,x,d)e ™

1
f(x)-p(x))e |<6 o (f,—
(F )=pe))e | <6 @ (f . —),.,
Let p be the interpolation polynomial of x, :V_l
n+

Ifh:L , X=vh +t ,0<t <h,
n+1

(D™ §

Let(P(f ,X)=(0(f vh +t): h(“) IA;f (X _Vy)e—a(x_vy)dy
v 0
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Thus for x e[vh,{ +1)h],

1 1
| ¢(f !X)|S (:)a)n (f 1m)p,a (36)
Ny _j
Let¢,, (x)=]]— v =01..,n
oV —]

IE

Before we prove Whitney theorem in L, , we need these results.
Proposition (3.2): [6]

Let P,.1(f) be the interpolation polynomial for f at the points h,2h,...,nh , i.e.
o (f ,x):jif (jh) en_l,j_l(%—l), then

() =Pys = A (0) £,0C+ 0, (F )= X0, (F XX, G +h X0, (F o+ )y

01J=0

)dv

Lemma (3.2): [6]

S

. Enyv(x)|;0§x sl}:l

j=0

Lemma (3.3): [6]

Ly, ::Z(?)_l max{ loy v <x <V +1}sl+azn% LV :0,1,...,nT_1,
j=0 v
and o, :1+1+£+...+1 , 0,=0
3 Vv
Proposition (3.4)
Forf el , integrable on [0,1] , weget
L X 6+7min(o, o, , 1
0)=2F (i) £y, C-p| < I Td ¢ 2
()
Forx e|vh,(v +1)h] ,h :L ,vV=01..,n, o :1+1+l+...+1 , 0,=0
n+1 2 3 v

Proof
Since the interpolation polynomial is ,

Paa(f X) =2 (1) 4G,

and knots are symmetric with respect to the middle of [0,1], we prove it for x e [O,%] .

For v =0 from lemmas (3.2) and (3.3),using proposition (3.2)and using (3.6) we get,
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‘.. (t)|+_zn;(i)jf'n,j v )dv

én,(t)|]

(F ()=p(x))e™

1 =
<o, (f, )0 {rﬂ@f £ao®)] 1+ rp?’f%()

1 ol
< (f ’F)p'“ [3+1+ ;mg}%

1
<6, (f ’F)p'a

Forv =1, 23nT_1 we have

o, (f 1

) n
h™" ;

1 o1

(OO

lo) (u)|}

(F ()= p(x))e ™

O —

v

i\ +1)|dv]

wﬂfﬁ”a{ (3t
<— N 1243(0)> < max
(:) (.)vsusvﬂ

]

=0
1

< 5+3(o, +0,,) 1
h™P«

)
6+70, 1
<——o,f,—-
()
6+7min(o, o0, , 1

a)n (f 7_)

T e

Proof of theorem(3.3)
By using proposition (3.4) we get immediately the proof of theorem (3.3)
For v=0

(F (x)—p(x))e™

o, (F

)p,a

a

1
<6, (f ),

and for v:1,2,...,nT_1 we have

6+7min(c, o, , 1

|(f (x)-p(x))e ™ (Vn) w, (f 1F)p,a

Since for every v=0,1,2,...,n we have
6+7min(o,,0,,) <6

()
Then
(F (x)—p(x))e™

<

1
<6, (f ’F)p’“

Auxiliary Results
To construct monotone approximation, we shall need properties forthes; .we begin

recalling a construction introduced by [4] and used also in [5]. We approximate the truncated
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functions ¢, (x)=(x —&;), by algebraic polynomial .If x=cos t we obtain algebraic
polynomial r; (x ) =T _; (t).
Since,

I+tj

T,)=7,%J, = j J () du j=0,..n ..(4.1)
t—t;

where y; = X0 4= 70 i —o...n and J, be a Jackson kernel which defined by,

ot/ .
Jn(t)—[smt—AJ c [a.0d=1 ..(42)

Y

R is polynomial of degree < nr is defined by, [3]

R;(x)=r;(u) du and 0,:=x,,  Jj=L..n ..(43)
-1

Lemma (4.1): [3]
With go(x):\/l—Twe have forany n>10,
i) Cl(P(X)n_l < §j+4 _§j—3 SCz(D(X)n_laX e[‘fj—3’§j+4]!j =4,.,n-5
ii) & —cost, j|<c(&,-¢)j=0..n-1
i) ¢,(8,,—&;) <& - & <C,(5..—¢)) 1 =12,...n-1
iV) 1+Xx <C,p(x)n 7, -1<x <& ,and 1-x <C,p(x)n & L <x <1
V) cp(x)nt<1-¢& 0 & <X <L cp(X)nTT<E +1 -1<x <&
where c,c,and c, are constants dependent of n and x .

Lemma (4.2): [3]
For j =1..,n—1 let d;(x)=1+x &/ (&, - &) then

Ir ()-8, ()| <c[d; )]
Ry ()~ ()] <c(& .- &)[d, ()]

with the constant ¢

r+2

Lemma (4.3): [3]
If p is polynomial of degree<k, then for xe [-1,1] we have,

|P(x)|£c[l+%} max [P ()|

i1 i SRR

Lemma (4.4): [3]
If O<p<owo and k=0,1,..., then for any polynomial P of degree<k we have,

P <—

max b-a ”P ”Ep[a,b] !

as<x<b
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for unbounded function we get,

max |P (x Je ¢ IP|

a<x<b —a

where ¢ depends only on k and p.

<
b

p
Lyolap]’

The Main Result
we fix n=1,2,... and let &; be the points of section 4 we denote by I, =[&; ;,&;]and as in

the theorem (3.2) I, =[§ ,.¢..1N1,j=1..,n-1 where ¢ =& =-1j<0 and
& =& =Lj=nfor f el ,(I)we denote byp,(f)an algebraic polynomial of

degree < k-1 which is a near best approximation to f on interval || then from Whitney
theorem (3.3) we get ,

p
If =y, <car (][ 1.
Let us define the linear operatorL, and P, by,

L, x) = pulf 0+ 209, x)=p, (F )16, () (5.)
P x) = Py(F X)+ S [p,(F X)=p, (F I, (X) .(62)

Where Hj and r defined in section 4

Theorem (5.1)
If f eL,, and kis a positive integer then,

where ¢ depends only on kand p

p,a?

1
If L), , <cawl(f )

Proof
We fix n> 10 .For j=5,...,n-4 we have by lemma(4.1) (i) that c, <

[

J
x el]. Since L (f)=p;(f)onl and from Whitney theorem(3.3)and lemma (3.1) we
obtain,

It -L. O, |t —p, ) ()

<co, (f|I;[.1))0.

I p(x)<c,n™ for

* *p
Sca)k(f,lj A7)

* *p
Ska(f,Ij A7)0 .
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1*
<c If_ljj|AE(f,x,lf)e“Xpdhdx
01
[HIZEY
=[ | PV Ine (F x,1e dhax
I; 0 j
SCICTiﬂﬂAﬁ (f ,x,17)e"|"dhdx
. c, p(x) i

cy/n

=cn ! 1|AE¢U)(f,x,|;)e-“xpdxdh

This inequality also holds for j=1,2,3,4 and j=n-3,n-2,n-1,n .We now sum the inequalities, we
obtain

Cy/n

[ =L (), a)y<en [ [|ak,e( x, 1) "dxdh
0 1

cy/n

Scnj sup _[
0 Oshgcn’ll

*dxdh

Aﬁ(p(x)(f X, 1 )e ™

c,/n

1
=cn ’(f,—)°_ _dh
Jor 0.

1

=cof ()",

Theorem (5.2):
Let f eL,,,0<p<1 and k be a positive integer then ,for each n> N (with a constant

depending only on p and k), there exists an algebraic polynomial P, of degree <n .
If —P. )], <cor(f. D)
p.a n

p.a

where ¢ depends only k and p ,moreover if f is nondecreasing on | ,then for A< 2 the
polynomial P, can also be taken to be nondecreasing .

Proof of theorem (5.2) (part 1) the non constrained case.

f =P ()], =If ~L.()+L.(F)-P,] .
< -L, @]+ @R

1
<cwl(f ’H)p’“ +||Ln(f )—P, ||pa

which is defined in (5.2) , is polynomial of degree <(n-1)r+ k , P (f ,x) By theorem (5.1)
and the fact
we need only to prove that :

1
JL. (F)=Pu(f )IIM seaf(f ).

Now ,
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L. ()-P, (). =

[L,(f . x)=P,(f ,x)]e | "dx

Then from (5.1), (5.2) and by lemma (4.2) ,lemma (4.3) and lem

|

x)]e™ dx:

‘(pwl(f X) p (f X aX

_q—'

pi (F.x)(@ (x) - r (x))e™

VYol. 26 (2) 2013

ma (4.4)

p

|9 (x)—r. (x)| dx

n-1 _E (k-1)p

<2J max [(pealf )=pi(f ) [ ifig'j ORI

<" max (pra(f x)=p, (F,x))e™ "j 1+m (k_l)p|9_(x)_r_(x)|pdx

FE - | S~ | |

n-1 (e ~r+l)p

IJ[Ln(f 0P x)Je[ex el max [(pialf x)-pi(f x))e "Ij[uiﬂ 5'] [d,00)]"ox

=5 o [0 )9, ) j( Li'] [ i‘f'] o

<ot 0-s 0T 1oL o
Now we choose r so that rp-kp  >2 and it is readily to seen that
j[di(x)]_zdx <c(&,,-&) i=1..,n-1 ...(5.3)
+oprovethat

X il}
d, “dx = [|1
.[[ (X) " J.l|: +‘§|+l i
-¢&) if x>&
| _§| { §|) ifX<§i
If [x —&|=x —& we take
J[d (X)] dX—J.|:1+ 5 :|_dX:j|:§i+l_§i +X_§i :|_ dx
-1 é:|+l i -1 §i+l_ i
=-(é+1—;){—5“1“‘25i
é:i+1_i 41,
—(£ _£ §i+1+1_2§i __1_ §i+l+1_2§i N
(§I+l é:l)[{ §i+1_i _ { §i+1_i }]
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= -5)(éu—§Xéﬂ—L2;)%éu—éxéﬂ+Lié)]
i+1 7 Si (§i+1+1—2§i )(§i+1_1_2§i)
—(F _£ (éﬂ_é:i)(giﬂ_l_zgi _é:”l_l—}_zgi )]
(&..-&) (é‘i+1+1—2§i )(é:m_l_zfi)
—(f _£ _2(§i+1_é:i)
(Ga=s) (;+1+1—2§i)(é+1—1—2§)J
_ 2(§i+1_§i )2
(§i+1 +1-2¢ )(5”1 —1-2 )
SC (§i+1_§i)

In the similar way we get the same result take |x - | :—(x - ) .If we applied this result

we obtain,
p

n-1
L. (f )—F’nllp Sczémwg |(pi+1(f X)=p; (fx))e™ §j+1—§,-| (5.4)
a i1 o <X<eia
< n-1 c f f o llP
_Ci:1 j+1_§j ||(pi+1( X)) =i ( ,X))e Lol 6 ‘§j+1_§j|
n-1
:ciZ:l:"(Pm(f X)-p; (F.x))e™ Ep,atfjém]
n-1%ix
=Y. [ |(pialf )= pi (F X)) [
i=1 5]
noSis
<c Y ] ) -pi(Fx)e "dx
i:]"fjfl

<cap(f 1)
n

p.a

Proof of theorem (5.2) (part 2) (monotone case)
Here we use the continuous piecewise linear functionS *.For k=2 we can take p, (f ) in section

5 to be the polynomial of degree one and denote /7 :=a;x +b; of theorem (3.2) such that ¢ is a
near-best L , approximant forl, .

Definition (5.1): [3]

L) =pulf =D+ S a0, ()~ 014(x) (65)
PIEX) = Pylf =D+ 2 [3,4(R; ()R (%) -(58)

Now we note that sinceR; (x)—R,,(x) is increasing for j=1,...,n-1 and a; >0 for j=1,...,n,
the polynomial P (f ,x ) is nondecreasing in [-1,1].
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Lemma (5.4): [3]
L. (f,x)=L,(f,x)forj=1..,n-1

Proof of theorem (5. 2)

It ) -Py(f x)|| =

p

ﬂ[f () =L, (F ) +Ly(F ,x)=P,"(f ,x) [e| dx

dx+j|L(f X)=P,"(F ,x)]e™[ dx

j|[f (<) -L,(f x)Je

In view of theorem (5.1), we have only to estimate the second term,

n

> (3,0 -3,)(0, ()R, ()

(L@ x)=P(F x)]e

| \
[N

>
LN

IN
M

> |@;.0-a,)(p, (X) =R, (x))e

IN
5 -
| Il
N

@.1—2a;)e " |lp; ()R ()

(p|+1(f i+1)_pi(f ’é:i+1) )efax
=1 §i+1_ i

n-1

:zkp”l(f Ga)-p (L8, )e™

i=1

3 -
RN

IA

|2, ) =R (x))

(&a—&) e, ) -R; (x)|

Hence by lemma (4.2) and (4. 3) we have
j| (Lo x)=P(F %) ]e™ <IZ| (Pralf &) -pi(F L&) Je™

1=l

1nq |
<IZ£1+ é:Hl é:i §<X<§

1=l

N(Ea—E) o () =R, (x)] dx

"(E &) o (x)~R, (x)] dx

(p|+1(f i+l) - P (f ’é:i +1) )efax

p (5. + _gi )7p (5. +1 _é:i )p [di (X )](_HZ)p dx

(pi+1(f ’é:i+1)— pi (f ’§i+1) )efax

[ | §|j (r+2)p dX
§+1 gi

Then from the derivation of (5.4) and provided rp-2p>2 we obtain,
1

[ x)-r ) ]e
-1

Then

sjnl[1+| §|] max
1i= Ga—6 ) G*<ha

max |(pa(f &) i .G Je

<cat(f ,%)g,a
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L (f ,x)—P(f x)||z <cof(f % °

[t c)-R )] <cop(f ,%)g,a
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