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Abstract

Quantum gates which are represented by unitary matrices have potentials to implement
the reversible logic circuits. M and M™ gates are two well-known quantum gates which are
used to synthesize the reversible logic circuits. In this work, we have used behavioral
description of these gates, instead of unitary matrix description, to synthesize reversible logic
circuits. By this method, M and M" gates are shown in the truth table form.
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Introduction

In several applications of quantum communication and computation, one has to be able
to perform some operations between two-level systems (qubits). For example, any quantum
algorithm involves quantum gates between several qubits; in teleportation, on has to perform
joint measurements between two qubits; in order to purify states, one also needs these
operations. So far, there are very few systems in which we know how to implement arbitrary
operations between two qubits [1]. J. F. Poyatos at el. [1] demonstrated a way to implement
these operations for a set of ions confined in a trap at zero temperature. It was based in the
selective excitation of the center of mass mode of the collective motion using laser light, such
that only when two atoms are in a given state, this state changes reversible logic circuit
synthesis is an introduction to design of quantum computing-based systems, and
nanotechnology-based systems. Since quantum mechanics processes appeared as a good
candidate to construct reversible gates and quantum gates [2].

Quantum computation is a fast growing field in quantum information theory. First basic
ideas for realization of quantum computation processes have been discussed and experimental
efforts have been made, though it is still unknown [3], which method is the most effective and
elegant way leading to the first quantum computing machine [3].

Carmen M. Tesch et. al.[3] demonstrated a molecular approach to quantum computing:
The vibrational normal mode as of molecules in an ensemble are used to encode qubits
systems. In each mode a certain degree of excitation is referred to as |0>, another degree of
excitation in the same mode is referred to as |1>. After introduction of the idea of quantum
computation it has already been seen that there exists some quantum algorithms [4] which
work much faster than their classical counterparts, and these processes which establish
quantum computing as a superior future technology involves quantum circuits and quantum
gates [2].

As quantum gates and quantum algorithms are more powerful than classical reversible
gates [4]. There are some 3x3 classical reversible gates, provided constant inputs are
permitted [4]. On the other hand, major of quantum 2x2 gates are universal, without needing
the constant inputs [5] Set of M, M*, and Feynman quantum gates is a universal set to
implement all reversible logic gates. Since quantum gates are represented in the unitary
matrix form, synthesis algorithms for quantum circuits are also based on this form of
representation various methods are also presented to synthesize the reversible logic circuits
[2,6].

In this work, we introduce a way to represent the quantum M and M" gates in the truth
table form. The M gate is named square root of NOT (vVNOT ) and M is the complex
conjugate transpose of M gate [2]. The properties of these gates used to construct a truth table
for the gates.

Reversible Gates, Quantum gates, and Circuits

Classical reversible logic gates called reversible gates are ones which act on binary digits
or bits. They are implemented in various technologies such as CMOQOS, optical and
nanotechnology techniques. On the other hand, quantum gates act on qubits. A qubits is a unit
of quantum information. That information is described by a state vector in a two-level
qguantum mechanical system which is formally equivalent to a two-dimensional vector space
over the complex numbers [4]. Generally quantum gates cannot be implemented using

conventional technologies such as CMOS .

Reversible Gates and Circuits

A function or a circuit is called reversible if there is a one-to-one correspondence between
its input and output assignments. That is, in a reversible circuit the outputs can be uniquely
determined from the inputs, and the inputs can also be recovered from the outputs. If a
reversible function is shown by a truth table, then its output patterns must be the permutation
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of its input patterns. This implies that the number of inputs and outputs of a reversible circuit
are equal. A reversible gate implements a reversible function. As a result, a reversible gate has
an equal number of inputs and outputs. Generally, with n inputs, there exists (2") reversible

gates.

Logical 1x1 reversible gates are the NOT and BUFFER. The well-known 2x2 Feynman gate
which operates as a controlled NOT (CNOT), is shown in Fig.1(a). If the control input of

CNOT is set to '0', the gate acts as a BUFFER gate; else, it acts as a NOT gate.

Fig.2 shows the Toffoli and the Fredkin 3x3 gates. Each of these gates is universal, i.e. any
logical reversible circuit can be implemented using these gates reproduce the function of a
universal gate, such as a NAND gate.

A Fredkin gate, shown in Fig.2(c), acts as a cross switch. If the control input (A) is '0' then the
Q and R outputs are equal to inputs B and C respectively. If the control input is '1' then the Q
and R outputs are equal to inputs C and B respectively.

The Toffoli gate is generalized to n inputs and n outputs, named TOFn gate. This gate has
n-1 control inputs. If all control inputs are '1' then the nth output is the NOT of the n™ input;
else, the nth output is equal to the n™ input. The Fredkin gate can be extended to an nx n gate
the same way as the Toffoli gate [2,7].

Quantum Gates and Circuits

A quantum logic gate called quantum gate, is a basic quantum circuit operating on small
number of qubits. They are the analogous for quantum computers to classical logic gates for
conventional digital computers. Quantum logic gates are reversible unlike many classical
logic gates. They are represented by gates in series are equivalent to a NOT gates; unitary
matrices. The most common quantum gates operate on spaces of one or two qubits. This
means that quantum gates can be described by 2x2 or 4x4 matrices with orthonormal rows.
Some examples of quantum gates are Feynmam, Toffoli, Fredkin, Hadamard, and phase
shifter gates. Some reversible logic gates, such as the Feynman, Toffoli, and Fredkin gates are
directly mapped onto quantum logic gates [4].

For instance, the Hadamard gate operates on a single qubit. It is represented by the

Hadamard matrix (Eq.1). Since, the rows of the matrix are orthogonal. H is a unitary matrix.

Heg [ 3] @

The controlled-U gate is a gate that operates on two qubits in such a way that the first qubit
serves as a control (Eq.2).

0 0 x10 X119
It is shown that all classical logic operations can be performed on a universal quantum
computer [2,5]. Figure 2 (b) showed a quantum implementation of a 3x3 Toffoli gate. In this
Figure, an M gate indicates the state of the qubits is multiplied by a 2x2 matrix (Eq.3), when
the control qubits is [1>.
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The M gate is also named square root of NOT gate (NOT). M is the Hermitian conjugate of
M. The M and M" quantum gates have some properties that are shown in Eq.4.
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Where | is the standard 2x2 identity matrix. These equations show that two M and M™* and
two M and M™ in series, are equivalent to an identity or a BUFFER gate. A quantum circuit
consists of quantum gates which are interconnected without fanout or feedback by quantum
wires. It can be thought of as a classical circuit , with quantum data [5]. Classic reversible
logic circuits can be realized using quantum gates. This is useful whenever a classical process
is needed in a quantum computer. The set of quantum M, M*, and Feynman gates is a

universal set for reversible logic circuits.

Behavioral Description of M and M* Gates

Quantum gates have been identified by their unitary matrices, often including complex
numbers. Defining the quantum gates using a truth table is not common. On the other hand,
the quantum M and M" gates are necessary for the construction of a set of universal 2x2 gates

for synthesis of reversible circuits.

To construct a truth table for M and M* gates properties of these gates are used, proposed
by equation 4. This equation shows that two M gates in series are equal to a NOT gate. Two
M" gates in series are also as a NOT gate. One M and one M™ gates in series are equal two
identity. We define two intermediate signals r and R for M gate output values and two
intermediate signals w and W for M" gate output values. We assign r value to the M gate
output if its input is |0> and R value if its input is |1>. In the same way, we assign w and W
values to the output values of a M* gate, when input values are [0> and|1>, respectively.
Now, if the input of M gate is r then the output is |1> because the r value is a result of
applying input [0> to an M gate and two series M gates is equal to an M gate results a |0>
output. If the input of an M gate is w then its output is |[0> because a w signal is a result of
applying |[0> to an M gate and two M and M" series gates are equal to an identity or buffer
gate. These results we can construct a truth table as shown in Table 1 for M and M" gates. In
this table we used '0" and '1' characters instead of vectors |0> and|1>, respectively.

Conclusion

In this paper we proposed a method to represent the quantum M and M™ gates based on
their properties. Using the behavioral description of quantum gates, the M and M" gates
showed as a truth table form. This behavior can be used to implement the reversible logic

circuits using the quantum gates.
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Table (1): Truth table of M and M" gates

A(input) Q(M gate) | Q(M™ gate)

O r W

1 R W

r 1 0

R 0 1

W 0 1

w 1 0
Pl

=A+ B 0

(a) (b)

Fig .(1): (a) Feynman gate , (b) copying a signal by Feynman gate

B—— Q=B = .A.!
C—D—R=C ©AB -m

(@) (b)
1
f_( Q=A'B+AC
R=AB+AC'
(c)
Fig .(2): (a) Toffoli gate , (b) its equivalent , implemented by quantum gates, (c) Fredkin

gate
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