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Abstract

In this paper we introduce the idea of the commutator of two fuzzy subsets of a group
and study the concept of the commutator of two fuzzy subsets of a group .We introduce and
study some of its properties .
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1.Introduction
Applying the concept of fuzzy sets of Zadeh to the group theory, Rosenfeld introduced
the notion of a fuzzy group as early as 1971.
The technique of generating a fuzzy group (the smallest fuzzy group) containing an
arbitrarily chosen fuzzy set was developed only in 1992 by Malik , Mordeson and Nair, [1] .
In this paper, we use our notion of commutator of two fuzzy subsets of a group.
Now we introduce the following definitions which is necessary and needed in the next section

Definition 1.1 [1], [2]
A mapping from a nonempty set X to the interval [0, 1] is called a fuzzy subset of X.

Next, we shall give some definitions and concepts related to fuzzy subsets of G.
Definition 1.2
Let m,v be fuzzy subsets of G, if m(x)£v(x) for every xTG, then we say that 7 is

contained In v (or v contains /) and we write m I v(or n E m).

If mlvand m2v, then mis said to be properly contained in v(or vproperly contains

m)and we write mLv (or nEm ).[3]
Note that: m=v if and only if m(x)=v(x) forall xXTG.[4]
Definition 1.3 [3]

Let mvbe two fuzzy subsets of G. Then mEv and mCvare fuzzy subsets as

follows:
() (m E v)(x) = max{m(x), v(x)}
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() (m C v)(x) = min{m(x),v(x)}, for all xTG

Then mEv and mCv are called the union and intersection of mand v, respectively.

Definition 1.4[5]

For /m,vare two fuzzy subsets of G, we define the operation mov as follows:
(mov)(x) = sup{min{m(a)v(b)}}a,bTG and x=a* b} Forall xTG.

We call mov the product of », and v.

Now, we are ready to give the definition of a fuzzy subgroup of a group.
Definition 1.5[1], [6]

A fuzzy subset mofa group Gis afuzzy subgroup of G if:
() min{m(a),m(b) } £ m(a*b)
(i) mla?)=ma) , foral a,bTG.

Theorem 1.6 [3]
If m is a fuzzy subset of G, then m is a fuzzy subgroup of G, if and only if, », satisfies

the following conditions:
(D mom0l m

Giiy mt=m
where m™(x) = m(x), ** x TG.
Proposition 1.7 [6]
Let mbe a fuzzy group. Then m(a)E£ m(e) **aTG.
Definition 1.8 [7]
If mis afuzzy subgroup of G, then mis said to be abelian if ** x,y TG,
m(x)>0, m(y)>0, then m(xy)= m(yx).
Definition 1.9 [8] , [9]
A fuzzy subgroup m of G is said to be normal fuzzy subgroup if

m(x*y)=m(y*x) , "x,yIG.

2. The Commutator of Two Fuzzy Subsets of a Group

In this section we introduce the idea of the commutator of two fuzzy subsets of a group
and prove some of its properties.
Definition 2.1

Let /7 and s be two fuzzy subsets of G. The commutator of J and  is the fuzzy
subgroup [I, m]of G generated by the fuzzy subset (I, /77) of G which is defined as follows
for any x T G:
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- sup{/(a) U m(b)} if x is acommutator
(4, m)(x) = x=[a, b]
3
\ 0 otherwise,

Next, we will introduce some theorems about the commutator of two fuzzy subsets of a

group which is useful in fuzzy mathematics .
Theorem 2. 2

If A, B are subsets of G, then [c,, cg]= CgA,Bg , where for all x T G:
i (a)_i,l, if aTA
A0, if aTA
Proof:

andgc ), cgll =<(cp.cg) >

3 Sup {cA(a)" Cg (b)},if xisacommutator
(cprCg) = e

10, otherwise
Then:
(1 if x=[a,b]T[A, B]
[CA’ CB] =< 0
0 otherwise— (1)

On the other hand ,

1 if xT[A B]

0 otherwice ~—"?)
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From (1) and (2), we get[Cy, Cg] = Cip B
i

Theorem 2. 3

For any two fuzzy subsets 4, Mof G, [1, m]=[m, 1]

Proof :
The result follows from definition (2.1) and definition(1.5 ).

For more explanation we give the following example:
Example 2. 4
Let Zand/7 be two fuzzy subsets of S.(the group of all permutations on the

set{1,2,3,}) defined as follows, for any X T S3:

B

1 if x={e}
1= | % if xTA, -{}
\ Y, if xTS, -A,
)
1 if x={e}
m(x) =
{ Y if
xT{(12), (13), (23)}
‘0 otherwise

By definition (2.1) :

(sup{/(a) U m(b)} if x is a commutator

(4, m)(x) =
x =[a, b]

0 otherwise
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(1 if x={e}
“ if xTA, -{e}
otherwise
Hence [, m]=4(Z, m)i = ! =4l
% if xTA,-{e}
0 otherwise
On the other hand :
1 if x={e}
(m, 1)09 = Y% if xTA, -{e}
0 otherwise
1 if x={e}
Hence [m, £]=4(m, I = A if xTA, -{e}
0 otherwise

Thus [I, /77] = [m, I].
Theorem 2.5

If #,m, band o are fuzzy subsets of Gsuchthat /T mand & T 4, then:
[1,6] T [m,d].

Proof:
[1,6]=4(1, b)i by definition ( 2.1)
for all xTG,

sup{/(a) U b(b)} if xis acommutator
(I1 b)(X): X:[a,b]

sup{m(a) U d(b)} if x is a commutator

x=[a,b]
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£

= (m,d)(x)

Thus,
[1,6]=4(1, b £ 4(m, )i = [m, d]
Hence, [4, 6] T [m,d]..

Corollary 2.6
If 7, m are fuzzy subsets of G such that / T m, then [/,d] T [m,d] for every fuzzy

subset o of G.
Proof:
The result follows from theorem (2. 5) by taking 6 =¢ .

Now, we introduce an important concept about the fuzzy subset.
Definition 2. 7
Let 7 bea fuzzy subset of G. Then the tip of /7 is the supremum of the set

{ro|x TG}
Theorem 2. 8
Let #and/7 be fuzzy subsets of G. Then the tip of [I, /77] is the minimum of tip of /
and tip of /.
Proof:
We want to prove that the tip of [ 7, 71] = tip of ZUtip of m
Let tip of 7=sup{/(x)/xTG}=L
And, ket tip of m=sup{m(x)/xTG}=M
Such that L, M T[0,1]
Now,

Tipof (£.m)  =sup{(#, m)(x)/ x TG}
= sup{sup{#(a) U m(b)}/ x =[a,b], x TG}
=supsup{/(a) U m(b)/ x = [a,b] x TG}
=sup{/(a) U m(b)/x=[a,b] and a,b TG }
={sup 7(a)/aTG}U{sup m(b) /b TG}
=LUM
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Since, [7, m]|=a(4, m)i
Therefore, tip of [/, m]=L UM
That is tip of [/, m] =tip of 7Utip of m.
Theorem 2.9
Let Z,m be fuzy subsets of G. If S(/)=H and S(m)=K, then

s([#, m])=[H.K].
Proof:
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First, we have S (/) ={xTG| /(x)i0}=H and S(7)={xTG | m(x)i0} = K. Then :
[H, K]
={d[a,b]i/aTH, bTK}
={d[a,b]i/ £(a) >0 m(b)i0}

= {x/x isacommutaltor } (1)
and,

s([#, m) = s(a(#, mk)
( sup{/(a) U m(b)} if x is a commutator

:S< x=[a,b] ; >

0 otherwise

={x/x : is acommutator } -y )
From (1) and (2), we get S([7, m])=[H, K].
The following example illustrates theorems (2. 8) and (2. 9).
Example 2. 10

Let Zand/7 be a fuzzy subsets of S, which are defined as follows:

.

1 if x={e}

109= | o
Y if xTA, -{e}

LY, if xTS,-A,
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Y if xTA,
m(x) =

0 otherwise
\ , XTS3

Then, tip of /=1 and tip of m=%

( sup{/(a) U m(b)} if x is acommutator
X= [a, b]
(1. M=

§ 0 otherwise

(1 if x= {6}

[ % if xTA, -{e}

0 otherwise

- TS,

since, [#, m]={((#, m)).Then:

Y if x= {e}
I =
[rok= g, it xTA, -}
0 otherwise

Then tip of [/, m] =%
= tip of # Utip of m

Also,

354



C lon Al-Haitham Journal for Pure and Applied Science r i) o438 pal) aglall Afligd) o) Adaa )
. [
@

No. [ 2 ]| vol. [ 25 )| vear [ 2012 2012 J & |( 25 ) saat | 2 ] am
s(#)=s

and  S(m)=A

3 3

[s(7). s(m]={[a.bDlaTs(£).bTs(m)}= A,
Ao, S([7. m]) = A5
Then, we get: S([ 7, m]) = [s(7), s(m)].

Next, we will give and prove the following propositions, which we will be needed later.

Proposition 2. 11

If 7 isafuzzy subgroup of G, then : [I, I] 117.

Proof:
TG/ . L
Forall X WG ¢ oli@) U 1)} if x is a commutator
(l' I)(X): x=[a,b]
<
L 0 otherwise
( . R . ) )
sup{l(a) U/Z(b)U I(a™)U I(b‘l)} if x is a commutator
) X= [a, b]
8 0 otherwise
( 1 -
sup{/(aba b )} if x isa commutator
x=la,b
s < [a,b]
\ 0 otherwise
= 1(x)

355



Clbn Al-Haitham Journal for Pure and Applied Science r i) o438 pal) aglall Afligd) o) Adaa )
No. [ 2 )| vol. [ 25 )| vear [ 2012 [ 2012 | asud|( 25 )[ e (2 ) s

Thatis (7,7)T 1.
Hence [1, 17T 1.

From theorem (2. 5) and proposition (2. 11) we obtain the following corollary :
Corollary 2.12

Let Z,m, b,d,nand & be fuzzy subsets of G. If [b,a] T [£,m] and [n,a] T [1, m].
Then [[6,a][n.all T [, m].
Proof:
Since[b, d] T [1, m]and|v,a] T [7, m]
Then : [b,d) [v.a]l T [[4, m)[4, m]| ¥ [ 4, m]
Hence : [[&,d] [n.a]l ¥ [2. m].
Proposition 2. 13
Let 7, m be fuzzy subsets of.G. Then: [#, m]o[4, m]=[1, m].

Proof:

From definition (2. 1), [I, /;7] is fuzzy subgroup of G and by theorem (1.6) :
[1, m)o[#,m] T [1, m] )
Now, ket x T G

([#.m)o[ 1. m]) () =sup{[ 4. m](a) U[ 1, m](b),x = a*b}
3{1, ml(x) U1, m)(e), x = xe}
= [4. m)()

Thatis [£, m] T[4, mlo[4, m] 2
From (L) and (2), we get : [£, m|o[4, m]=[1, m].

Proposition 2. 14

Let /,m, b,d,nand & be fuzzy subsets of G, such that [b,d] T [1, m]
and[n,a] T [1, m]. Then [b,d]o[v,a] T [1, m].
Proof:

Forall xTG,

([£.d]a[n.a])(x) = sup{[ 6. 4] (@) U[n,a] (b), x = a*b}
£sup{[ 7, m](a) U[Z, m](b),x = a*b}

= ({4, mlo[ 4. m])(x)
=[1, m(%) ( by proposition (2. 13))
Hence, [6,ad]o[v,a] T[4, m].

Now, we can give the following corollary:
Corollary 2. 15
If £,m, b,d,nand & are fuzzy subsets of G, such that [7, 6] T [m, a], then :

0 [4 6]ofn.a] T [md]o[n,a]
(i) [1,b]o[md] T [m d]
(i) If [1,6]7 [n,a], then [1,6]T [md]on a].
Proof:
The result follows from proposition (2. 14).
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Next, we will give and prove the following proposition :
Proposition 2. 16

Let [/, b][m d] be two fuzzy subgroups of G. Then [7, b](e) = [m, o](e) if and only if
[7,6] T [1,6]0[m a] and [m,d] T [1, b]o[m,d].
Proof:
First, if [1, b](e) = [m, d](e), we prove :
[1,6)T[1,b]o[m.d] and [ma] T[4, blo[m,a].
Let xTG,
([7. b]o[m,d])(x) = sup{[ £, 6] (a) U[m,d] (b), x = a*b}
2{[ 7. 6](x) U[m,d](e), x = x*e}
={[7. 6]() U[ 7, b](e).x = x*e}
=[1. 6]
That is, [4, £]0) £([7, £]o [m, @])(x) for all xTG.
Hence, [Z, 6] T [4, b]o[m,d]
Also,
([7. 6]o[m.a]) () =sup{[ £, b](a) U[m, a](b),x = a*b}
{1, 6](e) U[m, d](x),x =e*x}
={[md)(e) U[m d](x),x = e*x}
=[m.d%)
That is [m,a@](x) £ ([7, b]o[m, d])(x) forall xTG
Hence [m,a] T [, b]lo[m,a].
Conversely, we prove [ 7, b](e) = [m, d]ce)-
Suppose [I ; b](e) 1 [/77, a’](e) (then if [7, b](e) 3 [m,d]e).
[7. 6]e) £ (7, b]o[m, a])ce)
=sup{[ 7, b](a) U[m,d](b),e = a*b}
£{[ 7. 6](e) U[m d](b),e =e*e}
=[m.dl(e)
That is [I, b](e) £ [/77, a’](e), which is a contradiction .
Now, if [m,d]e)=[1, b](e),then in the same way we get a contradiction.
Therefore [, b](e) = [m, d](e).
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