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Abstract

Let R be a commutative ring with unity. In this paper we introduce and study fuzzy
distributive modules and fuzzy arithmetical rings as generalizations of (ordinary) distributive
modules and arithmetical ring We give some basic properties about these concepts.

Introduction
In this paper we introduce and study fuzzy distributive modules as a generalization of the
concept (distributive modules) in ordinary algebra.

In section one, we recall some basic definitions and results which we will be needed
later.

In section two, we give some basic results about fuzzy distributive modules. Also we
study the direct sum of fuzzy distributive modules.
In section three, we study the homomorphic image and inverse image of fuzzy
distributive modules.
In section four, we introduce and study fuzzy arithmetical rings as a generalization of
the concept (arithmetical rings) in ordinary algebra.
1. Preliminaries
In this section, some basic definitions and results are collected.
1.1 Definition [1]
Let S be a non-empty set and I be the closed interval [0,1] of the real line (real numbers).
A fuzzy set A in S (a fuzzy subset of S) is a function from S into I.
1.2 Definition [2]
Let x;:S—— [0,1] be a fuzzy set in S, where xeS, t€[0,1] defined by:
X(y)=t if x=y, and x(y) = 0 if x2y VyeS.
X, is called a fizzy singleton or fuzzy point in S.
1.3 Definition [3]
Let A and B be two fuzzy sets in S, then
1. A=B if and only if A(X)=B(X), for all xeS.
2. AcB if and only if A(X) < B(X), for all xeS.
3. (ANB)(x)=min {A(x),B(x)} for all xeS.
1.4 Definition [4]
Let A be a fuzzy set in S, for all t€[0,1], the set A={xeS,A(x)>t} is called level
subset of A.
1.5 Remark [1]
The following properties of level subsets hold for each te(0,1]
1. (AmB)=A N B,
2. A=B if and only if A=B,, for all te(0,1].
1.6 Definition [5]
Let (R,+,") be a ring and let X be a fuzzy set in R. Then X is called a fuzzy ring in
ring (R,+,) if and only if, for each x, y € R
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1. X(xty) > min{X(x), X(y)}

2. Xx)=X(—x)

3. X(xy) = min{X(x), X(y)}.

1.7 Definition [6]

A fuzzy subset X of aringR is called a fuzzy ideal of R, if for each x, y € R

1. X(xy) 2 min{X(x), X(y)}

2. X(xy) =2 max{X(x), X(y)}.

1.8 Definition [2]

Let M be an R-module. A fuzzy set X of M is called a fuzzy module of M if
1. X(x-y) =2 min{X(x), X(y)}, forallx,y eM.

2. X(rx) >2X(x), for all xeM and reR.
3. X(0)=1.
1.9 Definition [4]

Let X and A be two fuzzy modules of an R-module M. A is called a fuzzy submodule
of X if AcX.

1.10 proposition [7]

Let A be a fuzzy set of an R-module M. Then the level subset A, te[0,1] is a
submodule of M if and only if A is a fuzzy submodule of X where X is a fuzzy module of
an R-module M.

1.11 Definition [8]

Let X:R——[0,1] be a fuzzy ring, let A:R——>[0,1]. A is called a fuzzy ideal of X if
A satisfies the following
1. A+
2. A(x—y) 2 min{A(x), A(y)}, forallx, y €R.

3. A(xy) 2 min{X(x), A(y)}, forallx, y €R.
4. A(x) < X(x), V xe R.
1.12 Definition [9]

Let A, B be two fuzzy ideals of a fuzzy ring X. Then

1. The sum A+B of A and B is defined as:

(A+B)(x) = sup {min{A(a),B(b)}, VxeR.
a+b=x

2. The product AB of A and B is defined as
(AB)(x) = sup {inf{min{A(a;),B(b)}}.
x=§iapi

1.13 Proposition

Let A and B be two fuzzy submodules of a fuzzy module X .Then
(AB)= ABy, V te(0,1].
Proof : by similar proof in [10,theorem 2.4 ]
1.14 Proposition

Let A and B be two fuzzy submodules of fuzzy module. Then
(A+B)= AtB,, V te(0,1].
Proof:- Let xe(A+B),. Then
(A+B)(X)=sup {min{A(a),B(b)}, x=a+b} >t
But A+B has a suprimum property, so there exist a, b €M such that
sup {min{A(a),B(b)}, x=atb}=min{A(a),B(b)}>t
consequently, A(a)>t, B(b)>t. Thus, acA, and beB,, it follows that
x=atbeA+B;
which means (A+B), < A+B;

Now, let xeA+B,, then 3! acA and 3! beB, such that x= a+b. Thus
(A+B)(x)=sup {min{A(a),B(b)},x=a+b}
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=min{A(a),B(b)}>t
Since the representation of any element of M is unique.

1.15 Definition [2]
Suppose that A and B be two fuzzy modules of R-modules M. We define (A:B) by:-

(A:B)={ry:r; is a fuzzy singleton of R such that r;BCA}
and
(A:B)(r)=sup{ te[0,1] | rBcA, for allreR}
If B=(by), then:
(A:(b))={r | rby cA, 1 is a fuzzy singleton of R}
1.16 Definition [11]
Let X and Y be two fuzzy modules of M |, M, respectively. Define XDY:
M ©&M ,——>[0,1] by
(X®Y)(a,b)=min{X(a),Y(b)} for all (a,b) e M &M,
X@Y is called a fuzzy external direct sum of X and Y.

1.17 Proposition [11]

Let X and Y are fuzzy modules of M| and M, respectively, then X®Y is a fuzzy
module of M @M ,.
1.18 Proposition [11]

Let A and B be two fuzzy submodules of a fuzzy module X, such that X=A@®B, then
Xs= A @B, for all se(0,1].
2. Fuzzy Distributive Module

In this section we fuzzyify the concept of distributive modules into fuzzy distributive
modules. Then we study some of their basic properties.

Recall that an R-module M is said to be distributive if for any R-submodules A, B
and C of M,
AN(B+C) = (AnB)+(ANC) [12].
2.1 Definition

Let M be an R-module, let X be a fuzzy module over M. X is called distributive if for
any fuzzy submodules A, B and C of X,
AN(B+C) = (AnB)*+(ANC)

The following result explains the relationship between fuzzy distributive modules
and its level.
2.2 Theorem

A fuzzy module X of an R-module M is a fuzzy distributive if and only if X is a
distributive module, Vte(0,1].
Proof: If X is fuzzy distributive module. To prove X; is distributive module.
Vv te(0,1], let I, J, K be submodules of X,. Define

t xel t xel t xekK

A(x) = , B(x) = , C(x) =
{O x¢l {O x¢J {0 x¢K

It is clear that A, B, C are fuzzy submodules of X and A=I, B=J, C=K. Since X is fuzzy
distributive, An(B+C) = (AnB)+(ANC). Hence
[ANB+O)]; = [(ANB)+ANC)], V te(0,1].
AN(B+C), = (ANB)+(ANC), (remark 1.5 and proposition 1.13)
ANBFC)=(ANB) +HANC) (remark 1.5 and proposition 1.13)
This IN(J+K) = (InJ)+(INK)
Conversely, if X; is a distributive module, for all te(0,1]. To prove X is a fuzzy
distributive module.
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Let A, B and C fuzzy submodules in X. Then A,, B,, C, are submodules in X,, for all
te(0,1]. Since X is a distributive R-module then

ANBHCY) = (AMB ) HANC)

AN(B+C), = (ANB)+H(ANC), (remark 1.5 and proposition 1.13)
[ANB+CO)];=[(ANB)+(ANC)];  (remark 1.5 and proposition 1.13)

Then AN(B+C) = (ANB)+(ANC). (remark 1.5,(2)) W

2.3 Example
Let M=R@®R where R is any ring, M is an R-module, let X:M ——[0,1] defined by
X(x)=1, let

1 (x,y)eR(L1D 1 (x,y)eR(0,])
A(X’Y): {O . ’B(X’Y) = . ’
otherwise 0 otherwise
1 (x,y)eR(L,0)
Cx,y)= .
0 otherwise

A~R(1,1), B=R(0,1), C=R(1,0), V te(0,1].
ANBHC ) =R(L,1),
(AB )HANC)=(R(1,1)NR(0,1))+(R(1,1)nR(1,0))=(0)+(0)=(0)
Thus AN(B+C); # (ANB)+(ANC),, which implies X, is not a distributive module. thus X is
not a fuzzy distributive module.
2.4 Definition [13]

An R-module M is called chained if for each submodules A, B of M, either A < B or
B c A.

We fuzzified this concept as follows.
2.5 Definition

Let X be a fuzzy module of an R-module M then X is called a fuzzy chained module if
for each fuzzy submodules A, B of X, either A c Bor B c A.

Now, we shall give a relationship between fuzzy distributive module and fuzzy chained
module.
2.6 Proposition

Let X be a fuzzy chained module of an R-module M. Then X is a fuzzy distributive
module.
Proof: Let A, B, C fuzzy submodules of X, we can assume that AcBcC. Hence
AN(B+C)=AnB=A. But (AnNB)+HANC)=A+A=A.
Thus An(B+C) = (ArB)+(AnC). W
2.7 Remark

The converse of proposition (2.6) is not true in general as the following example shows.
2.8 Example

Let X(x)=1 for all xeZ, X=Z, Vte€[0,1]. But Z is distributive. Hence by theorem (2.2), X
is a fuzzy distributive. However X is not chained since there exists fuzzy submodules A, B
such that

xe2z {l xe3Z and Az Band B & A.

1
A = ,B =
() {o xe22’ P00 xesz

Now, we can give the following
2.9 Theorem

Let X be a fuzzy distributive module of an R-module M, then for all a, b, €X,
<1;>=(a:by+(bya,) for all je(0,1].
Proof:
Let a, by €X, then aeX,, beX,. Assume k<t. Hence X; D X, and so aeX,. Thus a, b € X,.
But X, is distributive R-module so (a:b)+(b:a)=R (by [12,theorem (1.3),p.54). It follows that
1=r+r, where 1, €(a:b), r,€(b:a) for some 1y, r,. Hence 1;= (1,); + (1,); for all je(0,1]. But



IBN AL- HAITHAM J. FOR PURE & APPL. SCI. VOL24 (1)2011

(r1);bx= (r1°b)s , where s = min {j k}
= (r'-a)s , since ry e(a:b)
c<aZ S <>

Hence (r);e(acby), V je(0,1]

(r2);-a,= (rp-a)r , where f= min {j,t}
= (1"-b);, since r,(b:a)

C <bZ> < <by>

Hence (1,); e(biay), V je(0,1]

So (11);(r2); €(achy) + (biea) and hence (r1+1,); €(achy) + (biay).

Thus 1; € (acby) + (bgay). L

2.10 Remark

If Y<X and X is fuzzy distributive module then Y is fuzzy distributive module.

Proof: Let A, B, C are fuzzy submodules of Y, then A, B, C are fuzzy submodules of X

(since Y<X). But X is fuzzy distributive module, so AN(B+C) = (AnB)+(AnC) which

implies Y is a fuzzy distributive. W

Now, we study the direct sum of fuzzy distributive modules. But first we state and prove
the following lemma.
2.11 Lemma

If M|, M, are distributive R-modules such that annM; + annM,=R, then M ;®M ,=M

is a distributive R-module.
Proof: Let A, B, C be submodules of M. Since annM ; + annM,=R, A=A @B, B=
A,®B,, C= A;®B; for some submodules A, A,, A; of M, and some submodules B, B,, B;
of M,. To prove An(B+C) = (AnB)+(ANC)

AN(B+C) = (A ©B))N[(A,BB,)+(A;&B;)]

= (A1®B))N[(AzTA;)+H( By+B3)]

= [A1N(A+A3)]O[B1N(By1+B3)]

=[(A1NAL)H(A1NA3)]D[(B1"B,)+(B1"B;)] (M| and M, are distributive modules)
= [(A1NAL)S(B1NBy)] + [(A1NA3)S(B1NB;)]

= [(A1®B)N(A2® B,)]H(A1©B1)N(A;© B;)]

=(AmB)+HANC). N

2.12 Proposition

Let X and Y be fuzzy distributive modules of R-modules M|, M, respectively, then
XY is a fuzzy distributive module of M {®M,, provided annM | + annM, = R.

Proof:

By theorem (2.2), X; and Y, are distributive submodules of M ; and M, respectively, for
all t €(0,1]. Hence by lemma (2.11) (X@Y,) is a distributive submodule of M ®M,. But
(X®Y), = (X@Yy) by ((11), lemma (2.2.4)). Thus X®Y is a fuzzy distributive module by
theorem (2.2). W
3. The Image and Inverse Image of Fuzzy Distributive M odules

In this section, we shall indicate the behaviour of fuzzy distributive modules under
homomorphisms. To do this we need some definitions and propositions.

3.1 Definition (5)

Let f be amapping from aset M into a set N, let A be a fuzzy set in M and B be a fuzzy

set in N. The image of A denoted by f(A) is the set in N defined by

f(A)( )_ Sup{A(Z)lz ef_l(y)} if f_l(y);: ¢, Vye A
7T 0 otherwise

And the inverse image of f denoted by ! (B), where f l(B)(x)=B(1(x)), for all xeM.
Recall the following
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3.2 Definition (14)

Let f be a function from a set M into a set M'. A fuzzy subset A of M is called f-invariant
if A(x)=A(y) whenever f(x)=f(y), where x, y eM.
3.3 Definition (4)

Let X and Y be two fuzzy modules of R-modules M| and M, respectively. :X——Y is
called a fuzzy homomorphism if f: M| ——> M, is R-homomorphism and Y(f(x)) = X(x), for
each xeM ;.

3.4 Proposition

Let X and Y be two fuzzy modules of R-modules M| and M, respectively. f:X——Y be
a fuzzy homomorphism if A and B are two fuzzy submodules of X and Y respectively, then
f(A) 1s a fuzzy submodule of Y, (14).

f 1(A) is a fuzzy submodule of Y, (14).
f(ANB)=f(A)f(B), whenever A, B are f-invariant, (15).

£ '(AnB)=f"'(A)Nf '(B), where f is monomorphism, (15).
f(A+B)=f(A)+f(B), (15).

f(f '(A))=A, (15).

f '(f(A))=A whenever A is f-invariant, (15).

First we have the following result.

3.5 Proposition

Let X and Y be two fuzzy modules of R-modules M | and M, respectively. Let . X——Y
be a fuzzy epimorphism, and every fuzzy submodule of X is f-invariant. If X is a fuzzy
distributive module, then Y is a fuzzy distributive module.

Proof: Let A, B, C be fuzzy submodules in Y. £ '(A), f '(B), f '(C) are fuzzy submodules in
X by proposition 3.4, (2). Since X is a fuzzy distributive, then

(AN B)+1(0) = (F (M) '(B) + (F'(A)f'(0)

£ (AN 'B)+ T 1(C)) = ( '(AmB)) + (f '(ANC)), proposition 3.4,(4))

I (A)N(E B)+ £ (O)IFE (ANB)) + (f (ANC))]

f(f (AT '(B)+ £ '(C)) = f(f "(ANB)) + f(f (ANC)), proposition 3.4,(3),(4))

AN(B+ C)=(ANB) + (ANC), proposition 3.4,(6)).

3.6 Proposition

Let X and Y be two fuzzy modules over R-modules M| and M, respectively. Let
f:X——Y be a fuzzy homomorphism, and every fuzzy submodule of Y is f-invariant. If Y is a
fuzzy distributive module, then X is a fuzzy distributive module.

Proof: Let A, B, C are fuzzy submodules in X. Hence f(A), f(B), f(C) are fuzzy submodules
in Y, by proposition 3.4,(1). Since Y is a fuzzy distributive module, then

fA)N(EB)+ H(C)) = (FA)N(B)) + (A)NFC))

f(A)N(f(B)+ f(C)) = f(AnB) + f(ANC)), proposition 3.4,(3),(5))

f(AN(B+ C)) = f((AnB) + (ANC)), proposition 3.4,(3),(5)).

f {(fANB+ C))) = (f((ANB) + (ANC))).

Then AN(B+ C) = (AnB) + (ANC), proposition 3.4,(7)). W

4. Fuzzy Arithmetical Rings

In this section, we introduce the notion of arithmetical fuzzy ring First we have the
following definition.
4.1 Definition[12]

A ring R is said to be an arithmetical ring if R, considered as R-module over it self, is
distributive that is R is arithmetical if IN(J+K)=(InJ)+(InNK) for all ideals I, J, K of R.

We fuzzify this definition as follows:

4.2 Definition

A fuzzy ring X of a ring R is called arithmetical if and only if An(B+ C) = (AnB) +

(ANC) for all A, B, C fuzzy ideals of X.

IR S
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4.3 Note
A fuzzy ring X is arithmetical if and only X is arithmetical ring Vt<(0,1].
4.4 example
Let X(x)=1 for allxe Z,, X=Z,, V x€ Z, .But Z, is arithmetical ring. Hence
By Note (4.3), Xis fuzzy arithmetical ring
Now, we can give the following theorem.
4.5 Theorem
A fuzzy ring X of a ringR is arithmetical if and only if
A+ (B nNC)=(A+B) n(A+C)
Proof: Let X be a fuzzy arithmetical ring, let A, B, C be fuzzy ideals of X. Hence A,, B,, C;
are ideals of X,. Since X is fuzzy arithmetical ring then X is arithmetical ring (by note (4.3)).
Hence,
A+ (BinCy=(A+B)n (A +Cy ((16),Exc.18)
A+ (B N C)=(A+B) " (A+C),, (remark (1.5), proposition (1.13))
(A+ (BN C)=((A+B); " (A+C)), (remark (1.5), proposition (1.13))
Thus A + (B n C) =(A+B) N (A+C).
Conversely, to prove X is a fuzzy arithmetical ring
We shall prove X, is an arithmetical ring for all te(0,1].
Let I, J, K be ideals in X,. It follows that there exist A, B, C fuzzy ideals of X, where

t x el t xel t xeK
Ax)= »B(x)= »o(x) =
0 xg¢gl 0 xel 0 xe¢K

But by hypothesis, A + (B n C) = (A+B) n (A+C). Hence
[A+ (BN O] =[(A+B) N (A+C)]; for all te(0,1].
It follows that; A, + (B n C) = (A+B) N (A+C)), (remark (1.5), proposition (1.13)). But
A&l BEJ, C=K, hence IN(J+K)=(InJ)+(InK), which implies that X is an arithmetical ring,
by ((16), Exc.18). Thus X is an arithmetical ring, by note (4.3). W
4.6 Theorem

Let R be an integral domain, let X be a fuzzy ring such that X(a)=1 VaeR. Then the
following are equivalent
1. X s arithmetical
2. A(BNC)=AB n AC for all fuzzy ideals A, B, C of X.
3. (A+B)(AmB)=AB for all fuzzy ideals A, B of X.
Proof: (1) = (2): to prove A(BNC) = AB n AC for all fuzzy ideals A, B, C of X. Since X is
a fuzzy arithmetical then X is an arithmetical ring for all t €(0,1] and since A, B,, C; are
ideals of X, t €(0,1] we get A(BNC)) = AB; N A, ([14],theorem (6.6)). Hence
A(BNC),=(AB); " (AC),, (proposition (1.12),(2), remark (1.5))
(A(BNC)),=(ABNAC),, for all t €(0,1] (proposition 1.12,(2))
Thus A(BNC)=AB N AC.

(2) = (3): If ABNC)=AB n AC for all fuzzy ideals A, B,C of X, let t €(0,1], let [, J, K
be ideals of X;. Then there exists fuzzy ideals A, B, C of X such that A=I, B&J, C=K, where

{t x el {t xel {t xeK

A(x)= 'B(x)= »o(x) =

0 xegl 0 x¢l 0 x¢K

By (2), A(BNC)=(AB)"(AC), which implies that (A(BNC)),= (ABNAC),, for all t €(0,1].
Hence A(BNC), = (AB); N (AC),, (remark (1.5),proposition (1.12)), so that A(BC,) = AB;
N AC,, (remark (1.5),proposition (1.12)).

I (JNK)=INJ)+(INK). Then by ((16),Exc. 18) (I+))(IJ)=1J.

Thus (A+By) (AnBy) = AB,, (A+B); (AnB),= (AB), which implies that (A+B)(AnB)=AB.
(3) = (1):If (A+B)(AnB)=AB for all fuzzy ideals A, B of X. Lett €(0,1], Let I, J, K be



IBN AL- HAITHAM J. FOR PURE & APPL. SCI. VOL24(1)2011
ideals of X, Then there exists fuzzy ideals A, B, C of X such that A=I, B&=J, C=K, where

A t XEIB t xel t xeK
=0 xerP®70 xe1 ™70 xek

By (3), (A+B)(AnB)=AB, which implies that ((A+B)(AnB))=(AB), for all t
€(0,1]. Hence (A+B){AnB)~=A B, (proposition (1.12),(2)), so that
(ABy (AnBy) =AB,, (remark (1.5), proposition (1.13)).
(J+K) (InJ)=1J. Then by ([14], theorem (6.6)) X is arithmetical ring for all t €(0,1]. Thus X is
a fuzzy arithmetical ring (by note 4.3).
4.7 Theorem

Let R be a noetherian integral domain, let X be a fuzzy ring such that X(a)=1 VaeR.
Then the following are equivalent
1. X is arithmetical
2. A(BNC)=AB N AC for all fuzzy ideals A, B, C of X.
3. (A+B)(AnB)=AB for all fuzzy ideals A, B of X.
4. If A, C are fuzzy ideals of X and if CcA, then there exists fuzzy ideal B such that A=BC.
Proof:

(1) = (2) and (2) = (3) follows directly by theorem (4.5).
(3) = (4), let A, C be fuzzy ideals of X such that CcA, implies A, < C,, then A= B.C, ([14],
theorem (6.26)), A=(B-C), then A = BC.
(4) = (1), let A, C are fuzzy ideals of X, if CcA, then there exists fuzzy ideal B of X such
that A=BC, then A=(B-C), so w get A=BC, , X is arithmetical ring ([14], theorem (6.26)).
Thus X is a fuzzy arithmetical ring
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