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Abstract

In this paper, we introduce a new type of functions in bitopological spaces, namely,
(1,2)*-proper functions. Also, we study the basic properties and characterizations of these
functions . One of the most important of equivalent definitions to the (1,2)*-proper functions
is given by using (1,2)*-cluster points of filters . Moreover we define and study (1,2)*-perfect
functions and (1,2)*-compact functions in bitopological spaces and we study the relation
between (1,2)*-proper functions and each of (1,2)*-closed functions , (1,2)*-perfect functions
and (1,2)*-compact functions and we give an example when the converse may not be true .

Key words: (1,2)*-proper functions, (1,2)*-perfect functions , (1,2)*-compact functions ,
(1,2)*-cluster points, (1,2)*-T,-spaces , (1,2)*-compactly closed sets and (1,2)*-K-spaces .
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Introduction

The concept of a bitopological space (X, t,,t,) was first introduced by Kelly [1] , where
X'is a nonempty set and t, ,t, are topologies on X . Lellis Thivagar et. al. [2] introduced the
concepts of (1,2)*-compact spaces and studied their properties . Ravi et. al. [3] introduced the
concepts of (1,2)*-closed functions . The purpose of this paper is to introduce a new class of
functions, namely , (1,2)*-proper functions . We give the definition by depending on the
definition of (1,2)*-closed functions . Also, we study the characterizations and basic
properties of (1,2)*-proper functions . We can prove that a (1,2)*-continuous function
f:(X1,1,) > (Y,0,,0,) is (1,2)*-proper if and only if whenever & is a filter on X and
yeY isa (1,2)*-cluster point of f(§), then there is a (1,2)*-cluster point x of & such that
f(x) =y. Moreover we study (1,2)*-perfect functions and (1,2)*-compact functions in
bitopological spaces and study the relation between (1,2)*-proper functions and each of
(1,2)*-closed functions , (1,2)*-perfect functions and (1,2)*-compact functions and we give
an example when the converse may not be true .

Throughout this paper (X,t,,7,),(Y,0,,0,)and (Z,n,,n,)(or simply X,YandZ)
represent non-empty bitopological spaces on which no separation axioms are assumed, unless
otherwise mentioned . If Ac X, then(A,t, 1, )is called a bitopological subspace of

(X,7,,75,) -

1.Preliminaries
First we recall the following definitions:

Definition(1.1)[4]: A subset A of a bitopological space (X,t,,t,) is called t,t,-open if
A=U,UU, where U, et, and U, €1, . The complement of a 1,7, -0open set is called
1,7, -closed .

Notice that t,t, - open sets need not necessarily form a topology [4] .

Definition(1.2)[4]: Let A be a subset of a bitopological space (X, t,,t,) .Then:
i) The 1,7, - closure of A, denoted by t,t,clI(A), is defined by:-

7,7,Cl(A) =N{F:AcF&Fis 1,1, —closed}.
if) The 1,7, - interior of A, denoted by 1,7, int(A), is defined by:-

7,7, INt(A) =U{U:Uc A&U is 1,T, —open}.

Definition(1.3)[2]: A function f : (X,1,,7,) > (Y,0,,0,) from a bitopological space
(X, 15:7,)

into a bitopological space (Y,c,,5,) is called (1,2)*-continuous if f*(V)is t,t,-closed
setin X

for everyc,c,-closed set VinY .

Definition(1.4)[5]: Let(X,,t,.7,),... beafamily of bitopological spaces . On the product
set X = © X_, we define a bitopological structure (t,t") by taking t as the product topology

oen

generated by the t_s and t’ as the product topology generated by the 1 s .
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Definition(1.5)[6]: A filter & on a set X is a non-empty collection of non-empty subsets of X

which has the following properties:-
i) Every finite intersection of sets of & belongs to & .

i) Every subset of X which contains a set of & belongsto § .

Definition(1.6)[6]: A non-empty collection &, of non-empty subsets of a set X is called a
filter base for some filter on X if and only if for each F;,F? €&, , there exists F; € &, such
that F c Ry NF..

Definition(1.7):A subset A of a bitopological space (X, ,,t,) is called a (1,2)*-neighborhood
of a point x in X if there exists a t,7,-open set U in X such that x e U < A . The family of
all (1,2)*-neighborhoods of a point x € X is denoted by N™(x).

Definition(1.8): A filter £ on a bitopological space (X,t,,t,) has x € X as an (1,2)*-cluster
@2y
point (written & o« x) iff each Fe& meetseach N e N (x).

Remark(1.9): A filter £ on a bitopological space (X,t,,7,) has x € X as an (1,2)*-cluster
point iff x e ({r,t,cl(F):Fe&}.

@.2)*
Proof: To provethat & o« x < x e({r,t,cl(F):Fe&}.

t.2)*

L& XxeoVNeN (X) & VFeE,NNF=¢
< VNeN(x),FNOIN =, VFeg
< Xent,cl(F),VFeg
< xe({rt,cl(F):Fe&}.

Definition(1.10): A filter base &, on a bitopological space (X,t,,t,) has x € X as an (1,2)*-
@.2)*
cluster point (written &, oc x) iff each Fe &, meetseach N e N"(x).

Definition(1.11)[5]: A bitopological space (X,t,,t,) is called a (1,2)*-T,-space (or quasi-
Hausdorff space if for any two distinct points x and y of X, there are two t,t,-0pen sets
UandVsuchthat xeU, yeV andUNV =¢.

Definition(1.12)[2]: A bitopological space (X,t,,t,) is said to be a (1,2)*-compact space if
and only if every t,t,-open cover of X has a finite subcover .

Theorem(1.13): A bitopological space (X,t,,t,) is (1,2)*-compact if and only if given any
family {F,},.. of t,7,-closed subsets of X such that the intersection of any finite number of

the F, is non-empty, then (F, #¢.

AEAN

Proof: It is Obvious .
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Theorem(1.14): A bitopological space (X,t,,1,) is (1,2)*-compact if and only if every
filter
on X has an (1,2)*-cluster point .

Proof: = Suppose that (X,t,,t,)isa (1,2)*-compact space and & be a filter on X .
Take Q ={r,7,cl(F):Fe &} , then by (1.5) Q has the finite intersection property (f.i.p.) .
But X is (1,2)*-compact , then by (1.13) , N Q = ¢ . This implies that any point of this

intersection is an (1,2)*-cluster point of ¢ .

< Let Q be a collection of 7,1, -closed subsets of X such that Q has the f.i.p .
Then there exists a filter & on X suchthat Q c € .

= N{r,1,cl(F): Fe & < MN{r,1,Ccl(A): A e Q}. Since & has an (1,2)*-cluster point , then
there exists x e ({1,7,Cl(F):Fe &} = N{rt,Cl(F):Fe&}=¢ .

Since N{r,1,CI(F): F e & < r,7,cl(A): A e Q}, then N{r,T,Cl(A): AecQ}#¢. But Q
IS

a collection of 1,1, -closed subsets of X, then N{A: A € Q} =(Kr,7,Cl(A): A e Q}.
Hence N{A:A e Q}= ¢ and by (1.13), X is a (1,2)*-compact space .

2. (1,2)*-CLOSED FUNCTIONS

Definition(2.1)[3]: A function f:(X,t,,1,) = (Y,0,,0,) from a bitopological space
(X,11,75)

into a bitopological space (Y,o,,0,) is called (1,2)*-closed (resp. (1,2)*-open) if f(F) is
6,0, -

closed (resp.c,G,-open) in Y for every t,t,-closed (resp. t,t,-0open) set Fin X .

Examples(2.2):
1) Let f: (N, 1, 1) > (R, 1, 1) be a function which is defined by : f(x) =0, V x e R.
Then fis an (1,2)*-closed function .

ii) An inclusion function i: (F,t;,t:) > (X,1,7') is (1,2)*-closed iff F isa tt'-closed set in
X.

Theorem(2.3): A function f: (X,t,,t,) > (Y,0,,0,) is (1,2)*-closed if and only if for each
subset B of Y and each t,t,-open set U in X containing f*(B), there exists a o,c, -open set
Vin Y containing B such that f (V) c U.

Proof: = Suppose that B is an arbitrary subset in Y and U is an arbitrary t,t,-open set in X
containing f*(B). Put V=Y —f(X-U). Thenby (2.1), Visa c,6,-open setin Y . Since
f'*B)cU=>X-Ucf(Y-B)=f(X-U)cY-B=>BcY-f(X-U)=>BcV
and f*(V)c U.

Conversely, Let F be any t;t,-closed set in X . Put B=Y —f(F), then we have
f*(B)c X-F . Since X~F is 1,1,-0pen , then by hypothesis there exists a ,c,-open set
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VinY such that Bc V and f (V) < X —F. Therefore, we obtain f(F) =Y —V and hence
f(F)is o,0,-closed in Y . This shows that f is a (1,2)*-closed function .

Theorem(2.4): Let (X,1,,7,) , (Y,0,,0,) and (Z,m;,n,) be three bitopological
spaces |,
and f:(X,t,,1,) > (Y,0,,0,),9:(Y,0,,0,) > (Z,n,,M,) be two functions . Then:-
1) If fand g are (1,2)*-closed , then gofis (1,2)*-closed .
i) If gofis(1,2)*-closed and f is (1,2)*-continuous and onto, then g is (1,2)*-closed .
i) If gofis (1,2)*-closed and g is (1,2)*-continuous and one-to-one ,then f is (1,2)*-closed.

Proof:
i) To prove that gof:(X,1,,7,) > (Z,n;,Mm,) is a (1,2)*-closed function . Let F be any

7,7, -closed subset of X . Since fis a (1,2)*-closed function, thenf(F)is a c,5, -closed set
inY . Since g isa(1,2)*-closed function, then g(f(F)) is a n;n,-closed set in Z , hence
(gof)(F) isa nm,-closed setin Z . Thus gof:(X,t,,7,) > (Z,m,,Mm,) isa(1,2)*-closed
function .

if) To prove that g: (Y,o0,,6,) > (Z,m;,n,) is a (1,2)*-closed function . Let F be any c,0,-
closed subset of Y . Since f is (1,2)*-continuous, then f *(F)is a t,t,-closed set in X . Since
gofis (1,2)*-closed, then (gof)(f*(F)) =g(f of *(F))is a n,n,-closed set in Z . Since fis
onto ,then g(F)isa nn,-closed setinZ . Thus g:(Y,o,,0,) > (Z,n,,M,) isa (1,2)*-closed
function .

iii) To prove that f: (X,t,,1,) = (Y,0,,0,) is a (1,2)*-closed function . Let Fbe any t,1,-
closed subset of X. Since gofis (1,2)*-closed, then (gof)(F)is a n;n,-closed set in Z.
Since g is (1,2)*-continuous, then g~ (gof(F)) = (g og)(f(F))is a 5,5,-closed set inY .
Since g is one-to-one, then f(F)is a ,0,-closed setinY . Thus f :(X,t,,1,) > (Y,0,,0,)is
a (1,2)*-closed function .

Theorem(2.5): Let f : (X,1,7") > (Y,0,c") be a (1,2)*-closed function . Then for each subset
T of Y, the function f,:(f*(T),t ) > (T,o;,0%) which agrees with f on

f 1 (T) is also (1,2)*-closed function .

1
£1(ry? Teim)

Proof: Let F be a If_lmr;_lm -closed subset of f~*(T). Then there is a tt'-closed subset F,

of X such that F=F Nf™*(T) . Since f,(F)=f(F)NT and fis (1,2)*-closed function , then
f(F) is oo'-closed inY . Hence f(F,)NT isa o,o}-closed set in T. Thus f, isa (1,2)*-
closed function .

Theorem(2.6):1f f: (X,1,7") = (Y,0,,0,)is a (1,2)*-closed function ,then the restriction of
f
to a tt’ -closed subset F of X isa (1,2)*-closed function of Finto Y .

Proof: Since F isa tt’-closed set in X, then the inclusion function i: (F,t., 1) = (X, 1,1')
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is a (1,2)*-closed function . Since f : (X,t,17") > (Y,0,,0,) isa(1,2)*-closed function , then
by (2.4) foi:(F,tc, 1) = (Y,0,,0,) is a (1,2)*-closed function . But foi=f/F , thus the
restriction function f/F: (F,t.,1;) > (Y,0,,0,) isa(1,2)*-closed function .

Remark(2.7): If f,:(X,,t,71,) > (Y,,0,,0,) and f,:(X,,1;,7,) > (Y,,0;,0,) are two
(1,2)*-closed functions . Then f, xf, : (X; xX,,1, x1],7, x1,) > (Y, xY,,0, X0],0, XG})
is not necessarily a (1,2)*-closed function .

Example: Let f,:(R,u,pn) > (R,u,n) be a function which is defined by :
f,(x)=0 ,VxeR. And Let f,:(R,u,pn) > (R,u,n) be a function which is defined by :
f,(x)=x ,V xeR.Where f, is the identity function on R. Clearly f, and f, are (1,2)*-
closed  functions , but foxf, i (RxR,u,p1) > RxR,p',nw) such  that
(F,x£,)(X,y)=(0,y) , V (X,y) e RxR (where p' is the product topology on R xR ) is not a
(1,2)*-closed function , since the set A ={(X,y) e RxR:xy =1} is p'u'-closed in RxR,
but (f, xf,)(A) ={0}x R\{0} = R\{0}is not p'p'-closed in RxR.

Theorem(2.8): Let f, :(X,,1,,71,)—(Y;,0,,0,) and f,:(X,,1,1,) > (Y,,07,06,) be
functions . If f, xf, : (X, xX,,t, x1],1,x7,) > (Y, xY,,0,x0],06, x5,)is (1,2)*-closed ,
then f,and f,are also (1,2)*-closed functions .

Proof: Suppose that f, xf, : (X, xX,,p;,p,) = (Y, xY,,ps,p,) is a (1,2)*-closed function
where p,,1 =1,2,3,4 be the product topology on X, x X, and Y, xY, respectively . To prove
that f, : (X,,t,,7,) > (Y,,0,,0,)Iis (1,2)*-closed . Let F be a t,t,-closed subset of X, to
prove that f,(F)is o,0,-closed inY,. Suppose that G =f,(F) = FxX, is p,p,-closed in
X, xX, . Since f xf, is (1,2)*-closed = (f, xf,)(FxX,)=f,(F)xf,(X,)=Gxf,(X,) is
psp,-Closed in Y, xY, .ie. pp,cl(Gxf,(X,)=Cxf,(X,) = o,0,cl(G)=C =
G=f,(F) is o,0,-closed in Y, = f, :(X,1,,7,) > (Y,,0,,0,)isa (1,2)*-closed function .
By the same way we can prove that f, is a (1,2)*-closed function . Thus f, and f, are
(1,2)*-closed functions .

Definition(2.9)[7]: A function f : (X,t,,7,) > (Y,0,,05,) from a bitopological space
(X,11,7,)
into a bitopological space (Y,c,,0,) is called (1,2)*-homeomorphism if :-
1) fis (1,2)*-continuous .
i) fis one-to-one and onto .
i) fis (1,2)*-closed (or (1,2)*-open) .

3. (1,2)*-PROPER FUNCTIONS
In this section we introduce a new type of functions in bitopological spaces which we

call (1,2)*-proper functions . Besides we give examples and theorems .

Definition(3.1): A function f : (X,t,,1,) = (Y,0,,0,) from a bitopological space
(X,14,7,)Into
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a bitopological space (Y,o,,0,) is called (1,2)*-proper if :-
1) fis (1,2)*-continuous .
i) fx1, :(XxZ,1t,x1,1,x1") > (YxZ,0,x1,0,x7") is (1,2)*-closed for every
bitopological space (Z,t,1').

Examples(3.2):
i) Let f:(R,u, 1) > (R, 1, n) be afunction which is defined by : f(x)=0,V xeR .

Notice
that f is a (1,2)*-closed function, but f is not a (1,2)*-proper function , since for the usual

bitopological space (R, u, ) the function f x 1y, : (RxR,puxp,pxp) > (RxR,puxp,puxp)
which is defined by (f x 1;,)(X,y) =(0,y),V (X,y) € R xR is not a (1,2)*-closed function .

if) An inclusion function i: (F,t., 1) = (X, 1,7) is (1,2)*-proper iff F isa tt'-closed set in
X.

Theorem(3.3):Every (1,2)*-proper function is a (1,2)*-closed function .

Proof: Let f:(X,t,,1,) > (Y,0,,0,) be a (1,2)*-proper function , then the function
fxl,:(XxZ1t,x1,1,x1) > (YxZ0o,x1,0,x1") is (1,2)*-closed for every bitopological
space (Z,t,1") . Let Z={t},then XxZ=Xx{t}=X & YxZ=Yx{t}=Y and we can
replace f x1, by f.Thus f:(X,t,1,) > (Y,0,,0,) isa(1,2)*-closed function .

Remark(3.4): The converse of (3.3) may not be true in general . Consider the following
example:

Example: In (3.2) (i), f:(R,u,u) > (R,u, ) is a(1,2)*-closed function, but it is not a
(1.2)*
proper function .

Theorem(3.5):Let f :(X,1,,7,) > (Y,0,,0,) be a (1,2)*-continuous and one-to-one
function.
Then the following statements are equivalent:-
i) fis (1,2)*-proper .
i) fis (1,2)*-closed .
iii) f is a (1,2)*-homeomorphism of X onto a ¢,5,-closed subset of Y .

Proof: By theorem (3.3), (i — ii).

(it — iii). Assume that f: (X,t,,1,) = (Y,0,,0,)is a (1,2)*-closed function . Since X is a
1,7, -closed set in X, then f(X)is a o,5,-closed set inY . Since fis (1,2)*-continuous and
one-to-one, then f is a (1,2)*-homeomorphism of X onto a c,5,-closed subset f(X)of Y .

(iii >1i). To prove that fxI,:(XxZ,p;,p,) > (YxZ,p,;,p,) is (1,2)*-closed for every
bitopological space (Z,t,t"), where p,,i=12,34 be the product topology on XxZ and
Y x Z respectively . Since f is a (1,2)*-homeomorphism of X onto a o,c,-closed subset
F of Y, then f x1, isa (1,2)*-homeomorphism of X x Z ontoa p,p,-closed subset Fx Z of
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Y xZ and therefore fx1, is (1,2)*-closed . Thus f:(X,t,,7,) > (Y,0,,0,) is a (1,2)*-
proper function .

Corollary(3.6): Every (1,2)*-homeomorphism is a (1,2)*-proper function .

Remark(3.7): The converse of (3.6) may not be true in general . Consider the following
example:-

Example: Letf : ([0,1],u/,n") = (R, u, 1) be a function which is defined by :
f(x)=x,V xe[0]].
(where ' is the relative usual topology on [0,1]) . Clearly that fis a (1,2)*-proper function,

but it
is not (1,2)*-homeomorphism .
Theorem(3.8):Let f: (X,1,7") = (Y,0, c’) be a (1,2)*-proper function . Then for each subset

Tof Y, the function f, : (f *(T),= ) = (T,0,,0%) which agrees with fon f *(T)
is also (1,2)*-proper .

f'l(T)’ f Q)

Proof: To prove that f, :(f *(T),t )—> (T,0.,0%) is (1,2)*-proper . Since f is

INOK f*l(T)
(1,2)*-continuous , then so is f. Since f is (1,2)*-proper , then for every bitopological space
(Z,t,7") the function fxI,:(XxZ,p,;,p,) > (YxZp,,p,) is (1,2)*-closed , where
p;,1=1234 be the product topology on XxZ and Y xZ respectively . Since
foxl,=(fxl,);, , then by (2.5) foxl, is (1,2)*-closed . Thus
fro(f ’l(T),rf_lm, 1 (T)) — (T,0,,0%) isa(1,2)*-proper function .

Definition(3.9): If the function f : (X,t,,1,) > (Y,0,,0,)is (1,2)*-proper and (X,t,,7,)
isa

(1,2)*-T,-space, then f is called a (1,2)*-perfect function .

Corollary(3.10):Every (1,2)*-perfect function is a (1,2)*-proper function .

Remark(3.11): The converse of (3.10) may not be true in general . Consider the following
example:-

Example: Let f:(R,t be the

cofinite

topology on R . Thenf is a (1,2)*-homeomorphism and by (3.6) , f is (1,2)*-proper .
Since

(R, T, Tor ) IS NOt A (1,2)*- T, -space, then f is not a (1,2)*-perfect function .

) > R, T ) be the identity function , where t

cof.? cof cof.? cof cof.

Theorem(3.12): Let f:(X,t,,1,) > (Y,0,,0,) and g:(Y,c,,0,) = (Z,n,,m,)be two
(1’2)*_
continuous functions . Then:-
1) If fand g are (1,2)*-proper, then gofis (1,2)*-proper .
i) If gofis (1,2)*-proper and f is onto, then g is (1,2)*-proper .
i) If gofis (1,2)*-proper and gis one-to-one , thenf is (1,2)*-proper .
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Proof:

i) It isclear that gof : (X,1,,7,) = (Z,n,,Mm,) is (1,2)*-continuous . Let (Z,,t,7’) be any
bitopological space . We have : (gof)x1, =(gx1,)o(fx1,).Sincef and g are (1,2)*-

proper, then fx1, and gx1, are (1,2)*-closed . Hence by (2.4) , no.(i) (gof)x1,is (1,2)*-
closed . Thus gof isa (1,2)*-proper function . |

i) Toprove that gx1, :(YxZ,,0,x1,6,x1") > (ZxZ;,m; x1,M, x 1) is (1,2)*-closed for
every bitopological space Z,. Since gof is (1,2)*-proper, then

(gof)xl, =(gxl;)(fxl;)

is (1,2)*-closed . Since f is (1,2)*-continuous and onto, then so is f x1, , hence by (2.4), no.
(i) gx 1, is(1,2)*-closed . Thus g:(Y,0,,6,) = (Z,n;,m,) isa(1,2)*-proper function .

iii) To prove that f x1, :(XxZ;,1,x1,7,x1") > (Y xZ;,0,x1,6, x7') is (1,2)*-closed for
every bitopological space Z, . Since gof is (1,2)*-proper, then

(gof)xl, =(gxl;)e(fxl;)

is (1,2)*-closed . Since g is one-to-one and (1,2)*-continuous, then sois gx 1, , hence by
(2.4) , no. (iii) fx1, is(1,2)*-closed . Thus f:(X,t;,1,) > (Y,0,,0,) is a (1,2)*-proper
function .

Corollary(3.13): If f:(X,t,7") > (Y,0,,0,) is a (1,2)*-proper function, then the restriction
of ftoa tt'-closed subset Fof Xis a (1,2)*-proper function of F intoY .

Proof: Since F is a tt’-closed set in X, then the inclusion function i: (F,t., 1) = (X,1,7')
is a (1,2)*-proper function . Since f :(X,t,17") > (Y,0,,0,) is a (1,2)*-proper function , then
by (3.12) , no.(i) foi:(F 1, 1) = (Y,0,,0,)is a (1,2)*-proper function . But foi=f/F,
thus the restriction function f/F: (F,t.,t:) > (Y,0,,0,) isa (1,2)*-proper function .

Corollary(3.14): If f:(X,1,7") = (Y,0,,0,) is a (1,2)*-perfect function, then the restriction
of f toa tt’'-closed subset Fof Xisa (1,2)*-perfect function of F intoY .

Proof: It is Obvious .

Corollary(3.15): The composition of two (1,2)*-perfect functions is a (1,2)*-perfect function.

Corollary(3.16):Let f : (X,t,,1,) > (Y,0,,0,)andg:(Y,c,,56,) > (Z,n,,n,) be functions .
If fisa (1,2)*-perfect function and g is a (1,2)*-proper function . Then gofis a (1,2)*-
perfect function .

Theorem(3.17): If f,:(X,,1,,1,) > (Y,,0,,0,)and f,:(X,,1,1,) = (Y,,0;,0,)are two
(1,2)*-proper functions . Then f, xf, : (X, xX,, 1, x1],7, x15) => (Y, xY,,0,X0],0, XC})
is also (1,2)*-proper function .

Proof: Let (Z,t,1") be any bitopological space .We can write f, xf, x|, by the composition
of 1, xf,xI, and f xI, xI, . Since f, and f, are (1,2)*-proper functions, then
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fox1, x1, and I, xf,x1, are (1,2)*-closed functions , hence by (2.4), no. (i)
(Iy, xfyx1,)o(f x 1y x1,) is(1,2)*-closed . But f, xf, x1, =(l, xf,xI,)o(f, xI, xI,)
= f,xf, xI, IS a (1,2)*-closed function : Thus
foxf, (X xX,, 1, x1],1,x715) > (Y, xY,,0, x0;,0, x0,) isa(1,2)*-proper function .

Theorem(3.18): Let f, : (X,,1,,1,) = (Y,,0,,0,) and f, : (X,,1},7,) > (Y,,0;,06,) be two
(1,2)*-continuous functions such that f, xf, is a (1,2)*-proper function . Then ,f and f, are
(1,2)*-proper .

Proof: Let (Z,t,t") be any bitopological space . Since f, xf, is (1,2)*-proper , then
foxf,x 1, i (X x X, xZ,p,,p,) = (Y, xY,xZ,p,,p,)is (1,2)*-closed , where p,,i=1234
be the product topology on X, xX,xZ and Y, xY,xZ respectively . To prove that
f,x1, (X, xZ,n,m,) > (Y, xZ,n,,m,) is (1,2)*-closed , where n;,i=1234 be the
product topology on X, xZ and Y, xZ respectively . Let F be any m;n,-closed set in
X,xZ and G =(f, x1,)(F). To prove that G is n,n,-closed in Y, xZ. Since X, # ¢, then
X, xF is p,p,-closed in X, xX,xZ . Since f xf,xI, is (1,2)*-closed, then
(f, xF, x 1,)(X; xF) =f,(X,)xG IS p,p,-Closed in Y, xY,xZ =
pap,Cl(f, (X)) xG)=f, (X)) xG = n,n,cl(G)=G = G=(f,x1,)(F) is n;n,-closed in
Y, xZ . Therefore f, x1, is (1,2)*-closed . Thus f, is a (1,2)*-proper function . By the same
way we can prove that f, is (1,2)*-proper .

Lemma(3.19): Let (X,1,,7,) be any bitopological space such that the constant function
f:(X,t,1,) > P={w}is (1,2)*-proper .Then Xis a (1,2)*-compact space, where w is any
point which does not belong to X .

Proof: Let ¢ be afilteron Xand let X'=XU{w}. Then & ={MU{w}: M &} is a filter
on X'. This filter with ¢ form a topology on X" say t. Hence (X', 1, 1) is a bitopological
space

associated with & . Let A ¢ Xx X' such that A ={(x,x): x € X}and let p,p,cl(A) =F be
the

p,p,-Closure of A in(XxX',p,,p,), where p,,i=12 be the product topology on

Xx X",

Since f:(X,t,,7,) > P is (1,2)*-proper, then fxIl, :XxX" —PxX" is(1,2)*-closed .
But

PxX"=X"so pr,: XxX"— X"is(1,2)*-closed . Hence pr,(F) is tt-closed in X' .
Since

(x,x)e A for each xe X = x=pr,(x,x)epr,(A) for each xe X = Xcpr,(F)
=

ttcl(X) < trcl(pr, (F)) = pr,(F) . Since w e ttcl(X) = wepr,(F) = I xeX such
that

(X,w) € p,p,cl(A) = F .By the definition of the bitopology of X x X", this means that for
each
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(1,2)*-neighborhood V of x in X and each M e &, we have (VxM)NA=d= V(IM = ¢

Hence x is a (1,2)*-cluster point of the filter & Thus X s a (1,2)*-compact space .

Theorem(3.20): Let f:(X,t,,7,) = (Y,0,,0,) be a (1,2)*-continuous function . Then the

following statements are equivalent:-

1) fis (1,2)*-proper .

ii) f is (1,2)*-closed and f*(y) is (1,2)*-compact for each y e Y.

i) If € isafilteron X and if y € Yisa (1,2)*-cluster point of f(§) ,then there is a (1,2)*-
cluster point x of £ such that f(x)=vy.

Proof: (i — ii).
If f is (1,2)*-proper ,then by (3.3) fis (1,2)*-closed . To prove that f*(y) is (1,2)*-
compact
foreach y e Y . Since fis (1,2)*-proper , then by (3.8) f,, : f*(y) = {y}is (1,2)*-proper
for
eachy € Y. By lemma (3.19) , we get f ™ (y) is (1,2)*-compact for each y e Y.

(il —>1i).
To prove that h=fxI1,:(XxZp,,p,) > (YxZp,,p,) is (1,2)*-closed for

every

bitopological space (Z,t,t") , where p,,i =1,2,3,4 be the product topology on X x Z and
YxZ

respectively . Let C be any p,p,-closed in XxZ . To prove that h(C)=D is p.p,-
closed

inYxZ. Let(y,s)eD® = h'(y,s)eh™(D°) = (fxI,)*(y,s)eh™(D°)
=

(Fx1,7)(y,s)eh™(D°) = f(y)x{s}<C°® , where C°® is p,p,-0pen in XxZ
=

3 1,1,-openset U in X and tt’'-open set V in Z suchthat f*(y)x{s}c UxV c C°
=

f*(y)c U and {s}c V. Since f and I, are (1,2)*-closed , then by (2.3)3 ©,5,-open set
U’

inY and tt’-open set V'in Z such that {y}c U’ {s}c V', f *(U)c U and I, (V) V
=

(v,8)eU'xV'cD® = D° is psp,-open = D is p,p,-Closed in YxZ.
Hence

fxl,:(XxZ,p;,p,) > (YxZ,ps,p,) is (1,2)*-closed . Thus f:(X,t;,71,) > (Y,0,,0,)

is (1,2)*-proper .

(ii — iii).
Let & be a filter on X and yeY be a (1,2)*-cluster point of
(&)
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= ye(Xo,0,cl(f(F)): Fe&}. Since fis (1,2)*-closed and (1,2)*-continuous , then by
[1.8]

0,0,CI(f(F)) =f(t,t,Ccl(F)) for every Feg = yef(r1,Cl(F)) for every Feg
=

f(y)Nt,t,cl(F) = ¢ forevery Fe& . Let & ={f "(y)N1,1,Cl(F):Fe&} = &, isa
filter

base on f'(y) whose elements are Tipagy) T2t -1y ~ClOSEd subsets of

(fﬁl(y)’rlf‘i(y)’T2f‘1(y))'
Since f'(y) is (1,2)*-compact , then by (1.14) there exist xef*(y) such

that
xef*(y)Nt,1,cl(F):Fe&} = 3 xef(y) such that x e t,1,cI(F) for every Fe¢g

@.2)*

= & o xand f(x)=vy.

(iii —> ii).
Let A be a non-empty 1,7, -closed subset of X and let & be the filter of subsets of X

which
contains A = A is the set of (1,2)*-cluster pointsof & . Let B be the set of (1,2)*-

cluster
points of f(§) onY = B s o,6,-closed setinY and f(A) c B . To prove that B — f(A)

1,2)* 1,2)*

(
let yeB = f(§) o« y by (iii), 3 x e X suchthat § o« x and f(x) =y . But A s the set

of

all (1,2)*-cluster points of ¢ ,then xe Aand f(x)=y =>yef(A) == Bcf(A) =
B="f(A)

= f is (1,2)*-closed . Now, to prove that f*(y) is (1,2)*-compact foreach yeY.
Let

y e Y, then either f*(y)=¢ or T (y)=zd. If 7 (y)=¢ = f(y) is (1,2)*-compact . If

f*(y)= ¢, then let & be afilteron f*(y) = f(&) be a filter generated by f on{y}, but
v}

@2y~ @2y~

is (1,2)*-compact and y e {y}, then f(&) « y in{y}< Y . This implies that f(§) o y
in

Y . By (iii) 3 x € X such that &(1;) xand f(x)=y = xef™(y) and f'(y) is (1,2)*-
compact for each ye Y.

Corollary(3.21): A bitopological space (X, t,,1,) is (1,2)*-compact if and only if the
constant
function f: (X,t,,1,) > P ={w}is (1,2)*-proper .

Proof: It is Obvious .

Theorem(3.22): If (X,1,,7,)is any (1,2)*-compact space and (Y,c,,c,) is any
bitopological
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space , then the projection pr, :(XxY,1,x0,,1,x0,) > (Y,0,,6,) is a (1,2)*-proper
function .

Proof: Since (X, t,,7,) is a (1,2)*-compact space, then by (3.21) f : (X,t,,7,) > P is
(1.2)*

Proper . Since |, :(Y,0,,6,)—>(Y,0,,6,) is (1,2)*-proper , then by (3.17)

fxl, :XxY >PxYz=Y IS (1,2)*-proper . But pr,=fxIl, .  Thus

pr, : (XxY,1,x0,,7,%x0,) > (Y,0,,0,) isa(1,2)*-proper function .

Definition(3.23): A function f: (X,t,,t,) = (Y,0,,0,) from a bitopological space
(X,1,,1,)into

a bitopological space (Y,o,,0,) is called (1,2)*-compact if the inverse image of every
(1.2)*-

compact setin Y is a (1,2)*-compact set in X .

Theorem(3.24): Every (1,2)*-proper function is a (1,2)*-compact function .

Proof: Let f:(X,1,7") —> (Y,0,0") be a (1,2)*-proper function and K be a (1,2)*-
compact
subset of Y, then by (3.8) ,f, : (f ’1(K),rf_1(k),r;_1(k)

K—P is (1,2)*-proper (by (3.21)) it follows from (3.12), no.(i) that the composition
f (K)—«—>K — P is (1,2)*-proper . Hence by (3.21),f *(K) is (1,2)*-compact set in X .

) = (K,o,0%) is (1,2)*-proper . Since

Remark(3.25): The converse of (3.24) may not be true in general .Consider the following
example:

Example: Let X=Y ={a,b,c} , 1, ={¢,X,{a}} , 7, ={¢, X, {b,c}} , o, ={0,Y . {a}}
and

o, ={b,Y,{b}} . The sets in {¢, X,{a}.{b,c}} are t,t,-closed sets in X and the
sets in

{6, Y ,{b,c}{a,c}.{c}}are o,0,-closed setsin Y. Let f:(X,t,,1,) > (Y,0,,0,) be a
function

which is defined by : f(a)=a , f(b)=b and f(c)=c = fisa(1,2)*-compact function,
but it

is not (1,2)*-proper function ,since f is not (1,2)*-closed function .

Theorem(3.26): Let f:(X,t,,1,) = (Y,0,,0,)and g:(Y,0,,6,) = (Z,n,,n,) be two
(1’2)*_

continuous functions . Then:-

1) If fand g are (1,2)*-compact, then g o fis (1,2)*-compact .

i) If gofis(1,2)*-compact and f is onto, then g is (1,2)*-compact .

i) If gofis (1,2)*-compact and g is one-to-one , thenf is (1,2)*-compact .

Proof: The proof is similar of theorem (3.12) .
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Definition(3.27): A subset F of be a bitopological space(X,t,,t,)Iis said to be (1,2)*-
compactly
closed if FN K is (1,2)*-compact for each (1,2)*-compact set K in X .

Remark(3.28): Every t,1,-closed subset of a bitopological space (X,t,,7,)is (1,2)*-
compactly
closed . But the converse is not true in general . Consider the following example:-

Example: Let X ={a,b,c}, 1, ={d, X,{a}}andt, ={$,X}. The sets in{X,d,{b,c}}are
1,7, -closed .
Thus{a}is (1,2)*-compactly closed in X, but it is not t,t,-closed .

Definition(3.29): A (1,2)*-T,-space (X, t,,t,)is called a (1,2)*-K-space if every (1,2)*-
compactly
closed subset of X is 1,7, -closed .

Theorem(3.30): Let f:(X,t,,7,) = (Y,0,,0,) be a (1,2)*-continuous function such that Y
isa

(1,2)*-K-space . Then f is a (1,2)*-proper function if and only if f is a (1,2)*-compact
function .

Proof: = By (3.24) every (1,2)*-proper function is a (1,2)*-compact function .
Conversely , since fisa (1,2)*-compact function and {y} isa (1,2)*-compactsetinyY ,
then by

(3.23) ,f ' (y) is (1,2)*-compact in X for each y € Y. Now, to prove that f is (1,2)*-closed .
Let F

be any t,t,-closed setin X, to prove that f(F) isa o,0,-closed set inY . Suppose that
Kisa

(1,2)*-compact set in Y , then f *(K) is a (1,2)*-compact setin X . Since FNf *(K) isa
(1’2)*_

compact set in X and f is (1,2)*-continuous, then by [5] f(FNf " (K))is a (1,2)*-compact
setinyY .

Since f(FNf*(K)) =f(F)NK , then by (3.27) f(F) is a (1,2)*-compactly closed setinY .
ButY

is a (1,2)*-K-space , then by (3.29) f(F) isa o,0,-closed set in Y . Therefore by (3.20)
fis a

(1,2)*-proper function .
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