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Abstract

In this paper, we study someapproximation properties of the strong difference and study
the relation between the strong difference and the weighted modulug of continuity .
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Introduction

In 2004 Rempulska ,L. and Skorupka ,M. [2] Weintroduce the strong differences of
functions and their operators and we gave the Jackson type theorems for them. In this paper
we generalized to resulte Rempulska to Lp.:: l:}::l-sp aces .

Let X=[g,b].a.bER we define:

I . [XE= [E: X = ReJis hiuled e bl with aora ||/ ], =

b ML i
{__l__ R d}!:.:P =l “':"fllr
R i wo(l1)
Where (% is positivecontinuous function {1 B, (x)—=
CPHE *3 —{I'F I.l,.,.,I:H“]: I it r.nrll._irl.mu::'} (12

Let C be the set of all infinite matrices A=[@;.].n € N.KE N, ,(where N is theset of all

natural numbers, [y, ={0} LI N) of functionsin CI! o having the following properties: I_EI

1) (X} 20 forxEXnE N,K € N L(1.3)
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3.) for every n,r € N theseries, ED=U' K"ty (%7 is uniformly convergent on % and
i kT O (%) E G +(TS)
4.) for every r £ [N there exists M >0 independent on x £ & and nE N such that for the

functions T (% &) =Eitn Gy GO (& #) o x € X
Such that ||Ty, (¢, )| <=M nEN ..(1.6)

We define the global norm :

a
r‘r "'.IH B
"_.F"{i.fp.af = ILI f; gu-p | il | 0 a,bER,xE X .0 >0 whereR is the set

I'_ll:l

.-[ &
i TE ':——'a+z_

!

of all real numbers .

1.Basis concepts and Lemmas

Definition1:1 | 2]

ForeveryA & U, fE [ 4 define:

Lo (FAXFED 5 (1) h ) k,nENXxXEX £0.7
Definition12 |2]

Forevery A £ (U, f & C, define the strong difference by:

Hﬂ {:J"J*"L 3 :E E=ﬂ- L LT;

»‘:E_-E::'_ﬂ-‘:jl kL.nENXEX .(1.8)

Properties of Lu(f,A x) [E]
1.)From the definition of L, {, 4, ) we get L, (1,4, x7 =1 Ak

2.) by def (1.1) and (1.9):
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properties of the strong differen ce_l_zl

by def (1.1), def(1.2), (1.10) :

1) Hy (£, 4,50 - Lo (JF (5) - 7 C0)

(11D

2% |i’.,, (f. 4,7 —I"r'}:]| i, (Sl L(1.12)

New weighted modulus of continuity

We need to define a new weighted modulus :

Foreach I € ':pu._ﬁ'ﬂ and for each & =0, we define:

I’F‘

==

" b Fla) 41
iy - SUPy ys0 (j: £= 5% dx) L (1.13)

P (% mﬂ:z 'f:fl

|:\.'—'J'5_ L
[

Lemma (1.1)_]3]

If is a bounded measurable function on [, 5] a.b & R, then:

& b—w o
|, FlQaxs — L f(x) neN (114

(B=al(2i=L

e
-il

Where = a

Lemma 1.2_LLI

Let £, 8 € L o (R* then || 7 + glly 2 =Clfllo 2+ llglls.2)
where C 18 constant.

2.Main Results

We provesome propertiesof L, [, A, 87 and H,, (f, 4, 57 -
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Lemma 2.1_
Let £E Ly (7 then ||fll5 00 = CollF |l (113

where ., 18 constant.

Proof
b B
/ LS
5 y
W lape| S gl AT dx
4P L o . p i .
—
|"'I L _[': ) (o
By lemma (1.1) we have :
|
i A=
E H
' L i Fam
Il "-5.1:..1'3( - EF' E",['E 'e-'ﬂ:fw'-'5| ]
S
|'||1 ..’?E.J E-""J I_JI
X
(& I "y
'\-|'.F: 2 P [ I Tl
=] e e b where ¢ =b —a
N
L fr"'_ E'u Sl lp"'|p
= e <= Jagty)] S

By lemma (1.1) we have:

il

| gx)

i

8 Y
I llspa = Ca L,

< G fllpe
Lemma 2.2
Let ASC, (lE=p< o), g0, fE (5 then there exists T>0such that

If the following satisfies:

tE 4, k,ngEN

1) we(t) = Irﬂl
) mﬂ'( )& ot
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2)lxll;. =L x €X ,L isconstant.

Then ||L,, :;m;::t],fq,,_j||” < T, nEN ...(1.16)
Where g, (t)1s a weighted function different from i, (x} .
Proof
b |on (w1
||L1"‘ Im‘t::thqulJIIM‘t J“ ﬁ_'ﬂ:::',-':_l | dx} l'lr-l
||L I{-I:J I:t ‘_] " JLI EE:] ﬁ:l.i:'f.?*'fl ﬁ'fﬁ:lllpdx}]'-"l;r;
I:t .‘l" .'ll 'vl:t iL I:l.'l:::'::.‘l:.:l
{(Jh L ""l"'.llnllll;--l'.'zl .‘dx}lf::
- a AFIEY
B EF._. il 1,,-.,.1,.|l;—- r=x 1y
(I o dx) /%
By lemma (1.2) we have :
“ s
R o P 1 2 1
L{CLL u S = i | + E(J |...|I:._ ﬂu.':';.'f.l?' dX} Jis
o iy L) | '-.':"‘.-I
i e yeoo .
= CUI == “"kf':,] a) 2+ o () [112 L e = ax)
- 'l

= G|t 1) “;w+ 2 (-'I;

"4’

fakgp %)

26t A+ sl

By (1.6) and by assumption we have:
Lemma 2.3

Lt ASC, (1= p=m),a>0,fE(p,

such that then there exist
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Proof

. B by (BAHF . (L1
L., (7, -"'.J"'F-I:f:(-'rﬁ :;ﬂ.;le G

_.II;:__- I"'lll'“‘]lll::_ll 1r

dx) °F

- - 5 F
"Lf', IJ .l-"q-.' L) "']J.ﬂ' ( |ﬂ.

ﬂ":-t |

since || llpe = Nfllzp.e

| T . agply ;m;l

r - " - b .
IILﬂ :J.I‘q‘!l JIIF.EE(.JE FL.{,E::'

| - w3
e | N— ;..."a:+£
I fiy) " e 1/}
=(, sup | —| 10 G Q7))
'I-’i:l‘:'——,..-:i+ i
By (1.4) we have:
i o - 1 - & L ':Jrl] L 1':...-
"'Lﬂ :J.l‘q-.r-.l“-p,.:: E(Jﬁ I-E".Ii.? |r.|.|-_l;'_-"| dx) /=

Fel&— g,.*ﬁ =

ot "_.F " §.p

BY lemma (2.1) we have :
"Lﬂ_ I_'fj:l,. .:"-p..:' = E‘J "_JJ:“-;;..::

Lemma 2.4

Lt ASC, (lep<a),@>0,f,f) € Up.e then there exist }#7>0 such

that ||{l; (£4,. )l < W) J"p,n‘ (1.18)

where [ * J__( IIiFl;ﬂ)

G g A
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By (1.11) we have:

i

(I “5
Lo U Fl = |=Fix 4.5 1r
ity Cfo A, Yl = ) | o] dx) 48

kg ()

Aends &= 1] 0]

By lemma (2.3) we have:

it 835 = G [0 ()it

I
rJ‘I--'r— :uj.du

4= tigy
b

...-_'"

3

o

LY

— Ezl

e n 13
()
7

(nd [

C. r“

1%

o
'_ Eu,,.-'-ltfl -u;l| du

1A

G [l

M.

BY thesame line of prooflemma (2.1) we have:

1l (fr & )llp a2 W

;":f: " Where W=L45
PR
Theorem 2.5
Let AEC, (l£p< ), a>0,fE (4 18 increasing then there exists
K >0then ||ITy (£.4,. )l; 7 * Kw*(f, h)pa (119)
Proof

We consider the stieklov function fj, for f € Ef.p. W
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fr® =’— _J: Fx 4+ u).du x€ R*,h>0
I (5) - FesHF (5) = 7 (5) + 7 (5) = 170 + h7GD — 7L

|,r|—h—hfhl—h| |1'1,a‘,,r = 1‘1;‘,,[:*]|+|}1f{1]— Flx)|

...(1.20)

r'-f:‘l._l

Tk 1 X}

= o O

””-:ﬁ 'n.f "":'I' .-I"f;; &
By (1.11) we have;

L, -‘1.7-{ :J () .-ﬂ.--ﬁl } .-'fﬁ

It (s Al = |,

[ILFF, l.’.-lF

By (1.20) we have:;

_ b BT .l‘h +1Fz;h —Pz;:ul L RES B Ay ..""|:'_|| Jn
" J"’ AP | dX} )

By lemma {1.2)we have:

?I;!‘T}-h?fll::lr'l.itx-: 62 t |Lq: il |—'|—'1‘F||"'| AT
|H.: '-\.-\"""Il' I"pn. "C(.r | ) d ]F+ C.r —r
2 |inllnfaia) Fuaedl Asd 1
+c (. | 8 | dx) /%
ﬂx?-.-l
i s e ¢ WY N . 4 ;
<Lt () = tta (5)].0)|. 4C ||l d, Ml g n

CllLylhfeld = FCIMs g

By lemma (2.3) and lemma (2.4) we have:

|, A = B [|lF(5) w6 (6) |L_ el A+ TRALD) = FOO
=l L2

i ki
i)

1.'
dx) ¥

L g &
IF — fifullpe =1,
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By definition of thenew weighted modulus of continuity we have :

1F = oFillpe = " (Fi0]

i1 '\1}.' Y F L
i 2B o
T g
i lll-_,..r "
i rrq 7 g d o) m-.I ax) e
A ey (A I
1 {a 2] o, r [
, gt Fleo ) e dx'l"":'
J " )
] i"i?!'-.':"".-l
Let yHat It
Flrl Foy) Ly
- J“ o) dX:I -
I.-I‘\.P-.]

Ll AT ) ) (A

= fa

o J“ [ dx)
L I A1 ) I e
=L ']" WX gl dx)

p (1%2)

By definition of the new weighted modulus of continuity we have :

| 'I:-:.I:I - &
h||fh ||!'J..|'I" = m I"H'rl-' 'IL}'HII'I

Subtitling (1.23) and (1.22) in (1.21) we have :

(1.23)
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Let K =0+, +C; wehave
|l (£ 4, Mz o < Kw* (). g
Conclusion

we find the relation between the strong difference and the new weighted modulus of

continuity .
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