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Abstract

The main aim of this paper is to introduce the concept of a Fuzzy Internal Direct
Product of fuzzy subgroups of group . We study some properties and prove some theorems
about this concept ,which is very important and interesting of fuzzy groups and very useful in
app lications of fuzzy mathematics in general and especially in fuzzy groups.

Introduction

Applyingthe concept of fuzzy sets of Zadeh to the group theory, Rosenfeld introduced
the notion of a fuzzy group as early as 1971.

The technique of generating a fuzzy group (the smallest fuzzy group) containing an
arbitrarily chosen fuzzy set was developed only in 1992 by Malik , Mordeson and Nair, [1].

In this paper, we use our notion of fuzzy inner product to generate Fuzzy Internal Direct
Product of fuzzy subgroups of group.

Now we introduce the following definitions which is necessary and needed in the next
section :

Definition 1.1 [1], [2]:

A mapping from a nonempty set X to the interval [0, 1] is called a fuzzy subset of X .

Next, we shall give some definitions and concepts related to fuzzy subsets of G.
Definition 1.2:

Let u,v be fuzzy subsets of G, if ,u(x)Sv(x) for every x € G, then we say that u is
contained in v(or v contains x ) and we write g v(or v o u).

If ucvand u#v, then uis said to be properly contained in v(or vproperly contains
u)and we write ucv (or vou ).[3]

Note that: # =v if and only if ,u(x) = v(x) for all x e G .[4]
Definition 1.3 [3] :

Let u,vbe two fuzzy subsets of G. Then px\Uv and unvare fuzzy subsets as
follows:

(1) (,u v v)(x) = max {,u(x), v(x)}
(i)  (znv)x)=min{u(x),v(x)}, forall xe G
Then p\wv and v are called the union and intersection of wxand v, respectively.
Now, we are ready to give the definition of a fuzzy subgroup of a group.
Definition 1.4[1], [5]:
A fuzzy subset uof a group G is a fuzzy subgroup of G if:
(1) min{,u(a],,u(b) } S,u(a *b]

Gi) wla")=pu(a) , forall a,beG.
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Proposition 1.5 [6]:
Let ube afuzzy group. Then ,u(a) < ,u(e) VaeG.

Definition 1.6 [7]:

If uis a fuzzy subgroup of G, then uis said to be abelian if V x,yeG,
#(x)>0,u(y)> 0, then u(xy)= p(yx).
Definition 1.7 [8] , [9]:

A fuzzy subgroup x of G is said to be normal fuzzy subgroup if

u(x*y)=p(y*x) , Vx,yeG.
Fuzzy Internal Direct Product
Now we are ready to introduce the definition and some theorems about fuzzy internal
direct product of fuzzy sub groups of groups :
Definition 2.1
Let A be a fuzzy subgroup of a group (G,.) and N;,N,,....N, be fuzzy normal

subgroups in A such that :

I- A= N;xN,x...xN,
2- Let x,c A, xeG, te€[0, 1], then :

Sup{mm{nl(Yl )9n2(yz)a'-'9nn(YIl)}

Y=Y Yo--¥Yy and  y,¥5,...y,€G if y=x
0 otherwise
n; < N; in unique way.

x(Y )=

Then A is said to be fuzzy internal direct product of N{,N,,...,N,.

Now we introduce the following theorem :
Theorem 2.2

If a fuzzy subgroup A of a group (G, .) is the fuzzy internal direct product of fuzzy
normal subgroups : N;,N,,..., N, , then fori# j, Ny N; = {e;}, and if n;c N;, nj  N; then n;
n=n;n;.
Proof:

Suppose that ny € N; N Nj then we can write ng as

) {sup{min {e1se-£im10g(Y),€i14 1€ o€ I y=n,n; € Nj i=1L...,n
n.(y)=

S .

otherwise
Viewing ng a an fuzzy singleton in N; . similarly, we can write ng asw
( {sup{min {e15 £ise €1 0g(¥),€ 415 I y=1,n; S Nji=L..n
n.(y)=
S

0 other wise
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Since the two decompositions in this form for ng must coincide, the entry from N; in each
must be equal. In the first decomposition this entry is ng, in the other it is e; hence n&= ¢, Thus
N; " Nj= {e;} fori=]j.

Suppose n; &N, nj €N , and i#] then ninjn{l eN; since N; is normal fuzzy; thus njnjn;
lnj'lgNj . Similarly, since n;' N, njn{lnj'lgNi, whence ninjn{lnj'l c N; then ninjn{lnj'lg N;
NN ={e.

Thus njn; n{lnj'lz ¢ ; this gives the desired result nin; = njn; .

Remark

One should point out that if ki,...,k, are normal fuzzy subgroups of A, such that A=

kixk,x...xk, and k; nkj={e} for i#j it need not be true that A is the fuzzy internal direct

product of ki,...,k, . A more stringent condition is needed.

Clearly from the above theorem we can obtain the following corollary :
Corollary 2.3
A fuzzy subgroup A of a group (G, .) is the fuzzy internal direct product of the normal
fuzzy subgroups Ny,...,N, if and only if :
(1) A= NxNyx...xN,
(2) N; (N xNox. .. XN XN x...xN,) = {e} fori=1,...,n
Definition 2.4
Let H and K are fuzzy subgroups of a group (G, .) .The join Hvk of H and k is the

intersection of all fuzzy subgroups of G containing H.K .

sup{min {H(x,),K(x,)}x=x,-x,,x,,x, € G} if xelIm()

0 other wise
Clearly, this intersection will be the smallest possible fuzzy subgroup of G containing H.K

HK =

, and if elements in H and K commute, in particular, if G is abelian, we have H v K = HK
,since H. K < H v K (by definition 2.4) and since :
H(x;) = sup {min {H(x,), K(e)} x; € G} and
K(x;) = sup {min {H(e), K(x;)} x, € G}, then:
HcH.KandKcH.K,soHvKc H.K,thusHvK=HK.
Note that
Clearly, H v K would be contained in any fuzzy subgroup containingboth H and K .

Thus we see that Hv K is the smallest fuzzy subgroup of G containingboth H and K .
Theorem 2.5

A fuzzy subgroup A of a group (G, .) is the fuzzy internal direct product of fuzzy
subgroups H and K if and only if :
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I) A=HvK

2)%.ys=ys. X% forallx, cHandy,c K,t,s € [0,1],x,y € G.
3) HNn K= {e}

Proof:

Let A be the fuzzy internal direct product of H and K. we claim that (1), (2) and (3) are
obvious if one will regard A as isomorphic to the fuzzy internal direct product of H and K
under the map ¢, with (X, ys) =% . ys=(X.y), wherer=min {t,s} ,x,y € G, 1,s € [0, 1].
Under this map

H={(x,.e)| x, cH} Corresponds to H, and

K ={(e,y)|v. K} Corresponds to K.

Then (1), (2) and (3) follow immediately from the corresp onding assertions regarding
H and K in H x K, which are obvious.
Conversely, let (1), (2) and (3) hold. We must show that the map ¢ of the fuzzy internal direct
product H x K in to A, given by :
WX, Ys) = X . Vs = (Xy), where r = min{t, s}, x, y € G, 1, s € [0,1], is an isomorphism. The
map ¢ has already been defined suppose WX1, Ys1) = §X, ¥Ys2) -
Then X . Y51 = Xp . Y2 ; consequently X;; X, =Y, y;l
But x'ltz .xyc Hand y,, . y']sl c K and they are the same element and thusin H N K = {e}
by (3). Therefore, X'ltz .Xg=eand X =Xp .
Likewise, Y51 = ¥, S0 (X1, Ys1)= (Xp, ¥s2)- This shows that ¢ is one to one. The fact that x, . y;
=y,s.% by (2) for all x ¢ H and y, < k means that
H.k(x) = {sup{ min{H(x)), k(x)}}; X = x;. X, X|, X%, € G} is a fuzzy subgroup, for we have
seen that this is the case if fuzzy singletons of H commute with those of K .
Thus by (1), H K=HvK=A,so¢isonto A . Finally,
Nxa Ys)(Xo, ¥y)l = dXaXo, Ysi¥e) = XaXeYsi¥e, While [6(x0,ys)][§(xeyo)] =
Xi1-Ys1-X02-Y 52 -
But by (2) we have yg; . Xp =Xp . ys1 . Thus:
A%y sy s2)] = [9xy s)1 e y2)] -
Remark:

Not every fuzzy subgroup of abelian group is the fuzzy internal direct product of two
proper fuzzy subgroups.

The following corollary is immediate consequences of the above theorem.



IHIPAS
IBN AL- HAITHAM J. FOR PURE & APPL. SCI. VOL23(3)2010
Corollary 2.6

Let A be fuzzy subgroup of a group (G, .). Let x and y, be fuzzy singletons of A
which commute and are of relatively prime orders r and s and <x>, <y¢> are fuzzy subgroups
of <x> v <y¢>. Then x.y, is of order r.s
Fuzzy Invariants Of Fuzzy Subgroup

In this section we introduce the following definition and Lemma about fuzzy
invariants of fuzzy subgroup :

Definition 3.1

Let A be fuzzy subgroup of abelian group (G, .) of order p", p a prime, and A = A, x
A, x....x Ay where each A; is fuzzy generating set of order pni withn; > ny, >...> n,> 0, then
the integers ny, n,, ..., ng are called the fuzzy invariants of A just because we called the
integers above the fuzzy invariants of A does not mean that they are really the fuzzy
invariants of A. That is, it is possible to assign different sets of fuzzy invariants to A .

We shall soon show that the fuzzy invariants of A are indeed unique and completely
describe A. Note one other thing about the fuzzy invariants of A. If A = A x...x A}, where
A;is fuzzy generating set of order Pni, n;>n, >...2n >0, then o(A) = 0(A)o(A,) ...0(Ay),
hence P" = P"'P™ .. P™ =P whencen =n;tnyt ... + 1

In other words, ny, ny, ..., n give us a partition of n .

Before discussing the uniqueness of the fuzzy invariants of A, one thing should be
made absolutely clear the singleton fuzzy a,..., a,and the fuzzy subgroups A, ..., Ay which
they generate, which a rose above to give the decomposition of A in to a fuzzy internal direct
product of fuzzy generating subgroups, are not unique. Let’s see this in a very simple example
Let G = {e,a,b,a.b} be an abelian group of order 4 where
a’=b’=e,ab=baand A(e) = A(a) = 1, A(b) = A(a.b) = 3/4.

Then A=H x K where H = <a>>, K = <bg> are fuzzy generating subgroups of order 2.
But we have another decomposition of A as a fuzzy internal direct product, namely A = N x
K where N = <ab> and K = <b>. So, even in this fuzzy subgroup of very small order, we can
get distinct decompositions of the fuzzy subgroup as the internal direct product of fuzzy
generating subgroups.

Lemma 3.2

Let A be fuzzy subgroup of abelian group (G, .) of order p", p a prime. Suppose that A
=A; x A, x....x A, where each A; = <ay; > is fuzzy generating of order p“i, andn; >n,> ...
> n > 0. If m is an integer such that n,> m > n then :

A(p™)=B; x ...x By x Ay x ... x A, where B; is fuzzy generating of order p™, generated by

, for 1 < t. The order of A(p r;})isp “ where
si
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k
u=mt+ Y n
i=t+

Proof:
First of all, we claim that A, ...., Agareallin A(p™), sincem > ny; > ... > n >0, if

j > t+1,

a? =(a”")""" =e
Herjlce AE , Jfo)rj > t+1 lies in A(p™).
Secondly, if 1 < t then n; > m and (a:’"m )= af’ —e
whence each such i;;inmA(pm) and so the fuzzy subgroup it generates, B;, is also in A(p™).
Since By, ..., B, Atﬂ,a.i.., Ay all in A(p™), their product (which is fuzzy direct, since the
product A x A, x ... x Ais fuzzy direct) isin A(p™).
Hence A(p™) D B x .. x By x Ay x ... x A
On the other hand, if :
y, =alal’...a“isin A(p™), since it then satisﬁesyf‘“ —e, weset:

o apn kp™

However, the product of the fuz_zy rsub_grolup sALN. Agis fuzzy direct, so we get :

i ™
T =e,...., 4,

Thus the order of a;, that is, pni must divide Ap™ fori=1,2, ..., k.

a =€

If 1> t+ 1 this is automatically true whatever be the choice of A1, ..., Ay sincem > nyq > ...

(\2

Ny,

Hencep™|p™,i> t+1. However, fori<t, we get from p™ | A;p™ that p"™| A;, therefore A; = v;
P™™ for some integer v; .
Puttingall this in formation in to the values of the A;'s in the expression for y, as :

Al Ak nl-m v nt—m
y =a'.a’ We see that y. :alle vt gl gk

t t+1 k

This says thaty, € By x ... x Byx Ay x ... x Ap.
Now since each B; is of order p™ and since o(A;) = pni and since A=B; x ... xBy x A x ...
X Ay,
0(A)=0(B}) 0 (By) .... 0(B) 0 (Aws1) ... 0 (AY =p"p™ ... p" p™" ..p™
Thus, if we vslirite o (A)=p", then:

u=mt+ Zni The lemma is proved.
Corollary 3:%1

If A is a fuzzy subgroup of a group in lemma (3.2), then o(A(p)) = pk.

Proof:
Apply the above lemma to the case m= 1.

Thent=k,henceu=l.k=kandsoo(A)=pk.
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