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Abstract

In this work, we construct and classify the projectively distinct (k,3)-arcs in PG(2,9),
where k > 5, and prove that the complete (k,3)-arcs do not exist, where 5 <k < 13. We found
that the maximum complete (k,3)-arc in PG(2,q) is the (16,3)-arc and the minimum complete
(k,3)-arc in PG(2,q) is the (14,3)-arc. Moreover, we found the complete (k,3)-arcs between

them.
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Introduction

A (k,n)-arc K [1] in PG(2,q) is a set of k points, such that some n, but no n + 1 of them
are collinear. A (k,3)-arc is a set of k points no four of them are collinear.

A (k,n)-arc K is complete if it is not contained in a (k + 1,n)-arc. A line of the plane
containing exactly i points of a (k,n)-arc is called an i-secant of K. For a (k,3)-arc each line of
PG(2,q) is a 3-secant, 2-secant, 1 secant, or 0-secant. A 3-secant is called a trisecant.

A point N not on a (k,n)-arc K has index i if there are exactly i trisecants of K through N.
Let c; be the set of points N of index i and let C; = | Ci | is the number of points N of index 1i.
The (k,n)-arc K is complete if every point of PG(2,q) lies on some trisecant of K. Thus K is
complete iff Cy =0 [2,3].

Theorem 1: [2]

Let 1; be the total number of the i-secants of a (k,n)-arc K in PG(2,q), then the following

equations are hold:

¢ 2
> =q +q+l
i=0

n
it =k(q+1)
i=1

n

2 i -Dr =k(k-1)

i=2

Notation 2: [2]

Let 1; be the total number of i-secants of a (k,n)-arc K in PG(2,q), then the type of a
(k,n)-arc K with respect to its lines is denoted by (1y,15 - 1,. . .,L0).

Definition 3: [2]

Let K is of type (rp,n - 1,...,I0) and Ky is of type (tn,ts - 1,...,to), then K; and K, have the
same type iff r; = t; for all i, and when K, and K, have the same type then they are projectively
equivalent.

Definition 4: [2]:

Let Q; and Q; be two points in PG(2,q) which are not in arc K and let K; = K U{Q,},
K, = Ku{Q,}, then Q; and Q; lie in the same set iff K; and K, are projectively equivalent
under type of lines.

The Projective Plane PG(2,9): [2]

PG(2,9) contains 91 points, 91 lines, 10 points on every line and 10 lines through every
point. Let Pjand L;, 1 =1, 2, ..., 91, be the points and the lines of PG(2,9), resp.
Let i stands for the point P; and all the points and lines of PG(2,9) are given in the table.

The Classification of (5,3)-Arcs in PG(2,9):

Let A ={1,2,11,21} be a set of the reference points in PG(2,9), no three of them are
collinear. The distinct (5,3)-arcs can be constructed by adding to A each time one point from
the remaining 87 points of PG(2,9). There are only two projectively distinct (5,3)-arcs which

are:
B, ={1,2,11,21,3} and B, = {1,2,11,21,4}
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The group G(B,;) has eight projectivities which has five elements of order two and two
elements of order four, hence G(B;) = D4. The group G(B;) = Dg.

The Classification of (6,3)-Arcs:

There are 72 points of index zero for B;. Then G(B,) partitions 72 points into 13 orbits.
So we have 13(6,3)-arcs to be constructed by adding one point from each of the 13 orbits to
B;.

We have 79 points of index zero for B,. G(B;) partitions these points into 12 orbits. So
we have 12 (6,3)-arcs to be constructed by adding one point from each of the 12 orbits to B,.
So there exist twenty five (6,3)-arcs to be constructed and by projectively equivalent arcs, we
have four projectivity distinct (6,3)-arcs, these arcs are:
C =1{1,2,11,21,3,12}, C, = {1,2,11,21,3,13},
C;=1{1,2,11,21,3,32}, C4 = {1,2,11,21,4,32}.

The group G(C;) = S4, the group G(C,) = S3, G(C3) is isomorphic to the identity group
and G(Cy) = Z,.

The Classification of (7,3)-Arcs:

There groups G(C;), 1= 1, 2, 3, 4 partition the points of index zero for C; into 133 orbits.
So there exist 133 (7,3)-arcs to be constructed and by projectively equivalent arcs, we have
only six (7,3)-arcs which are projectively distinct. These are:
D, ={1,2,11,21,3,12,20}, D, = {1,2,11,21,3,12,23}, D3 = {1,2,11,21,3,12,33},

D,={1,2,11,21,3,13,32}, Ds = {1,2,11,21,3,32,40}, Ds = {1,2,11,21,4,32,42}.

Each one of them is incomplete arc.
G(Dy) =S4, G(Dy) = Z,, G(D3) = Z, G(D4) = I, G(Ds) = Z,, G(Dg) = 1.

The Classification of (8,3)-Arcs:

There groups G(Dj), 1 = 1, ..., 6 partition the points of index zero for D; into 239 orbits
and so there exist 239 (8,3)-arcs to be constructed and by projectively equivalent of arcs, we
have only seven projectively distinct (8,3)-arcs which are:

E,={1,2,11,21,3,12,20,42}, E, = {1,2,11,21,3,12,20,32}, E5 = {1,2,11,21,3,12,23,34},

Es={1,2,11,21,3,12,33,45}, Es = {1,2,11,21,3,13,32,53}, E¢ = {1,2,11,21,3,32,40,54},
E;={1,2,11,21,4,32,42,53}.

G(E)) = Z,, G(E,), G(E3), G(E4), G(Es), G(E¢) and G(E~) are isomorphic to the identity group.
Each one of these arcs is incomplete.

The Classification of (9,3)-Arcs:

There groups G(E;) partition the points of index zero for E;i=1, ..., 7 into 369 orbits. So
there exist 369 (9,3)-arcs to be constructed and by projectively equivalent of arcs, we have
only eight projectively distinct (9,3)-arcs which are:

F,={1,2,11,21,3,12,20,42,43}, F, = {1,2,11,21,3,12,20,42,33},

F;={1,2,11,21,3,12,20,42,32}, F, = {1,2,11,21,3,12,20,32,40},
Fs={1,2,11,21,3,12,23,34,45}, Fs = {1,2,11,21,3,12,33,45,79},
F;={1,2,11,21,3,32,40,54,37}, Fg = {1,2,11,21,3,32,40,54,79}.
Each one is an incomplete arc.
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The groups G(F)), G(F,), G(F3), G(Fs), G(F;) and G(Fg) consist of the identity.
G(F4) = 7>, G(F6) =7;.

The Classification of (10,3)-Arcs:

There groups G(Fi), i =1, ..., 8 partition the points of index zero for F; into 307 orbits.
So there exist 307 (10,3)-arcs and by projectively equivalent of arcs, we have only nine
(10,3)-arcs which are projectively distinct and each one of them is an incomplete arc
H, ={1,2,11,21,3,12,20,42,43,69}, H, = {1,2,11,21,3,12,20,42,43,33},
H;={1,2,11,21,3,12,20,42,43,35}, Hs = {1,2,11,21,3,12,20,42,43,32},
Hs={1,2,11,21,3,12,20,42,33,86}, Hs = {1,2,11,21,3,12,20,32,40,54},
H;={1,2,11,21,3,12,23,34,45,60}, Hs = {1,2,11,21,3,32,40,54,37,15},
Ho = {1,2,11,21,3,32,40,54,37,79}.

G(H)) = Zs, G(H,), G(H3), G(Hs), G(Hs), G(Hg), G(H7) and G(Hg) are isomorphic to the
identity group G(Ho) = Z,.

The Classification of (11,3)-Arcs:

There groups G(H;), i =1, ..., 9 partition the points of index zero for H; into 258 orbits.
So we have 258 (11,3)-arcs to be constructed. By projectively equivalent of arcs, we have
only nine (11,3)-arcs which are projectively distinct :
K;=1{1,2,11,21,3,12,20,42,43,69,34}, K, = {1,2,11,21,3,12,20,42,43,69,32},
K;=1{1,2,11,21,3,12,20,42,43,33,32}, K4 = {1,2,11,21,3,12,20,42,43,35,32},
Ks=1{1,2,11,21,3,12,20,42,33,86,32}, K¢ = {1,2,11,21,3,12,20,32,40,54,37},
K7 ={1,2,11,21,3,12,23,34,45,60,36}, Ks = {1,2,11,21,3,32,40,54,37,15,72},
Ky ={1,2,11,21,3,32,40,54,37,79,50}.
The groups G(K;), G(K»), G(K3), G(ks), G(Ks), G(K¢), G(Kg) and G(Ky) are isomorphic to
the identity group, the group G(K5) = Z,.

The Classification of (12,3)-Arcs:

There groups G(Kj), i =1, ..., 9 partition the points of index zero for K; into 196 orbits.
So there exist 196 (12,3)-arcs to be constructed. By projectively equivalent of arcs, we have
only nine projectively distinct (12,3)-arcs which are:
L, ={1,2,11,21,3,12,20,42,43,69,34,35}, L, = {1,2,11,21,3,12,20,42,43,69,34,32},
Ls;={1,2,11,21,3,12,20,42,43,69,32,54}, L, = {1,2,11,21,3,12,20,42,43,33,32,49},
Ls={1,2,11,21,3,12,20,42,43,35,32,63}, Lc = {1,2,11,21,3,12,20,32,40,54,37,42},
L;={1,2,11,21,3,12,23,34,45,60,36,46}, Lg = {1,2,11,21,3,32,40,54,37,15,72,50},
Lo={1,2,11,21,3,32,40,54,37,15,72,79}.
Each one is an incomplete arc.

The groups G(L;),1=1, ..., 9 are isomorphic to the identity group.

The Classification of (13,3)-Arcs:

There groups G(L;) partition the points of index zero for L;, i =1, ..., 9 into 137 orbits.
So there exist 137 (13,3)-arcs to be constructed and by projectively equivalent of arcs, we
have only nine projectively distinct (13,3)-arcs which are:
M, = {1,2,11,21,3,12,20,42,43,69,34,35,62}, M, = {1,2,11,21,3,12,20,42,43,69,34,35,58},
M; = {1,2,11,21,3,12,20,42,43,69,34,32,54}, M4 = {1,2,11,21,3,12,20,42,43,69,32,54,85},
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Ms = {1,2,11,21,3,12,20,42,43,33,32,49,86}, M¢ = {1,2,11,21,3,12,20,42,43,35,32,63,64},
M;={1,2,11,21,3,12,20,32,40,54,37,42,53}, Mg = {1,2,11,21,3,12,23,34,45,60,36,46,49},
Mo = {1,2,11,21,3,32,40,54,37,15,72,50,79}.
Each one is an incomplete arc.

The groups G(M;),1=1,2,3,5, ..., 9 are isomorphic to the identity group G(M,4) = Z;.

The Classification of (14,3)-Arcs:

There groups G(M;) partition the points of index zero for M;, 1 = 1, ..., 9 into eight
projectively distinct (14,3)-arcs which are:
Ni={1,2,11,21,3,12,20,42,43,69,34,35,62,58}, N,= {1,2,11,21,3,12,20,42,43,69,34,35,58,68},
Ns={1,2,11,21,3,12,20,42,43,69,34,32,54,68}, Ny,={1,2,11,21,3,12,20,42,43,33,32,49,86,53},
Ns={1,2,11,21,3,12,20,42,43,33,32,49,86,64}, Ne={1,2,11,21,3,12,20,42,43,35,32,63,64,86},
N-={1,2,11,21,3,12,20,32,40,54,37,42,53,63}, Ng= {1,2,11,21,3,32,40,54,37,15,72,50,79,22}.
N1, Ny, N3 are complete, while Ny, ..., Ng are incomplete arcs. The groups G(N;),1=1,2,..., 8
are isomorphic to the identity group.

The Classification of (15,3)-Arcs:

There groups G(Nj), 1 =4, ..., 8 partition the points of index zero for Nj, into 21 orbits.
So there exist 21 (15,3)-arcs to be constructed and by projectively equivalent of arcs, we have
only six projectively distinct (15,3)-arcs which are:
Q:=1{1,2,11,21,3,12,20,42,43,33,32,49,86,53,70},
Q,=1{1,2,11,21,3,12,20,42,43,33,32,49,86,53,76},
Q;=1{1,2,11,21,3,12,20,42,43,33,32,49,86,64,70},
Qs=1{1,2,11,21,3,12,20,42,43,35,32,63,64,86,78},
Qs=1{1,2,11,21,3,12,20,32,40,54,37,42,53,63,68},

Qe ={1,2,11,21,3,32,40,54,37,15,72,50,79,22,56}.

The groups G(Q;), 1= 1, ..., 6 are isomorphic to the identity group. Q;, Q,, Q4 and Qs are
complete since there are no points of index zero for them. The groups G(Q;) and G(Qg)
partition the points of index zero for Q3 and Qg into 5 orbits. So, there exist five (16,3)-arcs
and by projectively equivalent of arcs, we have only two projectively distinct (16,3)-arcs
which are:

R;={1,2,11,21,3,12,20,42,43,33,32,49,86,64,70,67},
R,={1,2,11,21,3,32,40,54,37,15,72,50,79,22,56,64} .
R; and R; are complete (16,3)-arcs since Cy = 0 for R; and R;.
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(GF(9),*)

* |12 (314|567 8

1|12 ,3[4|5[6]7]8

21216 |8[7[3|5]4

313/6[4]|7]|1]8]2]5

4 14|87 ]2[3|5]6]1

515|713 [8[2]4]6

6 1 63 8 |5[2(4|1]7

717151264183

8§ 8|14 |5|1]6|7]3]2

(GF(9),H)

+ 10|12 |3 |4|5|6|7]|8

00|12 |34 |,5]6,|7]8

1 120453 |7/8]|6

212|015/ 3|4 /8|67

313|456 |7 8[0|1]2

4 | 4|53 |7|8|]6|1]2]0

5513418672011

6 1 6 17 8|01 ,2 345

7171816120453

8§ 86 7201|534

Points and Lines of PG(2,9)

i P; 5
1 | 1,000 | 2 | 11 [ 20 | 29 | 38 | 47 | 56 | 65 | 74 | 83
2 | (0,1,0) | 1 11 | 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19
3 ] (1,1,00) | 4 |11 |22 |30 | 44 | 55|63 |68 | 9 | 87
4 | 21,00 | 3 |11 | 21 | 31 |41 |51 |61 |71 | 81|91
5 | G3,1,00 | 9 | 11 | 27 | 34 | 40 | 53 | 60 | 66 | 82 | 86
6 | 41,00 | 6 | 11 | 24 | 37 | 4549 |59 |70 | 80 | 84
7 1 (51,00 | 8 | 11 | 26 | 32 | 46 | 52 | 58 | 69 | 75 | 90
8 | (6,1,00 | 7 |11 | 25 |36 |39 |50 64|67 | 78 | 89
9 | (7,1,0) | 5§ | 11 | 23 | 35| 42 | 54 |57 |73 |76 | 88
10 | 8,1,0) | 10 | 11 | 28 | 33 | 43 | 48 | 62 | 72 | 77 | 85
11 | (0,0,1) | 1 2 3 4 5 6 7 8 9 | 10
12 | (1,0,1) | 2 | 13 [ 22 | 31 | 40 | 49 | 58 | 67 | 76 | 85
13 | 2,0,1) | 2 | 12 [ 21 |30 | 39 | 48 | 57 | 66 | 75 | 84
14 | 3,0,1) | 2 | 18 [ 27 | 36 | 45 | 54 | 63 | 72 | 81 | 90
15 | 4,0,1) | 2 | 15 |24 | 33 |42 | 51 | 60 | 69 | 78 | 87
16 | 5,0,1) | 2 | 17 [ 26 | 35 | 44 | 53 | 62 | 71 | 80 | 89
17 | (6,0,1) | 2 | 16 | 25 | 34 | 43 | 52 | 61 | 70 | 79 | 88
18 | (7,0,1) | 2 | 14 [ 23 | 32 | 41 | 50 | 59 | 68 | 77 | 86
19 | 8,0,1) | 2 | 19 | 28 | 37 | 46 | 55 | 64 | 73 | 82 | 91
20| (0,1,1) | 1 |29 |30 | 31|32 |33 |34 |35]|36 ]| 37
21 [ (A,1,1) | 4 | 13 | 21 |29 | 46 | 54 | 62 | 70 | 78 | 86
22 | 2,1,1) | 3 |12 |22 |29 | 42 |52 |59 | 72| 82 | 89
23 | 3,1,1) | 9 | 18 | 25 | 29 | 44 | 51 | 58 | 73 | 77 | 84

271 | Mathematics



2013 ple (1 3]y 26 sloeh]

Ibn Al-Haitham Jour. for Pure & Appl. Sci.

i goopal] pglxll pid) ol

VYol. 26 (1) 2013

24 [ @41,1) | 6 | 15| 28294050 ] 63 71| 75 88
25 | 50,1) | 8 | 17|23 |29 | 43 | 49 | 64 | 66 | 81 | 87
26 | 6,1,1) | 7 |16 | 27 [ 29 | 41 | 55 |57 | 69 | 80 | 85
27 [ (7,0 | 5 [ 1426 [ 29 | 45 | 48 | 60 | 67 | 79 | 91
28 | 8,1,1) | 10 | 19 | 24 [ 29 [ 39 | 53 | 61 | 68 | 76 | 90
29 [ 021) | 1 [ 20|21 [ 2223 24|25 262728
30 | 1,2,1) | 3 | 1320 |30 | 43|50 | 60 | 73 | 80 | 90
31 | 22,1) | 4 | 12|20 | 31 | 45 | 53 | 64 | 69 | 77 | 88
32 [ 321) | 7 | 18] 20 |34 | 46 | 48 | 59 | 71 | 76 | 87
33 | 42,1) | 10 | 15 | 20 | 37 | 44 | 52 | 57 | 67 | 81 | 86
34 [ 521) | 5 [ 1720323951 63|70 82] 85
35 | 62,1) | 9 | 16 | 20 | 36 | 42 | 49 | 62 | 68 | 75 | 91
36 | (72,1) | 8 | 14|20 | 35| 40 | 55 | 61 | 72 | 78 | 84
37 | 82,1) | 6 | 19| 20 | 33 | 41 | 54 | 58 | 66 | 79 | 89
38 03,1) | 1 | 747576 | 777879 | 80 | 81 | 82
39 [ (13,1) | 8 | 1328 |34 | 45|51 |57 | 68| 74 | 89
40 | 23,0) | 5 |12 24 [ 36 | 43| 55|58 | 71 | 74 | 86
41 | 33,1) | 4 [ 18|26 |37 4250 | 61 | 66 | 74 | 85
42 | @30 | 9 [ 15223541 | 48 | 64 | 70 | 74 | 90
43 | 53,0) | 10 | 17 | 25 [ 30 | 40 | 54 | 59 | 69 | 74 | 91
44 | 63,1) | 3 |16 | 2333 |46 | 53 | 63 | 67 | 74 | 84
45 | (73,) | 6 |14 27 |31 [39 |52 62| 73 | 74 | 87
46 | 83,1) | 7 [ 1921 [ 3244 49|60 | 72| 74 | 88
47 | 041) | 1 | 47|48 [ 49 [ 50 | 51 | 52 | 53 | 54 | 55
48 | 4 |10 [ 1327324247 64| 71|79 ] 84
49 | 241) | 6 | 12253546 | 47 | 60 | 68 | 81 | 85
50 | 34,1) | 8 | 18 | 24 [ 30 | 41 | 47 | 62 | 67 | 82 | 88
51 | (44,) | 4 | 15[ 23 [ 3439 47|58 | 7280 91
52 540 | 7 [ 172233454761 73]75] 86
53 | 64,1) | 5 | 16 | 28 | 31 | 44 | 47 | 59 | 66 | 78 | 90
54 | (740 | 9 |14 21374347 63|69 76 | 89
55 | 84,0) | 3 | 19|26 |36 |40 | 47 |57 | 70 | 77 | 87
56 | (051) | 1 | 65|66 6768697071 72|73
57 [ (1,51 | 9 |13 ] 2633 [39]55]59] 65 81| 88
58 | 251 | 7 [ 1223374051 6265|799
59 | 351) | 6 | 18] 223243535765 78| 91
60 | 451) | 5 | 15|27 30 |46 | 49 | 61 | 65| 77 | 89
61 | 551) | 4 | 17 | 28 |36 | 41 | 52 | 60 | 65 | 76 | 84
62 | (6,51) | 10 | 16 | 21 | 35 | 45 | 50 | 58 | 65 | 82 | 87
63 | (7,51) | 3 | 14 | 24 [ 34 | 44 | 54 | 64 | 65 | 75 | 85
64 | 851) | 8 | 19|25 31 | 42| 48| 63 | 65| 80 | 86
65 | (0,6,) | 1 | 56 | 57 | 58 |59 | 60 | 61 | 62 | 63 | 64
66 | (1,6,) | 5 | 13253741 53|56 | 72|75 87
67 | 2,6,1) | 8 | 12|27 33 |44 |50 |56 | 70 | 76 | 91
68 | (3,6,) | 3 | 1828 35|39 | 49|56 | 69 | 79 | 86
69 | (4,6,1) | 7 | 15|26 | 31 | 43 | 54 | 56 | 68 | 82 | 84
70 | 5,6,1) | 6 | 1721 [ 34| 4255|5667 77|90
71| 6,6,1) | 4 | 16 | 24 | 32 | 40 | 48 | 56 | 73 | 81 | 89
72 | (7,6,1) | 10 | 14 | 22 [ 36 | 46 | 51 | 56 | 66 | 80 | 88
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73 1 86,1) | 9 |19 | 23 | 30 | 45 | 52 | 56 | 71 | 78 | 85
74 | (0,7,1) | 1 | 38 |39 |40 | 41 | 42 | 43 | 44 | 45 | 46
75 | L,7,1) | 7 |13 [ 24 | 35 | 38 |52 163 | 66 | 77 | 91
76 | 2,7,1) | 9 |12 | 28 | 32 | 38 | 54 | 61 | 67 | 80 | 87
77 | 3,7,1) | 10 | 18 | 23 | 31 | 38 | 55 | 60 | 70 | 75 | 89
78 | 4,7,1) | 8 |15 |21 |36 | 38 |53 |59 |73 |79 | 85
79 | S57,1) | 3 |17 |27 | 37 | 38 | 48 | 58 | 68 | 78 | 88
80 | (6,7,1) | 6 | 16 | 26 | 30 | 38 | 51 | 64 | 72 | 76 | 86
81 | (7,7,1) | 4 | 14 | 25 | 33 | 38 | 49 | 57 | 71 | 82 | 90
82 | 871) | S |19 |22 | 34 | 38 |50 | 62 | 69 | 81 | 84
83 / (0.81) | 1 | 83 | 84 | 8 |8 | 87 | 88 | 8 | 90 | 91
84 | (1,81) | 6 | 13 | 23 | 36 | 44 | 48 | 61 | 69 | 82 | 83
8 | (2,8,1) | 10 | 12 | 26 | 34 | 41 | 49 | 63 | 73 | 78 | 83
8 | 3,81) | S |18 | 21 | 33 | 40 | 52 | 64 | 68 | 80 | 83
87 | 481) | 3 | 15 |25 | 32 | 45 | 55 | 62 | 66 | 76 | 83
88 | (581) | 9 |17 [ 24 | 31 | 46 | 50 | 57 | 72 |79 | 83
8 | (681) | 8 |16 | 22 | 37 |39 | 54 |60 | 71 | 77 | 83
9 | (7,81) | 7 | 14 | 28 | 30 | 42 | 53 | 58 | 70 | 81 | 83
91 | 88,1) | 4 |19 | 27 |35 |43 | 51 | 59 | 67 | 75 | 83
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