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Abstract

The aim of this paper is to study the best approximation of unbounded functions in the
weighted spaces L, ,,p>1a>0.
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Introduction
With a great potential for applications to a wide variety of problems, approximation
theory represents on old field of mathematical research. In the fifties a new breath over it has
been brought by a systematic study of the linear methods of approximation which are given
by sequences of linear operators .These methods became a firmly entrenched part of
approximation theory. The problem of function connected with different polynomials was
examined in many paper like[1] and [2]. In this paper we studied the degree of approximation

of unbound functions by using piecewise monotone polynomials in the weighted spaces L, .

Definitions and notations
Let f be any function such that |f (x )|s Me**,a>0,M €R,x e[a,b]we denote by

Lp,a , the spaces of all functions such that

Ff (x)e‘“xpdx}% <o ,1<p<w
b

I, -

P,
..(2.1)
See [7].
we approximated T by a piecewise polynomial of degree at most N .
Definition 1
Let
Sn (X Xy cerns X, ):{SeCn_l[a,b] ;SEHn(Xi_l,Xi),i =1,2,..k +GwherelT, (X, ;,X;) = (X g X )(X1, X)X, 1 X, 1)
,{xl ,x2 xk} is a space of spline with simple knots (x1 ,x2 , ....,xk ), consider
a=X, <X, <...X, <X,,,=b apartition on interval [ab] .for k=1,2,...let
Sy :Sn(xlk XE X ) for some k knot such that end points
[bounded], a = x{ and b=x{ , for each k. The mesh is denoted by

k k
mk :il\élflxk(xm_xi) denotey.,S =1,2,..,n the collection of all set
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Y ={y,}, O<y,<..<1l, and A®( ) be the collection of all functions
f.f'e LIo o [0,1] which change monotonicity at the points of Y .

Set

[T(x) =TT (x i)

.2 o N

The differentiable function in Ly o[04 151N APy ) I f'(x)TT(x)=0, x [0,1],

[4].
Definition 2: [7]

The degree of monotone approximation by polynomials P, of degree not exceeding n
will be denoted by

@ ;
E fy = inf f —
no ( )p.a prea® Nt ” p””p,a
..(2.3)
For p =oo then E®(fY ), =inf[f (x)-p, , x €[0,1]
oo,
Let
o(x) = /x@ - x), xe[0,1]
(2.4

The spaces Lrw ,reN are the spaces of all functions such that

oot ooe
-(25)
where £ () — (r (x e = ){") and Iim o (x )f "(x)=0 -

IDdx}%)<oo

Definition 3: [3]
For K >1 the Ditizian — Totik modules of smoothness is defined by

w2, (1010, =supoty () a0 ()] £ 20

And oy, (f (r)’t)p ) :Sup‘q)krh (x )A:‘W(X)f () . >0 [7]
...(2.6)
Where k th symmetric difference is defined by
K Ll kK —j)he(x )
M8 () =321 [}] o x -0 s
j=
..(2.7)

and the supermum is taken over all x, x = % hop(x) e (0,1).

Note that for f <L, [0,1] then &, (f ,t) —=af(f 1) .
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n f(x,
x  are defined by [X,,X,,..,x ;f Z &,

:OH(X

Ii]
Then [z,,Z,;g] stands for the first divided difference of function g at the knots Z, and Z,,
and [Z,,Z,,Z,;9] denotes the second divided difference at the knots Z,,Z,and Z,.

110

The Main Result:
In [5] Leviatan and Shevchuk proved that For every f < A® (Y )mc; then:

1
EO@ Y )=, [f©O,=
n ( ) nr k,r n
.31
where c is a constant independent of nand f .

Also they showed that

Theorem 1: [5]

If f eCNA" (Y ) withr> 2, then

E®(fY )sw @f, (f m,%j , n>k +r

..(32)

Where C, , reN s the space of functions f , f ) «C " (0,1) for which
lim " (x)f ("M (x) =0 and C(S =C [O,l].

=
2

Now we prove the following theorem when r < 2 by c(s) denote the different constants
which are constants depend only on s, while N(Y) the constants which depend on Y.

Theorem 2: [7]

If f Llpow AP ) then
€ c » 1
En (f ’Y )p,a = n a)ép,l (f ’ n jp,aa n > N(Y)

...(3.3)
An immediate consequence of this theorem is that:
Corollary 1: [7]

Iff el?, NADEY ), then

@ C » , A
EV(FY )  =—% o, | T — , n > N(Y)
: n n_J, .

..(34)
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Remark:

It should be noted that in the case r=1, k=2 and r=2, k=1 the estimates of form (3.3) and

(3.4) inthe case C NA® (Y ).

Corollary 2: [7]

For each y_ €Y , thereisafunction f e AM(Y ) with E (f) si, n=>3
s n p,x n2

C

EX( Y ) =5

...(3.5)

n

>

N(Y)

where E (f )p _, Is the degree of unconstrained approximation.

Now, let I =[0,1] and put ,; _ L
n

[1_

il
n

Cos—} j=01,...,

n.

We denote by S, the set of continuous piecewise polynomialsin L, ,[0,1].

We put 1,=[0,x,] and 1, =[x, . x,]

Let L, (x)=f"(x,)+(x —x,)[x,,2x,,f '] be the linear polynomials which interpolates f"at

X, and 2x,. We set

L, (x)

Lemma 1: [4, lemma 2]

fr(Xpa)+(X —xn_l)[xn_l—

(1-%,4) X, ’]

If f eLp.» (TAPCY ) then there is a continuous piecewise polynomials S, €S,

such that
Hf —S

P

[1(x)S! (x)=0
Sr(x)=L,(x)
...(3.6)

Lemma 2

If f eLlp,a,(pﬂA(l)(Y) then there is a continuous piecewise polynomials

S~In S _ such that
n
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3 c , 1
Hf —Sn 0. gﬁ C();Tl(f ,H)p’a
Mx)s, =0 , xex,x ]
s;(x)=L (x) , xel_
(37

Proof of Lemma 2

1

I —sal,.. (]

(1o 0-Gn 60 ax

‘f —Sh ‘e—ax

P dx %: }fe’“x —S e | dx %
"= |
]%o

“loco-Gn )|
3 ~ 1 <
such that g (x ) =f (x) e~ and G_(x)=S_ e~«x where §()EL; (') ang Gn O<)is
the continuous piecewise polynomial in Sn . Then by lemma 1
5 g -& c r 1
[t =snl, . =lo-Gnl, =% “%(9"7)

p.x p P

C 4 l
== a)Z‘P’l(f ,j
p,Ol

Therefore Hf —SNn H <C 9 f',lj .
pa N 21 n ).

Proof of Theorem (2)
We first take n sufficiently large so that f monotone in |1 and |n. Then in view of

lemma 2 at most what we have to correct the behavior of §n on |, and | 0 while keeping it

1
close to the original function.

A spline polynomial an satisfying.

S, (x)=S_ (x) ,xelx;,x, ]
I1(0) s (0) =0

I@s, @=o
- 1
S-S/ <c w? (f',—
H n "lip,aayUr ) n 2'1( n)p’a
(A1)
C
Indeed Since| LS | <— then
n
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S!-S/ <[ S/ (t)-S/ () e **dt )P dx ]}/p
| I e

Lp.a(l,Ul ) I1UI 1U

[ [ (] |g-Gldt)rdx 1P

LU, 1 Ul
...(4.2)
Then by holder's inequality we have
L o
’ <y 1 %
555 [ [ I MGWLUU,ﬂX}
Lp.a(1,Ul ) | | (,U1,) PV n
C 1 Pat e
=l nz lo—<|"
| _ Lp(,UlL)

foisi["

[ﬂ%*%
n2
Lp.a(l,Ul,)

1 r
Snz Hsn_

Lp,a(l;Ul )

From (4.1) and (4.2) we get

HS n _S~n

Cc P
< = P l
=53 n oy (f ’n)p’“

p,.x

C , 1
— =- a)gl(f 'H)p’“

n

Which combined with (3.6) and (4.3) implies.

EL ¥ p=lf =S, = =S,

.-

n
P,

< -5, sl

o T80 =S0]

n
Lp, a(LlLJLZ) Lp,a[xl,xn_l]

-C wy (f' —) +O+— wy (f' —)
n n

C ’
:; w;l(f ,7)
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