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Abstract

In this paper, we study the effect of group homomorphism on the chain of level
subgroups of fuzzy groups. We prove a necessary and sufficient conditions under which the
chains of level subgroups of homomorphic images of an a arbitrary fuzzy group can be
obtained from that of the fuzzy groups .

Also, we find the chains of level subgroups of homomorphic images and pre-images of
arbitrary fuzzy groups.
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1.Introduction
If X'is anon- empty set then a function m: X ®[0]]is called a fuzzy subset of X [1] .
A fuzzy subset mof G is said to be fuzzy subgroup of G if and only if

m(xy) 3 min{m(x), m(y)}yandm(x) = m(X'l) [2] .
It is easy to see that if 7 is fuzzy subgroup of G, then m(e) 3 m(x),""x T G .[3]
We say that , has the sup-property if every non- empty subset of Im(/,) has a

maximal element.[4], [5] .
If m is a fuzzy subset of G, then the subset m ={x T G;m(x) 3t}, t1[0, 1] is called the

level subset of 7 in G and m ={xTG;m(x)>t} is called the strong level subset of m in G
when t = 0 the subset /7, is called support of  in G and it will be denoted by " [6], [7] .

If 7 is a fuzzy subgroup of G, then the level subsets / of Zin G and the strong level
subsets £ of /.in G, tT[0, /(e)],are subgroups of G and viseversa [8] .

If t,t, TIm(;7) such that t 2t,, then obviously, m 2 m . Further, if Im(m) =
{t,:i=12.,n} where t >t,>..>t, then the level subgroups of » form a chain of
subgroups of G. C(m)°m ¥ m 1 .. 1 m =G [2].

Let f :G ® H be a homomorphism of groups , F be a fuzzy subgroup of G , m a
fuzzy subgroup of H. Then f=*(m) = m(f(x)),"xTG,

Ssub{ 7(x);x T fX(y)} if f(y) L F;
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and the fuzzy sets f(/)and f~'(/) are fuzzy subgroups of Hand G respectively [7], [9] .
Now let f: X ®Y be a function and  /[/] be a fuzzy subset of X[Y] . Then we say that

Iis f-invariant if Z7(x) = J(x,)Whenever f(x) = f(x,),%,%, T X.[5]
2. Homomorphic pre-images of fuzzy groups

In this section, we prove necessary and sufficient conditions under which the chains of
level subgroups of homomorphic pre-images of an arbitrary fuzzy group can be obtained
from that of the fuzzy group.

Let ;: G® H is agroup homomorphism and m is a fuzzy subgroup of H

We shall denote by } 1( C(m) ) the chain consisting of inverse images under } of members of
C(m). 1 is a fuzzy subgroup of G .
Proposition (2.1)

Ifm is a fuzzy subgroup of H and {mtj | jTJ } is the collection of all level subgroups of

-1 g
m, then {} (mtj ) | j1J } is the collection of all level subgroups of § (m) .
Proof

-1 g
Let I =} (m)and tH[0,1]. Then :
XTI CJ:'l(m)3 tOme) 3t0 1T m O xT :'1(mt). Hence
-1 il
=4 (M) "t [0, 2] (@8]
. -1 -
In particular, we have : 'tj =1 (mtj) =ilJ |
If I has a level subgroup I which does not belong to

-1 = :
{i (mtj ) | j1J } then m must have a level subgroup m{ which does not belong to
{mtj | jTJ } such that (1) holds. This is a contradiction. Hence the result.
We observe from the following example that some of the

:_1( M )’s may be equal so that C( :_l( m) ) has fewer components than C (m) .

Example (2.2)

Let G ={1,-1,i -i }and H ={ ¢ (12), (13), (23), (123), (132) }.
Then G is a group w. r. t. the usual multiplication of numbers and H is the permutation group
of degree three, with e as identity transformation.

Define ! :G® Hby!(x) =e," x T G. Then ! is a group homomorphism. Define m : H ®
[0, 1] by :
m(e) =1, m( (12)) =0.5, m(x) =0.3, " x T H\ {e, (12)}.
Then mis a fuzzy subgroup of H with level subgroups :
-1, .

mi={e}, mo5={e, (12)}, mg3=H.But I =] (m)is defined by:
1(x) = 1 for every XxIG. Hence, 11= lp5=1p3=G.

Now, we proceed to derive a necessary and sufficient condition for the

- -1 — _ —

distinctness of all the | (mtj ). For t 1 Im(m) , we define : Fp(t) = { xIG | m(x)
=t}

Theorem (2.3)
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Let }: G ® H be a group homomorphism and mis a fuzzy subgroup of H with Im(m):{tj
| jTJ } where J is a countable index set.

-1 . . =
Then § (my; ) are all distinct if and only if : :(G)ﬂFm(tj) LA

Proof

-1 . - N
Assume that | (mtj) , J1J, are all distinct. Let e* denote the identity
element in H. Since ! is a homomorphism, e*T}(G).

Also , ty 3t for every jTJ and hence m(e*) = to. Hence , e*T Fy(t,) . Therefore, }(G )N Fy
(tj )L A
Now, suppose ;(G) N Fm(tj )L A& is empty for some p>0.
. . -1 ]
Since tpl>tp,vverave m[p_ll mtpardheme : (mtpl) [ (mtp).
e P .
Now, x T } (mtp) PiX 1 Mp U Fm(tj) P 1 mtp_l
: — -1
since 1(G) N Fp() =A.Px 1] (mtp-l )] |
l-l i |_1 | |_1 — |-1
Hence, (mtp) 1] (mtp_l)and therefore : ; (mtp) =1 (mtp_1 ).
-1
This contradicts the assumption that | (mtj ) are all distinct.
Hence, §(G) N Fr(y) * &, T
-1 . -
Assume that | (mtj )’s are not all distinct. Then we can find p,q I J such that h1l and
-1 -1
I (mtp):: (mtq I o . 2)
We assume that th <tg. Since 1(G) N Fm(tp ) is non-empty, there exists XIG such that

1) T Fpy( tn ). This implies that m( (X)) = ty |
Since t < tg , we have, )T M, and '(}) T Mg . Therefore :

xT:_l( M, ) and x'l':_l(mtq). This contradicts (2). Therefore :_1(mtj) are all distinct.

Remark (2.4)
It can be observed from the proof that the second part of the proof in the
above theorem hold even when J is uncountable.

. L = = -
If | is asurjection, then }(G )ﬂFm(tj ) &, ""j1J; and hence | (mtj ) are all distinct.

Corollary (2.5)
If Im(m) =€t |13 } and }(G)NFp(t) A, T, then : C( :'1(m) )° :'1( C(m)
)- In particular, if J={1, 2, ...,n} and t] >tH>...> t,
-1 -1 < -1 <~ =.-1
then :C(} (m))°,; (mtl) [ (mt2)| . - (mtn).
Proof :
The result follows from theorem (2.3).
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In this section, we study the relationship between C(1) and C(} (1)) . And prove
that if 1 is a fuzzy subgroup of G with Im(l) = {tj | j=1, 2, ..., n} such that t1> tp
>...>thpand if }: G ®H is a surjective group homomorphism,

then the chain §(1¢,) 1 i (1t,) I... I':(Itn) contains all level subgroups of !(1).

In the following proposition, we remove the restriction on the finiteness of | Im (1) |.

Proposition (3.1)
If } is a surjection, I has sup-property and { 'tj | JTJ } is the collection of all level

subgroups of I, then {:(|tj )| jTJ } is the collection of all level subgroups of !(1).

Proof
Letm=!(1)and t T [0, 1].
Then u T m o m(U) 3t sup {109 | XT!1(U) 33t
Since I has sup-property ,this implies that 1(Xg) 3 t, for some xg T

1), Then xq T It and hence 1(xg) =u T §(I¢).
Therefore, we have m¢ T }( 11).

Now , if ul}(I¢)then u = !(x) for some xT 1 and hence.

m(u) = sup{ 1) | 2T I'l(le= sup {12 | 1@ = 1} 3 1(x) 3t
(Since xI1y). Therefore ullm; and hence j( 1¢) 1 my.

Thus we have m¢ =!(1t) for every tT[0, 1]............(3)

In particular, mtj = :(ltj ), *"j1J. Hence all :(Itj)’s are level subgroups of m = }(l) Also, it

follows from (3) and the assumption that these are the only level subgroups of m.
The following example shows that surjectiveness of |}, in the above proposition, is
essential. o

Example (3.2)

LetG={1,-1}and H={1, -1, i, -i }.
Define ! : G ® H by }(X) = x, ""XIG. Then ! is a non-surjective group homomorphism .
Define 1:G® [0,1] by 1(1)=0.3and I(-1)=0.1.
Then I is a fuzzy subgroup of G having sup-property. The level subgroups of I are 1g 3 =
{1} and 1y 1= G. Now, m = {(I) is defined by :
m(1) = 0.3, m(-1) = 0.1, m( i) = m(-i ) = 0. Hence the level subgroups of mare mg 3 = j(1p.3)
={1},mg.1 =1(Ig.1) = {1, -1} and mg = H. Therefore,
{i(lg3) . 1(1p.1)} does not contain all level subgroups of m . We observe from the following
example that surjectiveness of ; does not guarantee the distinctness of all j( |tj ).

Example (3.3)
Let G = P3 and H be the subgroup {e, (12)} of P3, where P3 denotes the permutation

group of degree three.

343



C Ibn Al-Haitham Journal for Pure and Applied Science r i) o438 pal) aglall Afligl) o) Adaa )
gt [
@

No. [ 2 ]| vol. [ 25 )| vear [ 2012 2012 J & |( 25 ) saat | 2 ] am

Define ! :G®H by : L e "'xI{e, (123), (132)}
'(X)_{ (12) "XT{(12), (13), (23)}

Then | is a surjective group homomorphism. Define I: G ®[0, 1] by :

1 0.5 ifx=(12)
F 0.2 "XTG\e, (12)}
0.9 ifx=e

Then I is a fuzzy subgroup of G having sup-property. The level subgroups of 1 are
1o.9= {e}, Tp5=1e.(12)}, Iy 2= G. Now, ;(I) is given by j(I)(e) = 0.9, 1(1)((12))
= 0.5 and hence j(lgg)={e}, i(lgg)=1(lg2)=H.

In the following theorem we obtain a necessary and sufficient condition for the
distinctness of all :(ltj ).

Theorem (3.4)
If }:.G ® H is a surjective group homomorphism and I is a fuzzy subgroup of G having
sup-property and Im(I):{tj | jTJ} where J is a countable index set. Then {:(ltj) , j1J}, are all

distinct if and only if 1 is }-invariant.
Proof

Suppose :(ltj )’s are all distinct . Since tj >tj+1 *j1J we have 'tj 1 'tj +1 » and hence,
) T iy, )
Let x, yIG such that }(x) =!(y). Let :(ltp ) be the smallest :(|tj ) which contains }(X). If p =
0.
Then '(x) = Yy) T :(lto) and hence
1) =1(y) =1(E). fp20.Then '), 'y T :(ltp) and
1X), '(y) T:(Itp-l)' Hence X, yTltp and X , y'l'ltp_l.
Therefore 1(X) = 1(y) = tp -
Thus, in both cases, we have , 1(x) = I(y) , and hence 1 is ;-invariant.
Conversely, Assume that I is !-invariant. Then forany z T H,

LA A -1

M@ =1, "X} @i, (4)A
If :(Itj)’s are not distinct then there exists th tg I Im(I) such that th * g and :(|tp) = :(|tq)
. Since tp, tqT Im(I), there exist x, yT G such that 1(x) = t , and I(y) = tq . Hence by (4) ,
we have :

1(DCIOY) =tpand ((H(1() ) =1q -
Therefore to, th Im( ;(I)) and hence it follows that : :(ltp 1:(|tq)-
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We observe that the proof of the second part does not require the countability of J.
Hence we have following result.

Corollary (3.5)

If ;: G ® H is a surjective group homomorphism and 1 is an j-invariant fuzzy
subgroup of G having sup-property then :

C(i(D))(C)).

Proof
The result follows from theorem (3.4) .

Corollary (3.6)

Let }: G ® H is a surjective group homomorphism and 1 be a fuzzy subgroup of G with
Im(1) = {tj | =1, 2, ..., n} where t1>ty >...>tn. Then :
(1) {:(|ti ) i=1, 2, ..., n} contains all level subgroups of }(1).
(i) { :(|ti ), 1=1,2, ...,n}are all distinct if and only if 1 is}-invariant.
(i )If Lis } -invariant then Im (;(1) ) = Im(l) and
COIM) ©4(Myy) TH(Mgy) T Ti(Ng).
Proof

It is straight forward.
Remark (3.7) )

Theorems (2.3) and (3.4) give us methods to obtain the chains of level subgroups of
homomorphic images and pre-images of an arbitrary fuzzy group from that of the given fuzzy
group .

More specifically if }(G) G Fpy(t) 2 & for every t T Im(m),

then C( :'1(m) )° :'1( C(m) ). Further, if } is a surjection and
I is }-invariant, then C(j(1))° j(C(D)).
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