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Abstract

In this paper we study the relation between the resolution of Weyl Module K(4,4’3) F in
characteristic-free mode and in the Lascoux mode (characteristic zero), more precisely we
obtain the Lascoux resolution of K4 43 F in characteristic zero as an application of the
resolution of K4 43)F in characteristic-free.
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Introduction
Let R be a commutative ring with 1 and F be free R-module by D,F we mean the

divided power of degree n. The resolution Res[ p, q, r, t;,t,] of ~ Weyl module Ki,yF

associated to the three-rowed skew-shape (p +t, +t,,q +t,,r)/(t, +t,,t,,0), namely , the
shape represented by the diagram
ty p

t,

In general, the Weyl modute K/, 1S Presented by the "box" map
Z Dp+tl+k F® Dq—tl—k ® DrF

k>0
d/,?./,u
——D,F®D,F®D,F %K,
Z(:)DpF ® Dq+t2+£ & DHZ%F
>

where the maps > Dy, ,kF ® Dy ® D,F ——D,F ® DyF ® D, F may be
k>0

interpreted as K™ divided power of the place polarization from place 1 to place2(i.e. 8%'?),the
maps Y. D,F ®Dy,,., ®D, [F—>D,F®D,F ®D,F may be place 2

interpreted as /™ divided power of the place polarization from place 2 to 3 (i.e. 6%)) [1].

Buchsbaum in [1], Hassan in [2] studied the resolution of Weyl module in the case of
the partition (2,2,2) and (3,3,3) respectively. In section two of this paper we review the terms
of characteristic-free resolution of Weyl module in the case of the partition (4,4,3).

Mathematics - 341



Alatl 5 4 o) p gl gl o Ala )
2012 ]w\( 25] Alaall ( 3 ] sl

< Ibn Al-Haitham Journal for Pure and Applied Science

No. | 3 ] Vol. (25] Year ( 2012

In section three we apply this resolution to the Lascoux resolution in the same case by
using the way in [1] and [2] with capelli identities [3].

Note: We have to mention that we shall use D, instead of D,F to refer to divided power
algebra of degree n.

Characteristic-Free Resolution of the Partition (4,4,3)

In this section, we find the terms of the resolution of Weyl module in the case of the
partition (4,4,3). In general the terms of the resolution of Weyl module in the case of a three-
rowed partition (p,q,r) which appeared in [3] are

Res([p,q;0]) ® D, ® 3 Z{,™yRes([p,.q+ ¢ +L¢+1])®D,_, ; ®
>0

1] >0§z>;€2+1)z“1+1)z Res([p+/1+1,q+ 0, +L5, = (1)) ® Dy_s 11,42
‘1= 2=*%1

where x, y and z stand for the separator variables, and the boundary map is 0, + 6y +0,.
Let again Bar(M,A,S) be the free bar module on the set S ={X, Y, Z}consisting of three
separators X, y and z where A is the free associative (non-commutative) algebra generated by
Z,1,Z3,and Zy and their divided powers with the following relations:

Z(a)Z(b) Zs(,E)Z?()g)and Zé‘?Zé?) =Z(b)Z(a)and the module M is the direct sum of
tensor product of divided power module D, ® D, for suitable p, g and r with the action of

Z,1,Z45,and Z, and their divided powers.

We'll consider the case when p=4, =4 and r =3. In this case, we see that the index
¢ in the first sum runs from 0 to 2, while the indices ¢, and ¢, in the second sum are very

restricted : /, must be 0, and ¢, can be only 0 and 1 (since ¢, > /;and /4 + ¢, <1). These
comments are true whatever the values of p and g, then in this case we have

Res([4,4:0]) ® D, ® zz(“l)y Res([44+(+1(+1])®D,y , ; ®

(o+1 .
/1>OZ/:2Z>;12+ )yRes([4+ 041440, +30,— 1) ® Dy (4 4, 40
So

fzoz CDyRes([4,4+(+1/+1])® Dy, 4 =
>

Z5,yRes([451]) ® D, ® 2D yRes([4,6;2]) ® D, ® Z5) Res([4,7;3]) ® Dy
Where

(2) 5 Y isthe complex 0 = Z4, Y74, — Z32 y—0
and

;:(g:);)y is the complex
0 Z3pYZ45YZ30Y = 253 Y230y ® ZipYZ53'y > 23y =0

Then in this case we have the following terms
© In dimension zero (Mo) we have D, ® D, ® Dj
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© In dimension one (M;) we have

z®xD,,, ® D, , ® Dy withb=12,34and ZLyD, ® D,,, ® D, , with b=1,23
© In dimension two (M2) we have the sum of the following terms

° Zg])_l)XZE?_Z)X D4+‘b‘ ® D4—‘b‘ ® D3, with ‘b‘: b_l. + b2 =2.3,4.

e Zy,yZ¥xD,,p, ® Dy, ® D,; with b=23,45.

o ZH)YZEXD,® Dy, ® Dy s with [b|=by +b, =23,

e Z0yzPxD,,, ® Dg_, ® Dy; with b=3,4,56.

e z9yz"xD,,, ® D;_, ® Dy; with b=45,67.

e Z®y7,7D.®D,,, ® D, p; with b=1.2.

© In dimension three (M3) we have the sum of the following terms:

o« ZRIXZEIXZHPXD,, ® D,y ® Dyjwith |b| =Dy +by +b; =34,
b b By 5

° Z32yZ§ll)XZ§12)X D4+‘ b| ® D5_‘ b| ® D2,Wlth‘b‘=bl+b2 =345

andb; > 2

o ZQyz{IxZ5XD,, ) ® Ds |y, ® Dy;with|b|=by +b, =456

andb, >3

e Zy,yZy,yZPXD,,, ® Dy p ® Dy with b=345,6.

o ZQyZRXZ3PxD, |, ® D, |y ® Dy;with|b|=by +b, =56,7

andb; >4

e zByz0dx7®xD,,, ® D, , ® Dy; with b +b, =3 and k =4,5,6,7

© Z3YZypYylypyD,®D; ®Dy

o ZyyZy2Z8xDg,y ® Dy ® Dy; with b=1,2,345.
e Z9y7,22PxDy,, ® Dy, ® Dy; with b=2,3,4,56.
. LyyY L3y Z31Z2Dg @ Dg ® Dyy.

© In dimension four (M4) we have the sum of the following terms:
. Ly XLy X2y XZ 51X Dg @ Dy ® Dsg

b b b ) .
o ZpyZEIXZEIxZ5¥xD,,, ® Dy ® Dy; with
‘b‘:bl+b2+b3—45and b, >2
o ZQyzEIXZ{XZ5PXD, 1y ® Dy ® D;; with

|b|=b, +b, +b;=5,6 andb, >3.
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b b . .
o ZyYZypyZHIXZ{HYxD, , ® Dy p ® Dy with
|b|=b;+b, +b;=4,5,6 andb, >3.
b b b ; .
o ZQyZEIXZRIXZHPXD,, ) ® Dy |y, ® Dy; with

|b|=b; +b, +b;=6,7 and b, > 4.
b b . .
o ZGyZEyZEIXZRXD, 5 ® Dy, ®Dg;  with ¢y +Cp =3,
‘b‘:bl+b2+b3:5,6,7 and by > 4.
o ZyYZ3yYZapyZPXDy,y ® Dy, ® Dy; with b=45,6,7.
b b R
o« ZypYZyu2Z3HIXZHYXDy, | ® Dy |y ® Dy with [b|=by +b, =2,345.
b b A
o ZQy752Z{VxZ57 XDy, ® Dg |y, ® Dy; with |b[=by +b, =3,4,56
and by > 2.
o Z4,YZ3YZ42ZPXDg,, ® Dy ® Dy; with b=2,34,56.
o In dimension five (Ms) we have the sum of the following terms:
° 23y Z37XZ X Z X Zy; XDy ® Dy ® Dy
b b : .
o ZypyZypyZRIXZEIXZHYXD,,p ® Dy, @Dy with
‘b‘:bl'i‘bz +b3 :5,6 and b123
° 28V Z{PXZy1XZ X Z1x Dy ® Dy ® Dy
o ZHYZEYZRIXZEIXZHXD, @ Dy, ® Dgswith ¢y +cp =3,
‘b‘:b1+b2 +b3:6,7 and b124
b ) .
. Zszyzszyzszyzékl)l)xzélz)xD4+\b\ ® D71 ® Do with
|b|=b,+b, +b;=56,7 and b, > 4.
b b .
. Z37Y 232 ZEXZEIXZ 5% Ds,jp| ® D5 ® Dy;
b b o
o Z{yZy2Z{XZEIXZHPX Dy, ® Dy ® Dy with
|b|=b,+b, +b,;=4,5,6 and b; >2.
b ; .
Ib|=b,+b, =3,4,5,6

and b >2.
© In dimension six (Ms) we have the sum of the following terms:

o Z&yz8)y7x7,.x7,,xZ,xDy; ® Dy ® Dy; with ¢, + ¢, =3.
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b b .
* 237y 23y ZapY 23X 25X 20 Dyijp| ® D74 ® Do;
with|b|=by +b, +b; =6,7 and b, > 4.
o ZypyZazZ{XZEXZ{xZHXDg,p ® Dy ) ® Dyswith

4
|b|=3b =45.
i=1
C 2Ry 2222 Dy, ) @D |y @ Dyt
4
|b|=3b=56and b >2.
i=1

° Z35Y 235y Zan2 ZOX 25X 2530 Ds.5) © Ds_|p) © Do;

with|b|=by +b, +b; =4,5,6 and b, > 2.

© In dimension seven (My) we have the sum of the following terms:

o ZLp¥ZyZZlyXZyXLZyXZyXZy XDy ® Dy ® D

. ng)yzslz Zg)xZﬂxZleZleme Dy, ® Dy ® Dy.

o ZyyZyYZy2ZROXZEIXZEXZHX Dy, @ Dy iy ® Dy; with

b|= ibi =5,6 and by > 2.
i-1

And finally in dimension eight ( Mg)we have

2
. L3Y L3y Ly Zél)XZﬂXZZlXZZlXZZlX Dy ® Dy @ Dy.
As in [3], it is necessary to introduce a quotient of Bar complex modulo the Capelli identities
relations; the proof these relation are compatible with the boundary map 0, + 8y +0, is
complicated and proved in [3].

Lascoux resolution for (4,4,3)
The Lascoux resolution of the Weyl module associated to the partition (4,4,3) looks like this

D, ® D, @ D, D, ®D; ®@ D,
0—->D,®D,®D;, > S - S —-D,®D,®D; »0

where the position of the terms of the complex determined by the length of the permutations
to which they correspond. The correspondence between the terms of the resolution above and
permutations is as follows

D, ® D, © D3 <> identity
D ®D, ®D, <(12)
D; ® Ds @ D3 < (23)
Dy ® Ds ©® D; < (123)
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D; ® D, ® Dy <> (213)

Dg ®Dy ® D; < (13)
Now, the terms can be presented as below, following Buchsbaum method [1].

Mo = A

M;=A®B,
M, =A,®B,
M; =A@ B,
and

Mj = Bj ; for j=4,5,6,7,8.
Where the Ag are the sums of the Lascoux terms, and the By are the sums of the others.
Now, we define the map o from B, to A as follows

. (Z)X(V) > ;meam(v) where Ve Dg ® D, @ D,
e ZOx(v) %zmxa(ﬁ) (v); where ve D, ® D; ® D,
. Z{x(v) > iZleaz (v); where ve Dg ® Dy ® D,
. Z2y(v) - %Zgzya32 (v); where ve D, ® Dg @ D,

. z8y(v) - éz%ya 55 (v); where ve D, ® D, @ D,

We should point out that the map o satisfies the identity:
5A1A0 001 = 55180 (31)

o

Al =By

where by §A1Ao we mear r of the fat complex which conveys
01
A1 to Ag. We will use no 1 we can define 0;: A = Ay as

It is easy to show that 0; which we defined above satisfies the condition (3.1), for example:
1 1
(o ©FDZEXW) = Onp, (5200008 (1) =5 (0108 (1) =02 (1)

3
= Jg,B, (Zél)X(V))-
At this point we are in position to define
Opihy > A

By 62 = 5A2A1 + 015A281
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Proposition (3.1): The composition 0; 0, =0 [1],[2] .0

Now, we have to define a map
02 BZ —> AZ
Such that
5BZA1 +O—1055281 :(5A2A1 +O'105A281)°O'2 ......... (32)
We define this map as follows:

. Z 51X 25XV = 0; where ve Dy ® D, @ Dy
. Z(Z)X221XVH0 where ve D; ® D; @ Dy
. 221XZ(2)XV - 0; where ve D; ® D; @ D,
. ZS)XZHXV > 0; where ve Dg ® Dy @ Dy
. Z8x2xv > 0; where ve Dg ® Dy @ D,
. 221XZ(3)XVI—) 0; where ve Dg ® Dy @ Dy

. Z32yZ XV - ;Zszyzﬂ X051 (V); where ve D; ® D, © D,
. 232y2(4)XV|—> éZ yzg)xﬁ(z) (V); where ve Dg ® D; @ D,

. 25,y Zxv - 1102 yZ§2%8 (v); where ve Dy ® D, @ D,

. Z3,YZ3,yVi—= 0; where ve D, ® Dg @ Dy

. z8yz7¥xv i ;Zszyzﬁ)xam(v) Z.4,Y 25,2059 (v) swhere

veD, ®D; ® D,

. Z@yZ§xv - 22323’221 X 021031(V) —_Zzszyzg X 08503, (v) ;where
ve Dg ® D, ® Dy

. Z(Z)yzg)xv = 3—10232yz§?xa(221>531(v) 23,y 241 %7 (v) swhere
ve D, ® D, ® D,

e ZByz8¥xvis zioz32yz§§>xasza(2‘{) (v); where v e D;y ® Dy ® D,

e« Z8yzPxvi éZSZyZ(Z)a(Z) (v) +—‘2 23,V Z X0 4,0 5,041 (V)

1
—Ez3zyz3lzagi)a32 (V); where v e Dg ® D; @ Dy,
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1
. Zs (3) yzéi)xv == 5 Zszyzg) x6218(2) (V) + _8 32yz§§) x8(221)632831(v)

+3—1()Z32y2g)x8(3)8(2) (v); where v e Dg ® D, @ D,

. Z(S)yzég)XVH_%ZSZVZ 1205701 (V) - 316 239y 25,205)05(vV)  where
ve Dy ®D; @D,

. Z(3)ng)XV — 3—102323’2(?)(82)8%21) (v); where ve D;; ® Dy @ D,

e 2¥yZ,yvis0; where ve D, ® D; ® D,

. 32yZ(Z)yVI—)O where ve D, ® D; @ D,

. Z(3)yZ312V > ;Z3ZyZ3lz 03, (V); where v e Dy ® Dg @ D,

It is easy to show that o, which is defined above satisfies the condition (3.2), for example
we chose one of them

(9B, +01°0p,8 )(Z3 5y (4)XV)
= oy (25 xov) + al(zg?xag?a L)) +6,(Z8%8,4,0%2) (v))

+Z, xSV (v) — 0 (2 x5 (v))

%221x8(2‘°1)8(3)(v)+ 221xagj)a(2)(v)+ 221x5216328g21)(v)

+221x8(3)(v)——Zszyﬁgzz)a(“)(v)
%Zzlxa(z?a(g)(V)Jr 221x8(221)8g22)831(v)+ ZleaZlaSZagzl)(v)
+221x8(3)(v)——Zszyag)a(z)(v)

_%Zszyag)a(z) (v)——232y8231)832831(v) 32y8221)5(2) (v) and
(5A2A1+0105A231)(8232yz(2) 6(2)(v)+—2 32y2§?x831821(v)
~ 75y 25205)05 (V)

= zg)xasza(z)(v))+ Zlea(S)(v)——Zszyé(zzl)a(z)(v)

+0'1(_Zg)X8$)821a31(V))+ 221X8328218g21)(v) 2 21 %057 050,03, (V)
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- 0'1(%23(’5) Y5703, (V) + %221X8g%)8(23i)832 (V) + %ZSZya(Zi)(aSZ@ﬂ(V)
= ézzlxazlészagzl) (V) + ézzlxag? (v) _%232 yos o5 (v)
+%221X5221)5§,22)831 (v) +%221X8218328g21) v) +%221X5218328g21) (v)
+%221X8§i) (v) _%232 Y 0503505, (V) _%232 yos o5 (v)
_%232 yo5o%; (v) _%232 Y 0503905, (V) +%221X8§i)5§§) (v)
+%221x8§21)8g22)831(v) + ézzlxazla:azagzl) (V) + ézsz Y 0570550 (V)
= %221)(5218325&21) (V) +Z5, %05 (v) _%232 yo5 o5 (v)
+%221X8(221)5522)831(V) —%Z3Zy8(231)832631(v)

1

1
3 Zs, y‘?(zi)égzz) (V) + 2 Z,X a(231)8%?5) (v) O

Proposition (3.2) [1],[2] : we have exactness at A; .[]

Now by using o, we can also define
63 A3 —> A2 by 83 :5A3A2 +(72 O5A3BZ

Proposition (3.3) [1].[2] : 0, c05 =0.0

We need to define o5 : B; — Aq which satisfying
§B3A2 +62 058382 = (5A3A2 +O-2 05%82)002 (33)

As follows

. Ly X2y XZ 5 XV = 0; where ve D; ® D; @ Dy
o ZXZ,XZy XV 0; where ve Dg ® Dy @ Dy
o ZyxZSIXZyxvis 0; where ve Dg ® Dy @ Dy
. ZlemeZS)xv > 0; where ve Dg ® Dy @ Dj

o ZyyZ¥XZyxvis 0; where ve D; ® D, ® D,
o ZypyZPXZ,xvi— 0; where ve Dy ® D, ® D,
o ZyyZ®xZPxvi0; where ve Dy ® D, ® D,
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1

Z2,Y 25X Z, XV > 0; where v e Dy ® Dy @ D,
24,y Z)xZ 2 xv - 0; where ve Dy ® D, ® D,
24,y Z$IxZ52xv 1 0; where ve Dy ® D, ® D,

2Oy Z2XZ 5 xv —%ZSZyZ 1225, X303 (v) ; where ve Dg ® D, ® D,
1

22 yzPxv - 3 2y 2o Z,,x85) (v); where ve Dy ® D, ® D;

22 yz2x72xv - 0 where ve Dy ® D, ® D,

2Dy z289x 2, xv - —%Zég)yz(‘r’)z Z,,x05% (v) where v e D;g ® Dy @ D;

Zg)yz(“)xz(z)xv > —%ZSzyzslz Zlea21 (V) where ve Dyjg ® Dy ® Dy

z2yz¥%x2xv i —gzgzyZMZ Z,, 85 (v) where v e Dy ® Dy ® D

Zszyzgzyzﬁ)xv = —%Zgzyzmz Z,1X05;(V) where ve D; ® D3 @ D;
32y232yZ IXV - 0 where v Dg ® D, © D,
24,V Z3YZIXV %szyZSlzz@) 8% (v); with ve Dy ® D, ® D,
Z32yZ32y221)xv > 0 with v e Djg ® Dy @ Dy

2Dy ZDxZyxvis 2Ly 2 8x 7, xv > Elszwyzslz Z,x0%0,,(v) +

= Z3yY 231271 x3578,4, (V) ; with v e D;y ® D; @ Dy

Z(Z)yZ(4)xZ(2)xv > 0; with ve Djg ® Dy ® D;
Z(z)yzg)xz(?’)xv > §Z32y2312 Z 51 X(V) with v e D;g ® Dy ® Dy
1
Z32y232yZ§)xv > —5232y231z Z,1X0451(V); with ve D; ® D; @ Dy
32y232yZ DXV 0; with v e Dg ® D, @ D,
32yZ?)zyZZ‘rl’)xw—) —%Zszyzmz 221x8 ) (v); with v e Dy ® D; ® D,
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1
. z8yzxz, lxvn—>—£Z3ZyzglzZleégzl)am(v)—

1
12
e Z8yz0xzZ,xv éz oY 231225 X0% 04, (V) +

Z4yY 23122505085, (v); with ve Dy ® D, ® D,

1
30

1
. Z(S)ng)XZg)XV — 5232)/2312 Z21)(832821 (V)ive Do ® D, ® Dy

Z4,Y 2312 Z X054, (V) ; with v e Dy ® D, ® D,

o ZOyz0xZ,xvis 6—gzgzyz31z Z,,x08004, (v); with
ve D ® Dy @ Dy

o Z9yz2POxZBxv i 0;with ve D, ® D, ® D,

. Z(3)yZ§‘11)xZ(3)XV|—>?1232y231z Z,,x08D04, (v); with
ve Dy ® Dy @ D,

. Z9yz 2yZ(“)xwa?lZazyZ 12Z 51X 851041 (V) —

1 2 .
5 2aY Za? Z,1 X084, (v); with v e Dg ® Dy @ D,

e« ZOyz7,y720xvi

g—; (Z37Y 2312 21X 057039 (V) + 235y 2312 21X 0y057 (V) with
ve D), ® D, ® D,

e Z89yZ,yZxvis0;with ve D; ® Dy @ D,

. 32yZ(2)yZ§?)XVH

1—21232y 24122 x0)8,5, (V) - —Z32y 24122105905, (V) with
ve Djg ® D; @ D,

o ZyyZ®yzixvis 0;with ve Dy ® Dy @ Dy

. 232y232y221yw—>0-wnth veD, ® D; ® D,

o Zy,yZ2Z8x(v) 3z32yz31z Z,,X 85, (V); with ve D, ® Dy ® D,
o Zy,yZ2Z89xw) 3zgzyz 122,02 (v); with ve Dg ® D, ® D,
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«  Zy,yZ,2Z4 X(V)H%Z%yz 122, %3 (v); with ve Dy ® D; @ D,

o ZypyZy2Z0x(vV) %zszyzglzz X85 (v); with v e Dy ® D, @ D,

e Z0y7,2720xv) - 3zgzyz 212251 X041 (V) ; with ve D; ® D, @ D,

. Z(z)yZ3lzZ(3)x(v) -

%(Zszyzslzzzl)(@uam(v) + 239y 2312 251X 83,057 (V)); with v € Dg ® Dy @ D
. 28y7,,22x(v) -

1 )
52323’2312 Z21X521 031 (V) +5232y2312221x6§f63z (V); with ve Dg ® D3 @ Dy

e Z2P0y7,2720x(v)> 210 50Y 2312 Z 5 X058, (V); with

ve Dy, ® D, ® D,

. Z0y2,2Z0x(v) > %ZBZyZmz Z x50, (v);with

ve Dy ® Dy @ Dy

. Z3,YZ3yYZyZ (V) 0; with ve Dy ® Dg @ Dy

. ZOYZ0yZ X (v) 210 22Y 2312 Z 5 X088, (V); with

ve Dy ® D, © D,
Again easily we can show that o3 which defined above satisfies the condition (3.3), and here
we chose one of them as an example

(Og,n, +02°08,8,) (£ (§)yz 122(4)X(V))—
=20,(Z)YZ5)X (V) + 0,(Z) Y 25 %05, (V) + 05 (Z83) y 2542057 (v)) =

2
25232)’221 )(5215(2)(V)Jr Z32yZ Xaz)532831(V)——5232YZ§5)X8(231)(9§22)(V)

1

+%Z32y221 X8221)532(V) ——232y231zZ x82 )832(v) + Z32yZ3lz 821 O35(V)
1

+§Z32y2312821 03, (V) =

2 13

52323’ Zg)xéngzz) (v) + %232)’ 237 Zg)xa(zzl)aezzam(V)

1 2 1
+ EZ32 y Zéi)xagsi)agzz) (v) + Ezszy 232 821)832 (V) + gzszy 232 8(231)831(\/)

and
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1 2
(Spgn, +02°048,) (52323/2312 2,1 %05 03,05, (V)

+i0232y2312221x8(231)832832 (v))

B ézszy Zéi)X8(221)832531(V) + EZ323’ Zg)xam‘ag’?

+ :1))2323/2 1205005 (V) +—OZ32VZ DX 03,0505 (V) +_5 233y Z31205)03,(V)
= 32323’221 X621 032031 (V) + §Z3zy221 XaZlagzl) v)

Jr%232)’ L3y a(23i)a31(V) + %ZSZV Zg)xé(z‘?@%) (v)

1 2
%Zszy Zéi)X8(221)532831(V) + —5232y 232 8(21)532 (v)

13
:%Zszyz X521832831(V)+ Z32yZ x8218(2)(v)

1
+§ZSZy231Z 8(231)831(V) T 15 32yZ§f)X8(§)8(2) (v) "‘_5 L3y Z32 821 03, (v).O

So from all we have done above we have the complex

00— A—2 A 2 SA 9 A .(34)

where 0; defined as follows :

. 01 (Z,1X(V)) =0,,(V); with ve D; ® D, @ D,
. 0,(Z5,¥(Vv)) —832(v)' withve D, ® D, ® D,

. 0,(Zy ZEX(V)) = _Z 71X 01035 (V) + Z1X 83 (V) — Z3, Y05 (v); with
ve D, ®D; ®D,.
. 0,(Z3Y 2512 (V) = 32y632821(v) Z,, %05 (V) = Z5, 053 (v); with

veD, ®D, ®D,.

and the map O is defined as

° 03(Z37YZ512 ZnX (V) = Z3p YZ57' X035 (V) + Z3YZ 3120, (V); with
veD, ® D, ®D,.
Proposition (3.4) [1],[2] :

The complex
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