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Abstract

The purpose of thispaper is to study —new types of open sets in bitopological sp aces.
We shall introduce the concepts of L- pre-open and L-semi-p-open sets.
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1-Introduction

Navalagi [1] introduced the concepts of pre-open and semi-P-open sets. A subset A of
a topological space (X T ) is said to be “pre-open” set if and only if 4 < int ¢/ (A), the

family of all pre open subsets of X is denoted by PO(X).The complement of a pre-open set is
called pre-closed set, the family of all pre- closed subsets of X is denoted by PC(X) [1].The

smallest pre- closed subset of X containing A is called “pre-closure of A” and is denoted by
pre-cl(A)[2].

I8t (X T ) be a topological space, a subset A of X is said to be “semi-P-open” set if

and only if there exists a pre-open subset U of X such that U 4 < pre— cl(U ), the family
of all semi —p-open subsets of X is denoted by SPO(X).The complement of a semi-p-open set
is called “semi-p-closed” set, the family of all semi-p-closed subsets of X is denoted by
SPC(x). The smallest semi-p-closed set containing A is called semi-p-closure of A denoted by
semi-p-cl(A)[3].[2]shows that every open set is a pre-open and the union of any family of pre-
open subsets of X is a pre-open set, but the intersection of any two pre-open subsets of X need
not be apre-open set.[3] shows that every pre-open set is a semi —p-open and consequentiy
every open set is a semi-p-open. Also she shows that the union of any family of semi-p-open
subsets of X is a semi-p-open set,but the intersection of any two semi-p-open subsets of X
need not be a semi-p-open set.

The concepts of bitopological space was initiated by Kelly[4].A set X equipped with
two topologies T4 and -, is called a bitop ological space denoted by (X, 7y,73).

L-open set was studied by Al-swid[5], asubset G of a bitopological space [ X, 1y, T4}
is said to be “L —open” set if and only if there exists a Ty-open set U such that
Uc Gcclr, (U ),the family of all L-open subsets of X is denoted by L-O(X).The
complement of an L-open set is called “L-closed” set,the family of all L-closed subsets of X
is denoted by L-C(X).In a bitopological space [ X.r,,T5} every T,-open set is an L-open
set[5].The union of any family of L-open subsets of X is an L-open set, but the intersection of
any two L-open subsets of X need not be L-open set[5].Al-Talkahny [6],introduces two new
concepts “L-7, -spaces” and “L-continuous functions ”. A bitopological space (X, 1y, T4} is
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said to be “L-T7, -space” if and only if for each pair of distinct points x and y in X,there exists
two disjoint L-open subsets G and H of X such that xeG and ye H .Let

(X,z-1 T, ),(val ’sz be any bitopological spaces and let f: X — Y be any function,

then f is said to be “L-continuous” function if and only if the inverse image of any L-open
subset of Y is an L-open subset of X.

2- L-pre - open and L-semi-P- open Sets
Definition 2.1

Let (X.T,, 7, ) be abitopological space and let G be asubset of X. then G is said to be:

1- “ L-pre-open” set if and only if there exists a T, -pre-open set U such that
UcGcelr, (U).the family of all L-pre-open sub sets of X is denoted by
L-—PO(X)

2- “ L-semi-P-open” set if and only if there exists a T, - semi-P-open setU such that

B OFc gl (U ).the family of all L- semi-P-open sub sets of X is denoted by
L—-5P0O(X).

Remark(2.2):

1- The complement of an L-pre-open subset of a bitopological space X is called an L-
pre-closed set. The family of all L- pre-closed sub sets of X is denoted by

L—-PC(X).
2- The complement of an L-semi-P-open sub set of a bitopological space X is called

an L-semi-P-closed set. The family of all L- semi-P-closed sub sets of X is
denoted by L —SPC(X).

Remark (2.3):
In a bitopological space (X, 1,,75} :
I- Every L-open setis an L-pre-open set.
2- Every L-pre-open set is an L-semi-P-open set.
3- Every L-open setis an L-semi-P-open set.

The converse of each case of remark (2.3) is not true in general as the following
example shows:

Example (2.4):
Let X = {a, b, c.d}

T, = {A‘.lﬂ.{n}.{b.c}. [n.b.r]}
T, = [} =the discrete topology

Then L -0(X)={xX, 0 {a} {b.c} {a b.c}]

L=po(X)="L-0(X)Y {bjichia,bjla,cjla,b.djia,c.d
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L-5SPO(X)=L-PO(X)V {{a.d} (b, cd}}

Note that, {b} is an L-pre-open set, but it is not L- open. And {a, d} is an L-semi-P-open set
but it is neither L-pre-open nor L-open.

Remark(2.5)
In a bitopological space (X, 1,75} :

1- Every t,-pre-open set is an Lpre-open set.
2- Every 1,-semi- p-open set is an L-semi-p-open set.

The opposite direction of each case in remark (2.5) is not true in general, as the following
example shows:

Example (2.6):
Let X = {a. b, c.d} T, = {A‘.Eﬁ.{ﬂ}.{h.c}. fn:.b.r}}

r» = I =the indiscrete topology

ri=po (X )={X. g, {a} bhdefa.bhla.c}ia.b.d j{a. c.d }{a, b, cj}

t, — SPO(X) = 1, — PO(X) U [{a d}.{b,c d}}
L-PO(X)=17,-PO (X)Y {a.d},{b,d },{c.d }, {p,c.d}}
L-SPO (X )=L-PO(X)

Note that, {a,d} is an L-pre-open set, but it is not T, -pre- open. And {b, d} is an L-semi-P-
open set but it is notry —semi-P-open.

Proposition (2.7):
The union of any family of L -pre-open (L-semi-P-open) subsets of a bitop ological
space (X, 1,,T5}1s an L -pre-open (L-semi-P-open) respectively.

Proof:

Let {Ga ‘a e A} be a family of L -pre-open (L-semi-P-open) subsets of X , then for each
(5, thereexists a T, -pre-open(r, -semi- p-open) set U, in X such that

U.<G,<d7,lU,) S YU, < YGaggclrz(Ua)=clrz(YUaJ But Y[,

aelA aelA ael ael

is a Ty -pre-open(r, -semi- p-open).Hence Y [/ , 1s:an L -pre-open (L-semi-P-open)
ael

respectively.
Remark (2.8):

The intersection of any two L pre-open (L-semi-P-open) sets need not be L -pre-open
(L-semi-P-open) respectively.

For example



( Ibn Al-Haitham Journal for Pure and Applied Science ) Adbll) ¢ 48 yal) pglall ?:.’\*J\ Ol Adaa }

No. [ 1) Vo | 25 [ Year | 2012 e 2012 & (25 ) b |1 ] s
X

Let T,

{1,2,3,4}
e i {ar e}
T,=1X,.¢, 1.2}

Note that <{1,3 }, {3,4} are two L -pre-open (L-semi-P-open) sets, but
{1 ,3 }I {3 ,4 } = {3 } is neither L -pre-open nor L-semi-P-op en.

Definition (2.9):

Let (X, 7,,T5) be abitopological space and let X € X ,a subset M of X is said to be

1- An “Lre-neighbourhood” of x if and only if there exists an L-pre-open set G such
that x e G < M

2- An “L-semi-p- neighbourhood” of x if and only if there exists an L-semi-p-open set G
suchthat x e G ¢ M

Definition (2.10):
Let (X, 7,,T5) be abitopological space and let A be a subset of X, then:

1- The intersection of all L-pre-closed subset of X containing A is called “L-pre-
closure of A” and is dented by L-pcl(A).

2- The intersection of all L-semi-p-closed subset of X containing A is called “L-semi-
p-closure of A” and is dented by L-spcl(A).

Theorem (2.11):

Let (X,1,.T5) be abitopological space and let A be a subset of X.A point x in

X is an L-pre-closure (L-semi-p-closure) point of A if and only if every L-pre-
neighbourhood (L-semi-p- neighbourhood) of x intersects A.

Proof:
The “only if” part

Assum that xis an L-pre-closure (L-semi-p-closure) of A , then
xeJ=1 {F cX:Ac F and Fisan L — pre — closed (L — semi — p — closed )}.Suppose
that there exists an L-pre-neighbourhood (L-semi-p- neighbourhood) M of x such that
M1 A = ¢ ,thatis, there exists an L-pre-open(L-semi-p -open) set G suchthat

xe G c M thensuchthat Ac )f < (5 .but (7 is an L-pre-closed (L-semi-p-closed) with

X ¢ GC . Therefore x ¢ 3 which is a contradiction hence every L-pre-neighborhood (L-semi-
p- neighborhood) of x must intersect A.

The “if” part

Assume that every L-pre-neighborhood (L-semi-p- neighborhood) of x intersects A, and

supp ose that x is not L pre-closure (L-semi-p-closure) point of A, then x ¢ 3 that is, there
exists an L-pre-closed (L-semi-p -closed) subset F of X with 4 < F such that x ¢ F ,it
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follows that yc FC which is an L-pre-open(L-semi-p -open) set. Now there is an L-pre-

neighborhood (L-semi-p- neighborhood) F'¢of xwith A1 [°=¢.that implies to
contradiction with our assumption. Hence x must be an L-pre-(L-semi-p-) closure point of A

Theorem (2.12):

Let (X,7,,T5)} be abitopological space. A subset A of X is an Lpre-(L-semi-p-)
closed if and only if 4 = L — Pcl (4)(L — SPcl (4))

Proof:
The “only if” part

Suppose that4 € L— PC (X )(L — SPC (X ))and
A # L—Pcl (A)(L=SPcl (4)).Since 4 L—Pcl(A)(L—SPcl(4)), so
L — Pcl(A)(L —SPcl(A))z A thatis, there exists an element

relL —Pcl (A )(L — SPcl (A)) and 7' & A ,it follows that ¥ € A° which is an L-pre-(L-

semi-p-) open set. Then by theorem (3.33) A1 AC # ¢ which is a contradiction with the fact
A1 A° = ¢ Hence A= L~ Pcl(4)(L —SPcl (4))

The “if” part

Assume that 4 = L — Pcl (A)(L— SPcl(A4)), but L — Pel (4)(L — SPcl (4)) is an L-
pre-(L-semi-p-) closed subset of X by definition (3.32). So A is an L-pre-(L-semi-p-) closed
set.

Definition (2.13):

A bi topological space (X, 7.7} is said to be :

1- 'L —pre —T, space” if and only if for each pair of distinct points x and y there are
two disjoint L-pre-open subsets U and Vof X suchthat x € U and y € V .
2- "L —semi —p —T, space” if and only if for each pair of distinct points x and y there
are two disjoint L-semi-p-open subsets U and V of X such that x € U and
y e ¥V

Proposition (2.14)
1- EverylL-—T,— space isanl—pre—T..
2- EverylL—pre—T, —space isanl—semi —p—T,.
3- EverylL—T,—spaceisanl —semi —p—T,.
Proof:
follows from remark (2.3).

Remark (2.15):

The opposite direction of each case proposition (2.6) is not true in general. As the
following two examples show:
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C}?llear
X =1{1,2,3,4} _ln'ais
7 =X 1142}, {12} Lopre=T,
Kl but it i
-0(X)={X, g1}, 2).{1.2})
L-PO(X)={x,

12102} 023} ) L= 7= e
L-SPO(X)=L-PO(x) Y {{23.4} {13} .{14} .{2.3} { 2.4} {134} }
Clear that X'is L — semi

p —Ts —space, but it is neither L — pre — T. —space nor
L+1: —space.

Definition (2.16):

Let _.l'r: IL."'.'.EI.T:} =*

(¥, p- ) be any function, then f'is said to be
1_ 3

L-pre-irresolute” function if and only if the inverse image of an L-pre-open subset of
Y is an L-pre-open subset of X
2_ (13

L-semi-p-irresolute” function if and only if the inverse image of an L-semi-p-open
subset of Y is an L-semi-p-open subset of X

It is clear that their is no relation among the concepts of L-continuous, L-pre
irresolute and L-semi-p-irresolute function. See the following examples
Example(2.17):

X =123} Tisgen)

3=y L=o0X)=[x.0.1) {172 (1.a])
r, _Po(x) ={x.0{1}{1.2}.{1.3}}
L—PO(X) =1, _PO(X)=L-5PO(X)

Y= {a,b,c} U s=fvabel)
2=(v00

uD Il.:l

L—o(Y)={r.0.{b.c})
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r'y_PO(Y) ={¥.0,.{b}.{a, b}, {a.c}.{b.c}. {c}}
L-PO(Y)= ¢, _PO(Y)= L - 5PO(Y)
Let :Y = X such that fla)=f(c) =1 and f(b)=2

It is clear that f is L-pre-(L-semi-p-)irresolute function but it is not L-continuous
function.

Eample(2.18):
X={123} T Eammun)

2=I L=o(xy=[x0.010.20 08k 2.a])
L—@{X)= L'—PO(X) = L-5PO(X)
Y= '[E..b_. f! T 1=Eltl 0, [ J}

¥
T
gt |

L—o(¥)={r.0.{a }.{a.b}.{a.c})
L—Po(¥)= L-0(Y)=L-S5PO(Y)
Let f:X =Y such that f(1l)=a,.f(2Z)=b and f(3)=c¢
It is clear that f is L-pre-(L-semi-p-)irresolute function and L-continuous function.

Theorem(2.19):

A bi topological space (X, 1,7} is8 L= pre— (L —semi - p=)T, — spaceif
and only if for each pair of distinct points x, v in X there exists L-pre-(L-semi-p-)irresolute
function f from (X, 7y, ;) inte (¥, gy, ;) which is L-pre-(L-semi-p-) T:-space such that

f(x) #=F(F).
Proof:
"first direction"

Suppos that (¥, 1,75} is L—pre — (L — semi —p} — T. space.If we take the identity
function i: (X, 7y, 7 } = (X, 7,,7 ) clear that i is L-pre (L-semi-p)-irresolute function .Now
letx#y inX so i(x)=x, i(y) = y it follows that i(x) # i(¥).

"second direction"

Let f: (X.1y,72) = (V. gy, o2 ) be an L-pre-(L-semi-p-) irresolute function and
(¥.ry,1:) isan L — pre (L—semi — p ]—T. space and let x # v in X then by ypothesis
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Fflx) = f(v)in ¥ . So there are L-pre(L-semi-p )-open sets

UV suchthat f(x) EU.f(yv)EV and UNV =0 thatis x& f "YU).y €
FAVIand FH N (V)= Unv)=f(0)=

@ where f~H{U), F Y (V)arel — pre(l — semi — p) -

open sets in X.Hence X is L —pre(L — semi —p) — T, space.

Definition(2 .20):
A function f: (X, 7., 7.) = (¥, p,. 0. ) is called:

1. " L-pre-open" function if and only if f (U} & L — PO{¥ ) foreach UL — PO(X).
2. "L-semi-p-open" function if and only if

flU) e L - 5FO(Y) foreach U e L — SPO(X).
3. "L-pre-closed" function if and only if f(F)}€ L — PC(¥) for each F& L — PC(X).

4. "L-semi-p-closed" function if and only if
flF)E L =SPC(Y) foreach F € L —SPC(X).

proposition(2 .21):

if f:(X. 14,7, ) = (Y. py.p,) is bijectiv.L — pre(L — semi — p) — open and L—
pre(l — semi— p) — irresolute function and (X.1,,7, }isL — pre(L— semi -
p) — T, space ,then (Y.py,po)is L —pre(L —semi — p) — T, space.

Proof:

Suppose that y, #

¥ in ¥.Since f is onto,then there existx, .x. in X suchthat y, = f(x,) .y =
Flx,) and since f is (1 — 1), then xy'# x, in X wichis L — pre(L —semi —p) —
T, = space. Therefore there exist L= pre(lL = semi = p) —

opensets UV suchthat x, E U x;, eVand UnV = Q.It follows that y, E
f(Uhy, €

FV)Y where f{U), f(V)arel —pre(l — semi — p) -

open setsin¥ and f(U) N F(V) = 0.

Henee (Y, pjip, Jis.L — pre(L — semi —p) — T, — space.
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