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Abstract
Convergence properties of Jackson polynomials have been considered by Zugmund

[1,ch.X] in (1959) and J.Szbados [2], (p=) while in (1983) V.A.Popov and J.Szabados [3]
(I £ p < ) have proved a direct inequality for Jackson polynomials in L,-space of 2m-
periodic bounded Riemann integrable functions (f € R) in terms of some modulus of
continuity .

In 1991 S.K.Jassim proved direct and inverse inequality for Jackson polynomials in
locally global norms (Ls,) of 2n-periodic bounded measurable functions (f € L) in terms of

suitable Peetre K-functional [4].
Now the aim of our paper is to proved direct and inverse inequalities for Jackson

polynomials of (f € L.,) in (Lsp) in terms of the average modulus of continuity .

Introduction

We denote the set of 2n-periodic bounded measurable functions with usual sup-norm by
L,>

LL(X)={f:]f] :sup{|f(x)|vXe><}<ool,||f||L S =lEdl
f o (X) -

L.(X)

and the L-norm (1 < p <o) of fe L, by ||f] >

2 LX) - {f ek = flrcof a7 <oo};||f oo =Ifl

and the direct norm is defined by:

1L b oo
3. @:‘(X):{f"f"lﬁ(x) - (n+12|f(xk,n) )P <OO},
k=0

2k
where (5,,)= 2 (k =012, | ., =] |,

Now let us consider the Dirich let kernel of degree n

1 & . )
4. D, (uv)= 5+ z cos(vu)> ueR, n=0,1,... then it is easy to get the following-

v=l
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) 1
sin(n + =)u 1%
D,(5)=———2— and — [ D, (w)=1.
. u T
251n(5) -

1
S.let K (u)= —I[Do(u) +D,(u)+...+D, (u)] be the Fejer kernel of degree not grater than
n+
n, also it is easy to get the following-
1 sin’(n +1) 2

2 K, (u) = %+ ﬁ;(n —k +1)cos(ku)and I”Kn (uydu=1.

K, (u)= 2(n+1) SiﬂZ(E)
2

2 & . . .
6. J (f,x)= —22“1’()4k DK, (x—x,,) is the so called Jackson polynomial of function
n+ 2i5 ’ ’

fel,.
Now we will use the so called average modulus of continuity to solve the problem in
locally global norm (Ls).

The locally modulus of continuity for (f € L) is defined by
7. o(f,x,h)=sup {f(x N-f(x"),x",x" € {x — %, X+ g} , h is a constant number while k™

average modulus of smoothness for feL, is defined by:
8. 7y (f,0), = |og (f,0,0)] >1<p<o0,8>0andkell .

where the k™ modulus of smoothness for f eL,, kell is defined by:

k k
9. o (f,x,5) :sup{|A§f(t)|;t,t+kh e[x— ;,x+7‘5}mx}.

Now we set
K -~ (k
—-H™ f(x + mh ifxorx+heX
Aﬁf(x)= n;( ) (mj (x ) X Orx IS
0 otherwise.

Then we introduce the definition of k™ local modulus of L,-continuity for feL,, (1<p<w)
and kelJ .

1 S5(x) P
10. @, (f,x,8(x)), = m{ | |A‘;f(x)|pdv:|
-0(x)

where &(x) is an arbitrary positive function of x, but here we shall consider only the case
&(x) is constant.

The k™" average modulus of smoothness was first introduced by B.Sendov in 1983 and
proved to be very useful in some approximation theoretical problems where the ordinary
modulus of continuity o(f,0) is defined by the following-

11. o(f,8)=sup { | f(x) — f(x")|, [x —x"[< 8, x, x"eX}.

while the k™ ordinary modulus of continuity is defined by the following-
12. o (,5) = sup{| ALF(0)|:Jn|< 8, x +kh e X].

Now let us consider the definition of ordinary L,-modulus of continuity (o(f,0),,).
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13. o(f,8), =sup|f(-+t)—f()[ fordconstant and
" ks v

14. o (f,0)= sup{"A‘gf(O)L |h| < 6} also for & constant, be the k™ ordinary L,-modulus of

continuity of feL,.

Now for feL, instead of usual sup-norm, let us consider the family of seminorm (locally
global norm) for 6 > 0, (1<p<o).

1

h
15. |, = U It; COf dx] ,where f{X)=sup { | f{t)| :teU(8,x)} and UB,x)={y eX:|x—y | <8}.

The main property of these semi norm is that they do not necessarily vanish if f = 0
Lebesgue almost every where.

Let us denoted by L, the set of functions from L, which equipped with semi norm
[ell.,-

By T, we denote the set of all trigonometric polynomials in R of degree not greater than
n.

The best approximation to a given continuous function with trigonometric polynomials
from T, on the interval X is given by:

16. E}(f: X) =inf {|f{)-TO), :TeT,} .

While the best approximation of a function feL,(X) with trigonometric polynomials from
T, in the metric of the space L, is given by:
17. B (f), =inf {||f(-)— T(), :Te Tn} .

We also define the best approximation of a function fel,(X) with trigonometric
polynomials from T, in the metric of the spaces L, or L;, are respectively given by :-

18. E!(f),, =inf{[f()-T(), T e Tn} .

5.p(X)

The best one sided approximation of a function feL.(X) with trigonometric polynomials
from T, in the metric of the space L, or L;,, are respectively given by

19. ET(f), = inf{ T ()-T" (~)|L(X) TF eT,, T, (x) <f(x) <T/ (x),x € X} .

20. Eg(f)&p :inf{ TeT,,T (x)<f(x)<T!(x),x e X].

T ()T ()

:T
5.p(X)

Now let fbe a function defined on a domain D then the Stecklov transformation is given
by

1/n
21 (X):g [ fox+ vyt
—1/n
Let f and gbe two functions then we say that f(x) = O{g(x)} if | ()| <A-g(x), x goes to
some given limit, A is constant and g(x) # 0.
In particular, O(1) means bounded function.
By f(x) = 0{g(x)} we mean that (f(x) / gx)) — 0 as xtends to a given limit. In particular,
o(1) means a function which tends to zero.
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Let wus introduce some definitions about Peeter K-functionals, let
W, ={g:g'e Lp},W; ={g:g'e L } have semi norms ||g'|p and ||g'|p respectively, where g
is the conjugate function of a function g.

We shall consider the oppropriate Peetre K-functionals as follows:
(t>0), (1 <p <o)

22. K(f,t,L,,wh) = inf {|f —g|| +tfe], sz ew) ],
23. K(f:t, L, wh) = inf{[f — g +t[e]], :zew}].

24. K(F,t, L, wh, &) =inf{[f — g +t[e]], +t[E], :e € w)n W],

p> "'p

25. K(.t, L, wh &) =inf {[f g +tg'], + t|g], ceew) N}

2 [,p) P

Next Bernstein inequalities are given since we use them further on
26. ||T||D <n|T,| T, €T, 1<p<e

27. ||T||D <n|T,| T, €T, 1<p<e

1- Assertions

1.1 Lemma: [3]
Let f € Ly, then (1<p<o0)

1
1 & P
28. ||Jn(f,o)|p =0(1) {HZ |f(tk)|P}P =0 ||f||én .
k=0 "
1.2 Lemma: [5]
Let T € T,, then (1<p<o0)
1
29. |T|, ., < C(+nd) [T],

am”

1.3 Lemma: [3]
For f, f'e L, we have (1<p<o0)
30. o(f,h), =O(h)|[f']|, ,h is constant.

1.4 Lemma: [6]
Let f € L., then we have (1<p<o0)
31. o(f,0), < 7(f,0), < o(f,5)..

1.5 Lemma: [7]
Let f € L,,, then we have (1<p<o0)

32, <Clfl, - (m=1.2.3,.),

1.6 Lemma: [8]
For f € L, we have

33. "f"p(g) < Iflla,p(g) < ||f||5,oo(Q) < If"oo(Q) ’

1.7 Lemma: [6]
Let f € L, and (1<p<w0) we have
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34. 1,(f,40), <A +1)"7,(£:6), . 1> 0.

1.8 Lemma: [6]
For g, ¢ € L,, we have (1<p<o0)

35. 7,(g,9), £,5|g'||p .

1.9 Lemma: [5]
For f € L,, and (1<p<x), we have
36. E,(f), <E, (), <cE,(),.

n

1.10 Theorem: [6]
For f € L), we have

= 1
37. E, (f), <c, 7 (f,—),, 1<p<co.
n

1 L& .
38. 7 (f, H)p <c,n ";(V+1)k 'E, (D), .

1.11 Theorem: [3]

VOL.23 (2) 2010

For 2n-periodic bounded Reimann integrable functions we have the following-

1 -1
39. |F-7,(5, %), = O(l)[q(f,;)p +W,(f, H)p}p = 1,00

1
40. ||f —Jn(f,x)"p =0z, (f,=),,l<p <.
n
where f(x) is the conjugate function to f(x).

1.12 Theorem: [4]
For f € L, then

1 ~ 1 ~ 1
41. K(f,—,L, ,W;,WPI)S c{z'l(f,—)p +W1(f,—)}p:1,oo.
n - n n

1 1 - 1
2. 7,(f,—), <K(E; =L, , W, W)<er (f,2),1<p<e.
n n =P n

1.13 Theorem: [9]
For f € L, we have

CO S (14 v E, (1),
n o

1
43. W (f,-), <
n

2- Main Results

The aim of his paper is to find a better estimation for the rate of convergence in Lg,

space of (f € L,,) by Jackson polynomials in terms of some modulus of functions.

We shall prove direct and inverse theorems of (f € L,,) by Jackson polynomials in locally
global norms in terms of ordinary L,-modulus of continuity and average modulus of

continuity .
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2.1 Theorem: (Direct Theorem)
Let f € L, then

1 ~ 1
Cz-l(fs_)p +Ca)l(fa_)p9 p:LOO
G B "
! cr, (f,—),, I<p<oo.
n

2.2 Theorem: (Inverse Theorem)
Let f € L, then

7, (f,l)p < gi "f B J“(f)||(1/5+1),p + ||f - Js(f)"(l/ s)p p=1o
R TN . <o
2.3 Lemma:

Let T°, €T, such that E (), =|T, -T,

L, feLeand T (x) < f(x) <T'(x) then

i 1 -1
44. T;'L <C, {Tl(f,_)p + cq(f,—)p}, 1<p<eo.
n n

1 T
Proof: Let f (x)= nj f(x +u)du be the Stecklov transformation h(x) = — I f (x)D, (t)dt
| {2
r
be a trigonometric polynomial of degree n, such that D,(t) is the Dirichlet kernel, then by
using Bernstein inequality , we get

T, <nfr —n] +[n]

T* —f"p +nf -h| + ||h||

<n

<n|T, -T,

i +nl|f —h||p +||ﬁ '||p

Now let us assume that ||f — h"p = A, and "ﬁ'" = A, then we get
P

T+ '|p <nEj (f), +nA, + A,

A =[f-h|, = %J [f(-)—fn(-)]Dn(t)dt‘
177 7
- ;[[n_

n

f [£() = £, (-+u)]duD, (t)dt
1% 2
s;£n£||f(.)—fn(-+u)L duD_ (t)dt

This by using definition of average modulus of continuity and by (34), we get
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n P

s

1
S;In

-7

~ 1 ~ 1
'(+ Z) —f(- Z) D, (t)dt

Then by using definition of ordinary L,-modulus of continuity we get

A, < Cno, (T, l)p
Thus !
T, || <nEl ), +nClrl(f,i)p +C,nw (f,%)p
By using (37)

L <C, {q(f, %)p + cq(f,%)p]

2.4 Lemma:
Let f € L,, then we have 1<p<w

5. p, 0, <CJrl.,,
Proof: By using (29), (28) and (32), we get

Pl <00 |,

N

1 n
< CZO(I)HZ|f(tk)|

<G ],
<C,|fl:,

2.5 Lemma:
Let f € L,, then we have 1<p<o0

46. 7, (£.5), < C|f] .

Proof: By using definition of average modulus of continuity, we get

k& k&
7, (£,6), = o (f,5), = sup{|Atf(t)|;t,t +khe {x — 7} mX}“p

k (k
SZ(i J“sup|f(r+ih)|;t,t+ khe[x—i—a,x+g}m){“p
i=0

=CIf,

2.6 Lemma:
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Lett>0,f € L,, we have 1<p<o0
47. K(f;t; L, W), W) <K(f;t;L,,, Wi, W))
Proof: By using definition of Peetre K-functional and (33), we get

K(f;;L, W, W!) =inf{||f —g”p +t||g'||p +t||g'||p geW, mW;}

< inf{"f— g"t’p + t||gv||p +t||2 '|L ,geW N W;}
=K(f;t;L,,, W), W)

t.p?

2.7 Lemma:
Let f, gbe two function define on the same domain then for 1<p<owo, we have

1 1 1
48. 7, (f,—), <7 (f-g—), +7.(g,>),-
n n n
Proof: The proof follows from the definition of t(f,5),.

2.8 Lemma:
Fort >0, f € L., we have

49. K(f;t; L, W) <K(f;t;L,,W,, W)
Proof: By using definition of Peetre K-functional
K(F:t:L, W) = inf {[f - g] +t|e] ;2 W, ]
. ' Sl - 1 3!
<inf | - g +te’], + g, ;e € W, A Wi
=K(f;t;L,, W,, W)
2.9 Lemma:
Let f € L., 1<p<co, then we have
1 3 ca [Er () ins +Es () cunros = 1,00
50. K(f;—;Lp,W:),Wpl)S—Z{ s ( )(1/ .p s ( )(1/ 1),p p
n

T
=0 | Eg (f)(l/s+1),p ) l<p<wo

Proof: By using (49), (41), (49), (38), (43), (36) and (33), we get

. 1 1 7! 1 1 7!
K(f,r—l,Lp,Wp,Wp)SK(f,;,L(l/n)7p,Wp,Wp)
1 =1
C1 Tl(fa_)p+a)1(fa_)p ’ pZI,OO
n n
<
1
C2|:Tl(f:_)p:|9 1<p<OO,
n
[ C & - C =0 =
C,—> Ei(f) +C,—E{(f),, p=Lw
n so n
<
CZQZEg(f)p, 1<p<oo.
n s-g
< gi Eg (f)(l/s+l),p+E;(f)(l/s+l),p’ p=1ow
" n

s=0 Eg (f)(l/s+1),p ’ I<p<oo
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Proof of Theorem 2.1 (Direct Theorem)
Let T eT, such that EI (), =T, -T, "p then by using linearity of Jackson

polynomials, (45), (29), (39), (40), (30), (44) and (46)

It =3.0l,,,, <lf-T T =5, P @ =0

+|T = 3.(T) +C,

|

1 ~, 1
O(I)TI(TH ’_)p +C()1 (Tn ’_)p’ p =1’OO
n n

+
(1/n),p

T- —T+|
n  §(1/n),p

=GE (D), +C|T, -1.(T)

(1/ n),p

T —-T-

n n

<

(1/ n),p (1/ n),p

<G,EL (), +C,

L1
oMz (T, ,-),, I<p<ow
n
+ 1 1 T+
C,r, (T, , =), +C,O(H|T, K p=10
< G,El (), + rll n
C,r, (T, =), l<p<ow
n

N 1 1 C
Cyr, (T, =, =), + Cyr, (f,—),0(—)
n n n

Tw—

n

. 1 : 1

SGEM, +1Cr (o), +o, () [T p=leo
.o 1

Cor (T, —f,2), +Cr(f, =), I<p<w
n n

. 1 ~ 1
Cs [[Ta _flL +Cory (faH)p + G (1, H)pa p=1,0

<C,E (D), +

C6 T:_f"p +C4T1(fal)pa 1<p<OO
n
+ - 1 ~ 1
= C6 Tn Bl Tn ||p + C7T1 (f’ _)p + Csa)l(f9 _)pa p= 1,00
If =3Ol ., < CE(E),+ rll n
Ce T;_Tnip"‘cﬂl(fag)p, l<p<oo

~ 1 -1

i CE, (f), +Cyr,(f,5), + Cyo,(f,—),, p=1

=C,E (), + rll n

CE, (), +C,r, (£, o), l<p<w
n

1 -1
i rl(f,—)p+C8a)1(f,H)p, p=10
< C,El(f), +C), n

7,(f, =), I<p<wo
n

1 ~ 1
7 (fa_)p +C()1(f, _)p: p= I,OO
n n

<C {
7,(f,—),, I<p<w
n
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Proof of Theorem 2.2

Let ge W; then by using the following (48), (46), (35), (47) and (50), we get

1 1 1
a(f,—=), <n((f-g)—), +7n.(f, ),
n n n

I
<c{If-ol, + et + T

Now if we take the infimum of gW, € "W, we obtain

1 1 ~
T (f,;)P < CIK(f;;,Lp,W;,W;)

1 -
SCIK(f;H,L(l/n),p,W;,Wp‘)

C, {Eg (E)t/se +Eg F)t/siyp » p=10.

1=
n s

< 9 L "f - JS(f)||(1/s+1),p + ||f —Js (f)"
ng

<C :
Eq (f)(l/S+1),p9 l<p<o

=1,
(/s+1)p p=4

=0 "f - JS(f)"(l/SJrl),p ) I<p<oo
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