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Abstract

In this paper, we define a new type of pairwise separation axioms called pairwise semi-p-
separation axioms in bitop ological spaces, also we study some properties of these spaces and
relationships of each one with the ordinary separation axioms in the bitop ological spaces.
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1-Introduction

The theory of bitopological spaces started with the paper of Kelly in [1]. A set equipped
with two topologies is called a bitopological space. Since then several authors continued
investigating such spaces. Furthermore, Kelly extended some of the standard results of
separation axioms in a topological space to a bitopological space, such extensions are
pairwise regular, pairwise Hausdorff and pairwise normal, concepts of pairwise I; and

pairwise I were introduced by Murdeshwar and Naimpally in [2].

The purpose of this paper is to introduce and investigate the notion of pairwise semi- p-
separation axioms in bitopological spaces and study some properties of these spaces and
relationships of each one with the ordinary separation axioms in the bitop ological spaces.

2- Preliminaries

In this section, we introduce some definitions and propositions, which is necessary for the
paper.
Definition 2.1[3]:

A subset 4 of a topological space (X7 is called a pre-open set if A=A . The

complement of pre-open set is called pre-closed set.
The family of all pre-open subsets of X'is denoted by PO(X). The family of all pre-closed
subsets of X'is denoted by PC(X).
Proposition 2.2 [4]:
Let (X, 7] be atopological space, then:
1-Every open set is a pre-open set.
2-Every closed set is a pre-closed set.
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But the converse of (1) and (2) is not true in general.
Proposition 2.3 [4]:

The union of any family of pre-open sets is a pre-open set.
Definition 2.4[3]:

The union of all per-open sets contained in A4 is called the pre-interior of A, denoted by
pre-int A.

The intersection of all pre-closed sets containing A is called the per-closure of 4, and is
denoted by pre-cl 4.

Proposition 2.5 [4]:

Let (X, 7] be atopological space and A, B be any two subsets of X, then:
pre-<clAupre—cl BT pre—cl (AU E]

Definition 2.6 [4]:

A subset 4 of a topological space (X, 7] is said to be semi-p-open set if and only if there
exists a pre-open set in X, say U, such that 7 = s T pre —el I

The family of all semi-p-open sets of X is denoted by S-P(X).

The complement of semi-p-open set is called semi-p-closed set.

The family of all semi-p-closed sets of X is denoted by S-P-C(X).

Proposition 2.7 [4]:

1- Every open (closed) set is semi-p-open (closed) set respectively.

2- Every pre-open (pre-closed) set is semi-p-open (semi-p-closed) set respectively.
Also, the converse of (1) and (2) is not true in general.

Proposition 2.8:
The union of any family of semi-p-open sets is semi-p-open set.
Proof:

Let {1, }. & = A be any family of semi-p-open sets in X, we must prove Ll .-, <1, isa
semi-p-open set, since -1, is semi-p-open set, for all & = &, which implies there exists a pre-
openset U, suchthat J, & . pre —oill,.

Thus J zn U, T, o8, T U, o, pre —ell7, and from (Prop osition 2.3 and 2.5) we
have a pre-open set L/ o, U, such that L) .y U, © W ca i, Tpre —alil) c. U, ). Hence
|, cu <1, is a semi- p-open set. m
Definition 2.9 [4]:

Let (X, 7] be atopological space and let 4 be any subset of X then:

I- The union of all semi-p-open sets contained in A is called the semi-p-interior of A,

denoted by semi-p-int A.
2- The intersection of all semi-p-closed sets containing A4 is called the semi-p-closure of
A, and denoted by semi-p-cl 4.
Definition 2.10 [4]:
Let 7X. 7] be a topological space and let x € X. A subset N of X is said to be semi-p-

neighborhood of x if and only if there exists a semi-p-open set G, such that x € & = . We

shall use the symbol nbd. instead of the word neighborhood.
If N is semi-p-open subset of X, then N is a semi-p-open nbd of x.
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Proposition 2.11:
Let (X, 7] be atopological space, then every semi-p-nbd is a semi-p-open set.

Proof:
Let N be any semi-p-nbds for each of its points, that is means for each x € ¥, there exists

a semi-p- open set G such that x € & = ). now we must prove N is a semi-p-open set, since
N — U, ciix]) and since N is a semi-p- nbd for all x € N.
Thus N — U AF Gilsasemi — 2 —copenset such thatx S G CN), and  from

(Proposition 2.8) we have N is a semi-p-open sect. m
Definition 2.12 [1]:
Let X be anon-empty set, let 74,72 be any two topologies on X, then (¥ 74,7 ] is called a

bitop ological sp ace.
Note 2.13:
In the space (X 79.7- ], we shall denote to the set of all semi-p- open sets in ;[ 71) by
S-P(X, - 1 (S-P(X, 74)) respectively.
Definition 2.14 [2]:
A bitopological space (X, 73,7 is said to be:
1- Pairwise T, — space if for every pair of points x and y in X such that x # ¥, there
exists a T4-open set containing x but not y or y but not x or a Ts-open set containing y

but not x or x but noty.
2- Pairwise T; — space if for every pair of points x and y in X such that x £ ¥, there

exists a T4-open set U and a T;-open set V such that
yeEUveUandveV, xEV.
Definition 2.15[1]:

A bitopological space (X, 73,7 is said to be:

1- Pairwise T, — space if every two distinct points in X can be separated by disjoint T4-
open set and T;-open sets.

2- Pairwise regular space, if for each point x € ¥ and each 1,-closed set F not
containng x, there exists a 7,-open set U and r.-open set V such that
xeUFolVPandlny — @, wherel=jand{j— 1,2.

3- Pairwise normal space, if for each T;-closed set A and r.-closed set B such that

AnNEF — @, there exist sets U and V such that U is r.-open, V is T,-open,

AU B Vana UnlP — 0,60 —12,0=].

3-Pairwise semi-p-separation axioms

We begin with the definition of pairwise semi-p-T;- spaces.
Definition 3.1:

A space [X.7y.7- is called pairwise semi-p-Ty- space if for any pair of distinct points x
and y in X, there exists a Ty-semi-p-open set or Ta-semi-p-open set which contains one of
them but not the other.
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Proposition 3.2:
If a space [X.79.7- ] is pairwise I';- space, then (X, 73,7 is pairwise semi-p-T'y- space.

Proof:
For any %, € & such thatx = 7, we must prove there exists a semi-p-open in Ty &1 T-

which contains one of them but not the other.

Now, let x = 3 in X, since (&, 74.7; ] is pairwise T5- space, then there exists open set U in
T. &¥ T- such that x £ I and v € U. But from (Proposition 2.7 part (1)) there exists semi-p-
open set U such that x £ 7 and v £ L. Thus (X, 7y, 7; ] is pairwise semi-p-T;- space. m
Remark 3.3:

The converse of (Proposition 3.2 ) is not true in general, as the following example shows:
Example 1:

Let X={1,2,3},r. = {0 X, { 1}"-_. o, = {ax {257, POX, 1.} =S-P(X, 1- =
{19,541}, 11,2} (1.3)}, PO(X, 7] = S-P(X, To)= { 105 {2} {3541, 24 11,3}, (2. 3]},
Then, clearly the space (X 7y.7- ] is pairwise semi-p-T- space, but not pairwise ;- space,
since 2# 3 in X but there is no open set UE 7y or U £ 75 such that 2 Uand 3 £ U,

Theorem 3.4 :
For a space (X, 71,7, the following are equivalent -

(1) (X 7y.7- }is pairwise semip-T; -space .

(2) For every x € X, {x} — 1. —sem! — p — clx} N1, — semi — p — clf=zh

(3) For every x £ X, the intersection of all 7y — somd — 5 — nclghbourhoodsof ¥ and
all T, — soml — p — nelghbourhoods of xis {x}.

Proof: (1) = (2]

Suppose x# y in X, there exists a T4-semip-open set U containing x but not y or a Ts-
semi-p-open set V containingy but not x .That means mean either ¥ & t. —somi —p — &l{v;
or Y& T, —somd —p — clixh
Hence for a point y& 1. — ol —p —clixl Nt —semi —p —elix]  .Thus

E‘jl sema. — b —rlfx I'Ifq semil — B — *'.,{x}

Su ose there exists x such that 0 o the intersection, of all
T, — E*Pmi —-p—nbdsof x anZié all 7, — somd 1 —n]bi a_.*It .Hence ’r..‘s'. T4, Tz 1S nOt
pairwise semi-p-T5 -space, implies T4 -Semi -pcl {XT N T, — séml — polix} = [£ Which is a
contradiction, = thus_ the 1ntersect10n of allyy —somid —p—nbdsofx” and all
Tq—"”fﬂi—j‘; —nbds of xicixk

(3)= (1]
Let x#y in X, since x} =the intersection of all Ty — 5ol — p —nbds of x and
T, — sami = » —»nbds af x. Hence, there exists either onty —gomd —p—n d.sqf ¥ not

containing X or a Ty — ..'?:‘mi — ¢ —nbds ef y not containing'x .Therefore (X, 74, T- | i$
pairwise semi-p -I5 -space.m
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Theorem 3.5:
The product of an arbitrary family of pairwise semi -p-T5 -spaces is pairwise semi- p-I -

space.



Proof:

L

Let (X 7.7, = [[.al¥, :T1_sTo_1 be the product of an arbitrary family of pairwise
semi -p-T; -spaces, where Ty and T, are the product topologies on X generated by T _.7a_
respectively and X = |54 %,.

Let x and ¥ be two distinct points of X. Hence x; # ¥; for some A £.1. But
(¥, Ty.sTs l,"j is pairwise semi -p-T; -space, therefore, there exists either a*r...,.-semi-p -open
set Iy containing x4 but not ¥y or a ., -semi-p-open set Iy containing ¥, but not x;. Define
U= |l e X, xU, and ¥ — ||,5, &, ® V.. Then U is a 14- semi-p-open set and V is T,-
semi-p-open set, also, U contains x but not y. Hence [].,., (¥, 5Ty _sT ’-'a: is pairwise semi-

p-T; -space. m

Definition 3.6:

A space [X,7q.7- is called pairwise semi-p-T4- space, if for any pair of distinct points x
and y in X, there exists a Ty-semi-p-open set U and T,-semi-p-open set V such that
el yelandyeFx gV
Proposition 3.7:

If a space (&, 79.7- | is pairwise -Ty- space, then (¥ 7y, 7- ] is pairwise semi-p-T5- space.
Proof:

For any x # v in X, since X, 73.7- is pairwise - Ty- space, then there exists T4-open set
U and 1,-open set V such that x £ F, ¥ € I/ and ¥ € V. x & V. And since every open set is
semi-p-open set ( by Proposition 2.7 part (1)), which implies U is semi-p-open set in T4
containing x but not y and V is semi-p-open set in T; containingy but not x. Hence (X, 7y 7]
is pairwise semi-p-T4- space. m
Remark 3.8:

The converse of (Proposition 3.7) is not true in general as the following example shows:
Consider Example 1, where:

X={1,2,3},r_ =X, {1} . =X {251,

PO(X, .} =S-PX, == {1®. X {1}, 11,2} [1.3]},

PO(X, 2] = S-P(X, 1, )= { 1@ X 42}.433.11.2} 11,3}, [2.3]}. Then, clearly that the
space (X 7y.7- ] is pairwise semi-p-Ty- space, but not pairwise -Ty- space, since 2 = 3 in X,
but there is noTq-open set containing 2 but not containing 3 and there is no T,-open set

containing 3 but not 2.
Theorem 3.9:
The product of an arbitrary family of pairwise semi -p-Ty -spaces is pairwise semi- p-Ty -
space.
Proof: Similar to the proof of (Theorem 3.5). m
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Definition 3.10:



A space [X,7q.7- is called pairwise semi-p-T+- space, if for any pair of distinct points x
and y in X, there exists a Ty-semi-p-open set U and Ts-semi-p-open set V such that x € IJ
veEVandUnt — ¢.

Proposition 3.11:

If a space (X, 79.7- ] is pairwise -T-- space, then (¥, 74, 7- ] is pairwise semi-p-T-- space.
Proof: similar of the proof of (Proposition 3.7).m
Remark 3.12:

The converse of (Proposition 3.11) is not true in general; consider example 1:

X={1,2,3},r. = ‘I_;ﬂ_,...}:_,'El};'_. T, = {lx, {2.5],

PO(X, T.) = S-P(X, T.)= { {0 41}, {12} (1.3)},

POX, 131 = S-PX, T,)= { 1@ X 42}.43}11. 21,3} [2. 3]}, clearly (X 7y.7] is
pairwise semi-p-T=- space, but not pairwise -T-- space, since & = 3 in X, but there is no two
disjoint open sets in T4 and T4, which contain 2 and 3 respectively.

Theorem 3.13:
For a space X 74.7- ], the following are equivalent:
1-{X, 79,7, ] is pairwise semi-p-T;- space.
2- For each x € Xand for each ¥ € ¥ such that ¥ =+ x, there exists a Ty-semi-p-open set U
containing x such that ¥ & 75-semi-pclU.
3-Foreach x € X, {x: —1 [T;-semi-pclU: x € I and U is T4-semi-p-open set }.
4- The diagonal &4 [[x, x}ix € X is a semi-p-closed subset of (X = ¥, Ty .- ).
Proof: (1] —= (2]

Let x € X, be ghven and consldeor » € X such that ¥ = x, since (¥ 7y, 7:] is pairwise
semi-p-T-- space, there exists Tq-semi-p-open set U and T.-semi-p-open set V such that
¥ EUV, vy EVand UV — €. Hence ¥ € 15-semi-pclU, since we have a semi-p-open set V
such that¥y € ¥, but U n¥V — €.

(2)—>(3)

Suppose that there exists x = 3 in X, such that ¥ €11 [15-semi-pclU; x € I and U is T4-
semi-p-open set}; implies ¥ € To-semi-pclU; x € UF for all T4-semi-p-open set U, which is a
contradiction, thus for each x € X, {x: —ii [Ty-semi-pclU: x € I and U is 1T4-semi-p-open
set}.

(3)—=> (1)

To prove &~ [{x,x};x €. is a semi-p-closed subset of [.¥ % X, Ty, 5., that is mean we
must prove X # X4 is semi-p-open subset of (& & ¥, Ty ).

Let [z, v) € & % XA, which implies that x # ¥. In view of (3), there exists a T4-semi-p-

open set U containing x and ¥ & T5-semi-pclU.
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We know that I i [(¥'7--semi-pclU) =@. Also, we have ¥ € [X1;-semi-pclU). So
v E T E (X \T-semi-pel U) = X % XA, But U i [(X7--semi-pclU) is a T »- semi-p-

open set, so X # X34 is a Ty, »-semi-p-nbd of each of its points. Thus & is Ty..r-semi-p-
closed set.
(4) = (1]

Let x = 7 in X, hence [x, v} € X x XA Since & is Ty »-semi-p-closed set, ¥ # X4 is
a semi-p-nbd of each of it is points. Therefore, there exists a Tj.»-semi-p-open set IF = ¥
containing [, ¥} and contained in ¥ % X4, then U is T4-semi-p-open set and V is T5-semi-p-
open set, also x € I and ¥y € F, since 7=V v XY X\A UnV — € Thus (X 7.7] is

pairwise semi-p-T-- space. m

Definition 3.14:

A space [X,7y.7- | is said to be pairwise semi-p-regular- space, if for each 1,-closed set F
and for each point x & F, there exist T,- semi-p-open set U and r.- semi-p-open set V such
thatx € U F w Fand U NV — @ wherei, j=1,2, { = j.

Proposition 3.15:

Every pairwise regular space (X, 7y.7- ] is pairwise semi-p-regular- sp ace.
Proof:

Let F be any 7,-closed set and let x € X, such that x & F, since (X, 74, 7;] is pairwise
regular space, there exist 7,- open set U and .- open set V such that x € U,F - I and
Unv-—g.

And from (Proposition 2.5 part (1)), we have 7,- semi-p-open set U and r,- semi-p-open set V
suchthatx € U, F — Fand 7 NV — €. Hence (X 7y,7- | is pairwise semi-p-regular- space. m
Remark 3.16:

The converse of (Proposition 3.15) is not true in general, as the following example
shows:

Let X={1,2,3},r. = {1 X, -flz.} . = {0, {15}, then

S-P(X, T.)= { 1€, & {1} {2}41.2:41, 35 (23],

S-PX, ;)= {{®. X {1} 13111, 2L{1, 3} [2. 3]} Then X is pairwise semi-p-regular-
space, but not pairwise regular space since {3} is closed set in Ty and 1 € {3}, but for any 14-
open set containing 1 and for any T,-open set containing {3}, its intersection is not empty.
Theorem 3.17:

A space (X, 79,7 is pairwise semi-p-regular- space if and only if for each point x in X
and every T;- closed set F not containing x there is a T,- semi-p-open set U such that z £ U
and (*.r_J semi  palil} N F =

Proof:
Suppose (X747 is pairwise semi-p-regular- space, let x € X and F is any 1,- closed

set such that x & F, implies .X'\F is T,-open set containing x and since (X, 73,7 is pairwise
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semi-p-regular- space, there i1s a T,- semi-p-open set U such that
w1 Mor,  zemi paif © OF. Hence(r, semi pallljn F =g

Conversely, let F be any 1,- closed set and x & 7, then there exists a T,- semi-p-open set
Usuchthatx € Uand (r, =emi pailfjn e =n
Let V=X "'l("'-,. semi  palil), then V is r-semi-p-open set such that F — ¥, x € U/ and
UnV — @ thus (X 7y, 7; ] is pairwise semi-p-regular- space. m
Definition 3.18:

A space (X, 79,7 is said to be pairwise semi-p-normal- space, if for each 7,-closed set
A and 1;- closed set B disjomt from A, there exist .- semi-p-open set U and ;- semi-p-open
set Vsuch thatd — I, B « Fand U NV — €, where i, j=1,2, { #j.

Proposition 3.19:

Every pairwise normal space (X, 7y.7- | is pairwise semi-p-normal- space.
Proof:

Let A, B be two closed disjoint sets in t;, T:Lj =17 (respectively), since X is pairwise
normal space, there exist r;,- open set U and T,- open set V such that 4 — I,E + I and
O n 7 — @, but from (Proposition 2.4 part (1)) U, V semi-p-open sets which contains A and B
respectively. Thus (¥, 7y,7- ] is pairwise semi-p-normal- space. m
Remark 3.20:

The converse of Proposition 3.19 is not true in general, as the following example shows:
Consider example 2, where:

X={1,2,3}, r. ={ix {12} = = {x, {13},

S-P(X, T.)= { 1€, & {1} {2}41.2:41, 35 (23],

S-P(X, Ty)= { 10,511} 4341124 11,31, (3.3)1.

Then (¥, 74.7;] is pairwise semi-p-normal- space, but not pairwise normal space, since {3}
and {2} are closed disjoint sets in T-and 7- respectively but for any open set in Ty which

containing {3} and any open set in T4 which containing {2}, its intersection is not empty.
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